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ABSTRACT
In this paper, the problem of joint hot and cold clutter mitiga-
tion in the context of transmit beamspace (TB)-based multiple-
input multiple-output (MIMO) radar is studied. The TB-based
MIMO radar enables special spatio-temporal structure and low
rank of clutter covariance matrices. To efficiently mitigate the
hot clutter such as terrain scattered multipath jamming concen-
trated in the sector-of-interest and the enhanced cold clutter
due to transmit energy focusing, we resort to three-dimensional
(3D) space-time adaptive processing (STAP) technique. A new
3D STAP method is proposed, which significantly reduces
the computational complexity. We show from interference
mitigation perspective that the TB-based MIMO radar enables
superior output signal-to-interference-plus-noise ratio to that
of its traditional MIMO radar counterpart.

Index Terms—Colocated MIMO radar, joint clutter mit-
igation, space-time adaptive processing (STAP), transmit
beamspace (TB).

1. INTRODUCTION

The multiple-input multiple-output (MIMO) radar has become
a research field of significant interest in recent years [1]–[15].
Transmit beamforming techniques have been employed to
achieve desired beampattern (possibly flat) that covers a cer-
tain spatial sector of interest (SOI) [5]–[10]. Additional benefit
in terms of signal-to-noise ratio (SNR) gain can be obtained
if much less number of waveforms than that employed in
the traditional MIMO radar are used [8], i.e., transmit co-
herent processing gain [7] and waveform diversity [1] are
jointly achieved. Superior direction-of-arrival estimation per-
formance, for example, can be achieved in the presence of
only noise due to this core feature [8], [10]. Moreover, flexi-
ble correlated waveforms are also allowed to be emitted [13].
Such advantages motivate us to further investigate the ques-
tion on how the transmit beamspace (TB)-based MIMO radar
behaves in the environment when both interference and noise
are present. The situation of special interest is when hot clut-
ter [16] and cold clutter [17] are both present simultaneously.
Cold clutter energy is concentrated within the SOI, and terrain
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scattered multipath or diffuse jamming that represents the hot
clutter occupying the whole SOI can further have a signifi-
cant impact on the performance of the TB-based MIMO radar.
Different from the clutter mitigation in the phased-array (PA)
radar [18]–[22], the TB-based MIMO radar enables special
spatio-temporal structure and low rank of clutter covariance
matrices due to its TB strategy [8], [10]. To the best of our
knowledge, the potential of the TB-based MIMO radar on joint
clutter mitigation has not been studied previously.

In this paper, we aim at studying and verifying benefits
of the TB-based MIMO radar from the perspective of clutter
mitigation. Motionless hot clutter such as terrain scattered
multipath or diffuse jamming together with ground reflected
cold clutter are both involved in the interference environment.
We resort to three-dimensional (3D) space-time adaptive pro-
cessing (STAP) technique to achieve the mitigation goal. Uti-
lizing the special spatio-temporal structure produced by the
TB strategy as well as the low-rank and block diagonal hot
and cold clutter covariance matrices, we propose a new 3D
STAP method with low computational complexity. Passive
receiving and off-line clutter subspace calculation with respect
to (w.r.t.) radar geometry are used in this method. We show
that the TB-based MIMO radar enables superior output signal-
to-interference-plus-noise ratio (SINR) to that of its traditional
MIMO radar counterpart under efficient clutter mitigation.

2. SIGNAL MODEL

Consider an airborne colocated MIMO radar system with a
transmit array of M antenna elements and a receive array of
N antenna elements. Both arrays are assumed to be closely
located, therefore, they share an identical spatial angle for
a far-field target. In the context of the TB-based MIMO
radar, K (in general,K ≤M) initially orthogonal waveforms
are transmitted via K synthesized transmit beams [8]. Let
φ(t) = [φ1(t), . . . , φK(t)]

T be the K × 1 vector of the trans-
mitted waveform values for a given fast time t where (·)T
stands for the transpose operation. We assume that the trans-
mitted waveforms are orthogonal to each other over the time
interval of radar pulse duration Tp. The signal radiated towards
the spatial direction θ through the kth transmit beam can be
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modeled as [8]

sk(t) =

√
E

K

(
cHk a(θ)

)
φk(t), k = 1, . . . ,K (1)

where E is the total transmit energy, a(θ) is the transmit
antenna array steering vector, ck is the kth unit-norm col-
umn vector of the M ×K TB matrix C which is defined as
C , [c1, . . . , cK ], and (·)H stands for the Hermitian trans-
pose. From the elementspace perspective, one of the possible
transmit schemes is to individually emit the following com-
pound waveforms by the M transmit antenna elements [23]

s̃m(t) =

√
E

K

K∑
k=1

cmk φk(t), m = 1, . . . ,M (2)

where cmk is the mth element of ck.
Let us assume that one radar coherent processing interval

(CPI) contains L pulses, and the ground range (ring) of inter-
est (ROI) is separated into Nc (Nc � KNL) patches. The
number of J independent motionless jammers is present, and
the jamming signal (to be specific, barrage noise) generated
by each hostile jammer is propagated through P independent
propagation paths which generally include the direct, specular,
and diffuse ones. Thus, in the presence of the target and for
the τ th pulse , the N × 1 complex vector of array observations
from the ROI can be expressed as

x(t, τ) =

√
E

K
αtDt(τ)

((
CHa(θt)

)T
φ(t− ζ0)

)
b(θt)

+

√
E

K

Nc∑
i=1

ξiDi(τ)
((

CHa(θi)
)T

φ(t− ζ0)
)
b(θi)

+

J∑
j=1

P∑
p=1

βpj s
p
j (t− ζ0, τ)b

(
ϑpj
)
+ z(t, τ) (3)

where t and τ are respectively the fast- and slow-time indices,
ζ0 is the fast-time delay of the ROI, θt, θi, and ϑpj are spatial
angles of the target, the ith clutter patch, and the pth scatter
associated with the jth jamming source, respectively, αt, ξi,
and βpj are the complex reflection coefficients of the target, the
ith clutter patch, and the jth jamming source associated with
the pth propagation path with variances σ2

α, σ2
ξi

, and σ2
βj,p

,
respectively, Dt(τ) and Di(τ) are respectively the Doppler
shifts of the target and the ith clutter patch introduced by the
relative motions w.r.t. the radar platform, spj (t, τ) is the jth
jamming signal through the pth propagation path (i.e., a time
delayed version of the jth original jamming signal) at the fast-
time index t and the slow-time index τ , b(θ) is the receive
antenna array steering vector, and z(t, τ) is the N × 1 white
Gaussian noise term.

By match filtering the receive data x(t, τ) to the K origi-
nal orthogonal waveforms at the fast-time index ζ (matched
filtering of the ROI occurs at ζ0) and stacking the filtered out-
puts for all slow-time pulses, the LKN × 1 virtual data vector

can be obtained as

y(ζ) = vec
(∫

Tp
x(t, τ)φH(t− ζ)dt

)
τ=1,...,L

=

√
E

K
αtd(θt)⊗ u(θt, ζ)⊗ b(θt)

+

√
E

K

Nc∑
i=1

ξid(θi)⊗ u(θi, ζ)⊗ b(θi)

+

J∑
j=1

P∑
p=1

βpj η
p
j (ζ)⊗ b

(
ϑpj
)
+ z̃(ζ) (4)

, yt(ζ) + yc(ζ) + yh(ζ) + z̃(ζ) (5)

where u(θ, ζ) , RT
φ(ζ)

(
CHa(θ)

)
with Rφ(ζ) being de-

fined as Rφ(ζ) ,
∫
Tp
φ(t) φH(t− ζ + ζ0)dt, d(θ) is the

Doppler steering vector, ηpj (ζ) is a KL × 1 vector asso-
ciated with the pth propagation of the jth jamming signal
with its τ th K × 1 component being defined as ηpj (ζ, τ) ,∫
Tp
spj (t− ζ0, τ)φ

H(t− ζ)dt, z̃(ζ) is the stacked noise term
whose covariance is denoted by σ2

zILKN with ILKN being
the identity matrix of size LKN × LKN , vec(·) is the op-
erator that stacks the columns of a matrix into one column
vector, and ⊗ denotes the Kronecker product. Note that yt(ζ),
yc(ζ), and yh(ζ) are used in (5) to denote the space-(slow)
time virtual data vectors of the target, the cold clutter, and the
hot clutter filtered at the fast-time index ζ, respectively, and
they are assumed to be not correlated with each other.

3. JOINT CLUTTER MITIGATION IN THE
TB-BASED MIMO RADAR

Let us consider the worst situation that most jamming signals
resulted by terrain scatters or multipath propagations impinge
on the receiver within the whole pre-determined SOI Ω where
the target is also located. This means that strong correlations
among multipath jamming signals in fast-time domain may
occur. To facilitate the mitigation, we assume that the jamming
sources are motionless, i.e., no Doppler shift is introduced
into the hot clutter signal for each terrain scatter or multipath
propagation. In what follows, we first formulate the 3D STAP
problem for the TB-based MIMO radar system followed by the
rank analysis of the hot and cold clutter covariance matrices,
then we present the proposed 3D STAP method.

3.1. 3D STAP Formulation and Clutter Rank Analysis

In 3D STAP, the number of Q (assume to be an odd number)
fast-time taps (i.e., range bins) is employed in addition to the
previously defined LKN × 1 virtual space-(slow) time data
vector. By stacking y(ζ), ζ = ζ0 − Q̃, . . . , ζ0 + Q̃ in (5), the
QLKN × 1 virtual data vector y can be obtained as

y ,
[
yT
(
ζ0 − Q̃

)
, . . . ,yT

(
ζ0 + Q̃

)]T
(6)

= yt + yc + yh + z̃ (7)
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where Q̃ , (Q− 1)/2 and yt, yc, yh, and z̃ are formed using
the same way as y in (6) with the same size QLKN × 1.

Using (7), the target-free interference covariance matrix of
the virtual data vector y is defined as

Ry , E
{
yyH

}
= E

{
ycy

H
c

}
+ E

{
yhy

H
h

}
+ E

{
z̃z̃H

}
, Rc + Rh + Rz̃ (8)

where Rc, Rh, and Rz̃ stand for the covariance matrices of
the cold clutter, the hot clutter, and the noise, respectively, and
E{·} is the expectation operator.

The objective of the 3D STAP is to find an adaptive fil-
ter (with a QLKN × 1 weight vector w) that maximizes the
output SINR. This filter can be obtained by solving the follow-
ing minimum variance distortionless response (MVDR) type
optimization problem

min
w

wHRyw

s.t. wHst
(
Q, fs(θt), fd(θt)

)
= 1

(9)

where fs(θt) and fd(θt) are the spatial and the Doppler fre-
quencies of the target, respectively, and st

(
Q, fs(θt), fd(θt)

)
is the target steering vector which can be expressed as

st
(
Q, fs(θt), fd(θt)

)
, eQ⊗d(θt)⊗u

(
θt, Q

)
⊗b(θt) (10)

with Q , (Q+ 1)/2 and eQ being a Q × 1 all-zero vector
except the Qth entry replaced by 1.

The MVDR problem (9) leads to the following solution
[24]

w =
R−1

y st
(
Q, fs(θt), fd(θt)

)
sHt
(
Q, fs(θt), fd(θt)

)
R−1

y st
(
Q, fs(θt), fd(θt)

) .
(11)

Let us take the TB strategy that aims at approximating lin-
ear phase rotations among the K transmit beams for example,
i.e., CHa(θb) ' g(θb) , [ejµ1(fs(θb)), . . . , ejµK(fs(θb))]T ,
b = 1, . . . , B where µi(fs(θb)), i = 1, . . . ,K are uniform
linear functions of the spatial frequency fs(θb), and B is the
number of angular grids used for approximating the SOI Ω.

The matrix Rc takes the form Rc = diag{Rc,−Q, . . . ,
Rc,Q} where diag{·} stands for the diagonalization operation
and Rc,q, q ∈

{
−Q, . . . , Q

}
is the LKN × LKN space-

(slow) time cold clutter covariance matrix for the qth range
bin whose rank is r0 , dN + ρ(K − 1) + η(L− 1)e. Here
ρ is the ratio between the synthesized transmit aperture (i.e.,
the one associated with g(θ)) and the receive one, η is the
ratio between radar movement in one pulse and the neighbour
receive antenna element space, and d·e is the ceiling function.
Thus, the rank of Rc is rc , QdN + ρ(K − 1) + η(L− 1)e.
Considering that hot clutter is not correlated to pulses and
assuming that TB processing does not affect its wide stationar-
ity, the matrix Rh takes the form Rh = RQ ⊗ (ILK ⊗RN )
where RQ is a Q×Q fast-time Toeplitz cross-correlation ma-
trix which is dependent on the bandwidth of jamming signal,

and RN is an N ×N spatial covariance matrix of jamming
multipath. Generally, Rh has a rank that is QLK times rank
of RN , however, it contains Q × Q space-(slow) time diag-
onal blocks. The noise covariance matrix Rz̃ takes the form
Rz̃ = σ2

zR̃Q ⊗ ILKN where R̃Q is a Q×Q fast-time cross-
correlation matrix of noise resulted by range sidelobes.

Note that Rh is in general a function of the fast time t, and
it differs for different pulses if motions of jamming sources
are considered. Although 3D STAP is still effective, here we
aim at presenting the potential of the TB-based MIMO radar
in motionless hot clutter environment.

3.2. Proposed 3D STAP Method

Let us deal with the case when range sidelobes are well con-
trolled or negligible1 and no overlap occurs in fast-time sam-
pling. Thus, Rz̃ becomes an identity matrix of size QLKN ×
QLKN , i.e., Rz̃ = σ2

zIQLKN . Let Rhz̃ , Rh + Rz̃, then
Rhz̃ can be expressed as

Rhz̃ = RQ ⊗
(
ILK ⊗ R̃N

)
− σ2

zRQ ⊗ ILKN (12)

where R̃N , RN + σ2
zIN , and RQ is identical to RQ except

for the main diagonal elements which are replaced by zeros.
Block diagonal property of Rh is preserved in Rhz̃.

Since the matrices Rc,q, q = −Q, . . . , Q share the same
clutter rank r0, there exists an r0 × r0 matrix Λq for the qth
sub clutter covariance matrix which satisfies Rc,q ' SqΛqS

H
q .

The quality of this approximation depends on the ratio γ =∑r0
k=1 λ

q
k/
∑LKN
k=1 λqk where λqk is the kth eigenvalue of Rc,q

whose eigenvalues are ordered in decreasing manner. Let us
define the cold clutter subspace as Sc , diag{S−Q, . . . ,SQ},
then the whole cold clutter matrix Rc can be expressed as
Rc ' ScΛSHc where Λ is an rc × rc matrix. The overall
clutter covariance matrix Ry can then be re-expressed as

Ry ' Rhz̃ + ScΛSHc . (13)

The expression (13) leads to the following inversion

R−1
y ' R−1

hz̃ −R−1
hz̃Sc

(
Λ−1+ SHc R−1

hz̃Sc

)−1
SHc R−1

hz̃ (14)

where the matrix inversion lemma is used in the derivation,
and the inverse of Rhz̃ can be achieved by the following ap-
proximation

R−1
hz̃ '

κ∑
k=0

σ2k
z

(
R−1
Q ⊗ ILK ⊗ R̃

−1

N

)
(15)

×
(
R−1
Q RQ

)k
⊗ ILK ⊗ R̃

−k
N

with κ being the order of Taylor expansion for the inverse of
(12), if the corresponding convergence condition is satisfied.
It only requires calculating the inverse of RQ and R̃N .

1 This can be achieved by employing waveforms with good correlation
properties or by artificially controlling the sidelobe levels within a certain
range of fast time. The corresponding range-Doppler “clear region” is between
that of the PA and traditional MIMO radar cases, depending on the number of
the synthesized transmit beams K [13], [23].
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Using (13) and also (8), the matrix Λ can be obtained as

Λ = Rỹ −UHRhz̃U (16)

where U , diag
{
S−Q

(
SH−Q

S−Q

)−1
, . . . ,SQ

(
SH

Q
SQ

)−1}
and Rỹ , E

{
ỹỹH

}
with ỹ , UHy.

One way to obtain the qth clutter subspace Sq is to span
using Nc space-(slow) time antenna array steering vectors
of the qth range bin. Hence, the 3D STAP solution can be
achieved by substituting (14) into (11). In practice, R̃N is
estimated using the N × 1 target and clutter free signals at the
receiver by switching radar to the passive receive mode, RQ

is estimated based on fast-time samples, and Rỹ is estimated
using the transformed 3D samples ỹ.

4. SIMULATION RESULTS

We use uniform linear arrays of half wavelength spaced M =
16 transmit and N = 5 receive antenna elements. The total
transmit energy is set to be E =M . We select Ω = [10◦, 25◦]
as the SOI and 10◦ width as the transition band for the TB-
based MIMO radar. This leads to a minimum selection of
K = 4 waveforms according to the procedure in [8]. The
radar platform is assumed to be moving with a velocity of
125m/s, and there are L = 5 pulses in one CPI with pulse
repetition frequency being fr = 500Hz. The target is located
at θt = 16◦ and has a relative Doppler fd = 0.14. We assume
that 100 diffuse scatters are uniformly distributed within Ω
for each range bin. The hot and cold clutter-to-noise ratios
are both set to be 50 dB, and the SNR (before processing) is
0 dB. We select Q = 3 range bins due to high correlation of
multipath jamming, and the target is located at the middle one.

In the first example, we show the high-resolution clut-
ter spectra of the ROI (see Fig. 1). The spectra is defined
as P (fs, fd) ,

(
sH(fs, fd)R

−1
y s(fs, fd)

)−1
[22] where

s(fs, fd) is the space-(slow) time antenna array steering vector
achieved from (10) by enforcing Q = 1. Fig. 1(a) shows the
clutter spectra when only cold clutter is present. It can be seen
that the cold clutter ridge concentrates on the region of SOI,
meaning that more cold clutter energy is focused because of
the TB strategy. The off-ridge area is clean. Fig. 1(b) shows
the case when hot clutter is also present. It can be seen that the
region of SOI (fs ∈ [0.09, 0.21]) is completely contaminated
by the hot clutter, and all the Doppler frequencies of this
region are occupied. Moreover, the ridge of the cold clutter
spreads at a certain extent. This means that if potential target
is present in this area, it is submerged in harsh hybrid clutter.

In the second example, we evaluate the output SINR perfor-
mance of clutter mitigation (see Fig. 2). The SINR is defined as
SINR = σ2

αEwHsts
H
t w/KwHRyw. We employ 10 sam-

ples to estimate RQ and R̃N , and 30 samples to estimate
Rỹ when evaluating the SINR performance of the TB-based
MIMO radar with spheroidal sequences-based and convex
optimization-based TB designs (see [8]) using the proposed 3D
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Fig. 1. Clutter spectra of the TB-based MIMO radar.
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Fig. 2. SINR performance versus Doppler frequencies.

STAP method. The optimal output SINR associated with the
former TB design is about 1 dB better than that associated with
the latter one. It can be seen that the proposed method shows
good clutter mitigation performance for both TB designs. The
convex optimization-based design gives better (about 2 dB)
SINR than the spheroidal sequences-based one, meaning that
proper TB design is prone to achieve good clutter mitigation
performance. The optimal SINR of the TB-based MIMO radar
is about 6∼7 dB higher than that of the the traditional MIMO
radar because of the energy focusing in the TB designs.

5. CONCLUSIONS

We have considered the problem of joint hot and cold clut-
ter mitigation in the context of the TB-based MIMO radar
which has not been studied before. The energy of the cold
clutter is shown to be focused in this type of radar configu-
ration, while the hot clutter contaminates the whole SOI. 3D
STAP technique has been employed to mitigate the hybrid
clutter. We have formulated the STAP problem and analyzed
the rank of the hot and cold clutter covariance matrices. By
utilizing the low-rank and block diagonal properties of the clut-
ter covariance matrices, a new 3D STAP method with lower
computational complexity has been developed. It has been
also shown that the TB-based MIMO radar enables superior
output SINR to that of its traditional MIMO radar counterpart.
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