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ABSTRACT

This paper presents a stochastic behavior analysis of a kernel-based
stochastic restricted-gradient descent method. The restricted gradi-
ent gives a steepest ascent direction within the so-called dictionary
subspace. The analysis provides the transient and steady state perfor-
mance in the mean squared error criterion. It also includes stability
conditions in the mean and mean-square sense. The present study
is based on the analysis of the kernel normalized least mean square
(KNLMS) algorithm initially proposed by Chen ef al. Simulation
results validate the analysis.

Index Terms— kernel adaptive filter, reproducing kernel Hilbert
space, the KLMS algorithm, performance analysis

1. INTRODUCTION

Kernel adaptive filtering [1] is an attractive approach for nonlin-
ear estimation problems based on the theory of reproducing kernel
Hilbert space (RKHS), and a number of kernel adaptive filtering
algorithms have been proposed [2-8]. The existing kernel adap-
tive filtering algorithms are classified into two general categories
according to the space in which optimization is performed [6]: (i)
the functional-space approach (e.g., [2,5,7]) and (ii) the parameter-
space approach (e.g., [4,6,9]). The kernel normalized least mean
square (KNLMS) algorithm is a representative example of the
parameter-space approach and its stochastic behavior analyses have
been presented in [10-12]. The analyses have clarified the transient
and steady-state performance in the mean squared error (MSE).
A stochastic restricted-gradient descent algorithm studied in the
present work is a functional-space counterpart of the KNLMS algo-
rithm. We call it the constrained kernel least mean square (CKLMS)
algorithm to distinguish it from the KLMS algorithm proposed in
[13]. A primitive question is whether it is possible to give the same
analyses as in [10-12] for the stochastic restricted-gradient descent
algorithm. If this is possible, it will provide a theoretical basis
to compare the performances of KNLMS and CKLMS. This will
eventually give a new insight into the relationship between the two
classes of kernel adaptive filtering algorithms.

To clarify the orientation of the CKLMS algorithm in the ker-
nel adaptive filtering researches, let us give a short note on the
functional-space approach. Dictionary sparsification is a common
issue of kernel adaptive filtering [1, 3,4, 14]. The KLMS algorithm
[13] updates the filter only when the current input datum is added
into the dictionary and this would cause severe performance degra-
dations. A systematic scheme which eliminates such a limitation
has been proposed in [15] under the name of hyperplane projection
along affine subspace (HYPASS). The HYPASS algorithm updates
the filter using the projection onto the zero-instantaneous-error hy-
perplane along the so-called dictionary subspace M, the subspace
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spanned by the dictionary elements. This is achieved by project-
ing the gradient direction onto M. In a nutshell, HYPASS is the
NLMS algorithm operated in the dictionary subspace M. CKLMS
is actually an LMS counterpart of HYPASS and we consider this
LMS-based algorithm to make the analysis feasible. In [16] and [7],
the mean square convergence analysis and the theoretical steady-
state MSE have been presented for the KLMS and Quantized KLMS
algorithms, respectively. However, transient performance analy-
ses have not yet been reported due to the difficulty in treating the
growing number of dictionary elements.

In this paper, we present a stochastic behavior analysis of the
CKLMS algorithm with a Gaussian kernel under i.i.d. random in-
puts based on the framework presented in [12]. CKLMS is derived
by using the restricted gradient which gives a steepest ascent di-
rection within the dictionary subspace M. The analysis provides
theoretical MSEs during the transient phase as well as at the steady-
state. We also derive stability conditions in the mean and mean-
square sense. The key ingredients for the analysis are the restricted
gradient and the isomorphism between the dictionary subspace M
and a Euclidean space; these were also the key when the first and
second authors developed a sparse version of HYPASS in [17]. The
validity of the analysis is illustrated by simulations.

2. PRELIMINARIES

We address an adaptive estimation problem of a nonlinear system
¢ with sequentially arriving input signals w € U C IRF, and
its noisy output d := ¢(u) + v € IR, where u is assumed an
i.i.d. random vector and v is a zero-mean additive noise uncorre-
lated with any other signals. The function ) is modeled as an ele-
ment of the RKHS 7 associated with a Gaussian kernel x(x, y) =
lz — ylI?
exp ( - )
eter. We denote by (-, -) and ||-|| the canonical inner product and the
norm defined in IR, respectively, and (-, )4, and |||, those in H.
A kernel adaptive filter is given as a finite order filter:

, ,y € U, where o > 0 is the kernel param-

Pn = Z a;-mn(-,uj), neN, )]
jeT
where 0‘5'”) € TR are the filter coefficients and 7 := {j1,j2," - ,jr}

indicates the dictionary {x(-,u;)}je7; n is the time index. With-
out loss of generality, we assume that the dictionary is a linearly
independent set so that it spans an r dimensional subspace

M = span{(, u;)}ies CH, )
which is called the dictionary subspace. Although the dictionary is
updated typically during the learning process, we assume that the
dictionary is fixed to make the analysis tractable.
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The instantaneous error at time instant n is defined as e, :=
dn — (@, (-, un)) 3y = dn — (@, Kn), Where K, = [K(Un, uj, ),
K(Un, jy), -+, kK(un,u;,)]" is the vector of the kernelized input
and o = [0y, @y, -+, ,.]" is the coefficient vector. The MSE
cost function, with respect to the coefficient vector e, is given by

J(@) = B(eh(@)) = E(dy) + @' Rea —2p"a,  (3)
where R, := E(nnnl) is the autocorrelation matrix of the ker-

nelized input k,, and p := E(d,ky) is the cross-correlation vector
between K, and d,,. With the optimization in RKHS in mind, the
MSE, with respect to ¢, is given by:

J(p) == E(en(9)) =E(dy) + E({p, k(- un))3,)
- 2E(dn <§07K('7’U’n)>’H)‘ 4

While the KNLMS algorithm optimizes J(cx) in the Euclidean
space IR”, the constrained KLMS algorithm presented in the fol-
lowing section optimizes J(¢) in the RKHS # under the restriction
to the dictionary subspace M, or in short, it optimizes J(¢) in M.
Referring to [2], the stochastic gradient descent method for J(¢) in
‘H updates the filter ¢, along the ‘line’ (one dimensional subspace)
spanned by the singleton {x(-, w,)}. This implies that the filter is
updated only when k(-,uy) is added into the dictionary, because
otherwise ¢r, + ak (-, un) ¢ M for any a # 0. We thus present the
restricted gradient, which was initially introduced in [17], and derive
the constrained KLMS algorithm in the following section.

3. THE CONSTRAINED KLMS ALGORITHM

The ordinary gradient of J(a) in R" is given by VJ(a) =
2(Rno — p). Given any positive definite matrix Q, (z,y)g =

2" Qy and lzllg = +x"Qz define an inner product and its
induced norm, respectively. The G-gradient of (3) with the inner

product (-, -) o is defined as [17]

Vel(a) =G 'VJ(a), %)
where [Gle,m = k(uj,,uj,) for 1 < £,m < ris the Gram ma-
trix.!

The functional Hilbert space (M, (-, -},,) of dimension 7 is iso-
morphic to the Hilbert space (]R"7 (- )G) under the correspondence
(see Fig. 1)

M3 P = Z a]“%('vuj) o= [ajlv' o 705]'7»]1— €R". (6)
Jj€ET

Note here that the isomorphism as Hilbert spaces includes, in ad-
dition to the one-to-one correspondence between the elements, the
preservation of the inner product; i.e., (¢1, <p2>H = (a1, az) g for
any 1 <— a1 and @2 +— a2. Under the correspondence in (6),
the restricted gradient V|, J(¢) is defined, through the G-gradient
inIR*, as follows [17]:

Vimd () «— VaJ(a) = G 'V (o). @)
The restricted gradient V|, J () gives the steepest ascent direc-
tion, within the dictionary subspace M, of the tangent plane of
the functional (4) at the point . See the derivation of the re-
stricted gradient in [17]. An instantaneous approximation of the

The Gram matrix G is ensured to be positive definite due to the assump-
tion that the elements of the dictionary are linearly independent. The defini-
tion of the G-gradient is validated by observing that (3 — o, Vg J (o)) o+

J(@) = {8 -, VJ(a)) + J(a) < J(B) forany B € RE.

2002

M - N R’
W:Zjejajﬁ('7uj) < > o= [aj17aj27"' 7ajr}T
Vimd ()= > VeJ(a): =G 'VJ(a)
/.

Fig. 1. The isomorphism between IR" and M and the restricted
gradient.

restricted gradient V| yJ(¢n) <— VgJ(aw), where a, :=
[a;?),a;;),'-' ,a;f)]T € IR is given by @‘MJ(gon) —
Ved(am) = GTVI(an) = 2G (knkian — dukn) =
—2e, G~ " Kkn. Hence, for the initial vector cvg := 0, the stochastic
restricted-gradient descent method, which we call the constrained
KLMS (CKLMS) algorithm, is given by

Qnt1 = Qp — Zﬁcj(an) = an+nenG_1nn, n €N, (8)

where 7 > 0 is the step size. The CKLMS algorithm (8) requires 7>
complexity for each time update, and this would make a significant
impact on the overall complexity of the algorithm. In [15, 18], a sim-
ple selective-updating idea for complexity reduction without serious
performance degradations has been presented; it will be shown in
Section 5 that the selective-updating works well. We finally remark
that the metric G' is naturally derived from the inner product (-, -),,
in the functional space H.

4. PERFORMANCE ANALYSIS

4.1. Key idea and assumption

We derive a theoretical MSE and stability conditions for CKLMS
given by (8) with Gaussian kernel, given the dictionary {x (-, u;)} ec7.
Left-multiplying both-sides of (8) by the square root G3: of G
yields®

©)]

dn+1 = dn + nenkn,

_ _1 _ 1 . .
where R, = G~ 2Kp, & = G2ay,. The cost function J(a) in
(3) can be rewritten by

10)

as a function of & := G'2 o, and (9) can be regarded as a stochastic
gradient descent method for this cost function J(é). Here

R, = E(R.R]) =G *R.G?, )

and

b= E(dnfin) = G ?p, (12)

are the autocorrelation matrix and the cross-correlation vector for the
modified vector K, respectively.

As R, is positive definite provided that R,, is non-singular, the
optimum weight vector is given by

& = R.'p, (13)
and with &*, we define the weight error vector
Vp = aQp — Q. 14)

2For any positive semi-definite matrix @, there exists a unique square root

Q% satisfying Q = Q%Q%



In the present analysis, knkl needs to be independent of v,,, which
is guaranteed by making the following conditioned modified inde-
pendence assumption (CMIA) [12].

Assumption 1 &,k is independent of v, (= G

29,).
4.2. Mean weight error analysis

The estimation error can be expressed by

~T~ ~T ~ %
en =dn — RpOp — Rpa™.

15)

Substituting (15) to (9), we obtain the recursive expression for vy,:

Dnt1 = U + Ndnfn — NRYOnfin — NRLGE Rn.  (16)
Using CMIA, we obtain the mean weight error model
E(Bn11) = (Ir — nRx)E(9y), (17)

where I, denotes the r X r identity matrix for any positive integer
r. Let the input u,, be a random vector following a Gaussian distri-
bution with zero mean and the covariance matrix R, := E(unuT).
Then, the (¢, m) component (1 < ¢, m < r) of the autocorrelation
matrix R, of Kk, is given by [12]:

2 _1
[Rolom = 1+ R

1 — 2 — 2
exp [ =53 (20l ® = el ey

where @ =, + s, [@em|® = [y, | + [y, ||, and |-
stands for determinant.

From the recursion in (17), we obtain the mean stability condi-
tion of CKLMS as follows.

Theorem 1 (Stability in the mean) Assume CMIA holds. Then, for
any initial condition, given dictionary {k(-,u;)};c7, the CKLMS
algorithm asymptotically converges in the mean if the step size is
chosen to satisfy

0<n< (18)

2
Amax (Rm) ’
where Amax (-) denotes the maximum eigenvalue of the matrix.

Proof: 1t is clear from the well-known mean stability results (see,
e.g., [19]).

4.3. Mean-square error analysis

Squaring (15) and taking its expectation under CMIA, the MSE (10)
of CKLMS can be rewritten as

J(6tn) = Jumin + tr(RCl), (19)

where C,, := E(,0]) is the correlation matrix of @,, and Jmin :=
E(d2) — p"R,.'p is the minimum MSE. We assume that e}, :=
dn — :%Ih* and R, &) are uncorrelated and that E(e;,) ~ 0. Fol-
lowing the arguments in [10, Section IIl. D] with K., and v replaced
respectively by £ and v, we arrive, with simple manipulations, at the
following recursion:

én+1 ~ én + 7’]2(Tn =+ «]mian) — W(Rmén + éan), (20)
where T, := E(k”klf)nﬁlknkl) and its (¢,m) component can
be approximated as

[Trlem = tr(8emCr), 1<6,m<r. @21
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Here, the (p, ¢) component (1 < p,q < ) of Sy, is defined as
(22)

[Sf,m}p,q = E(Rn,fn,mBn,pkn,g) = ngm,p 94

where R, := [Rnle, g, (1 < £ < r)is the ¢-th column vector of
G2, and Hy,p = E(nnnlgmg;nnnl). The approximation in
(21) can be developed by following the arguments in [12, Section
3.3] with k., and v,, replaced by K and v, respectively. Finally, the
(4,7) component of H , , can be written as

(Hpp)ij = 9,,8:58, 1<ij<r 23)
where [Si jls,t = E(Kn,ikn,jkn,sknt)s 1 < s,t < r, with
Kn,i = K(Wn,wj; ) can be computed by [12, Eq. (35)].

Let us now establish the mean-square stability condition and de-
rive the steady-state MSE. Due to the presence of R.C'» + Crn R«
in (20), we exploit the lexicographic representation of C,, i.e, the
columns of each matrix are stacked on top of each other into a vector.
The recursion (20) can be rewritten as

Eny1 = Kén +1° Jmintr, (24)
where ¢,, and 7, are the lexicographic forms of C’n and Rﬁ, respec-
tively, and

K:=1.-nK,+Ks)+n'Ks, (25)
where K1 := 1, ® RK, K, = R.® I, and K3 is an r? x r?
matrix entries are: [K 3]t (m—1)rp+(g—1)r = [St,m]p,qWith 1 <
¢, m,p,q < r. Here, ® denotes the Kronecker product. By (24) and
(25), we obtain the following results.

Theorem 2 (Mean-square stability) Assume CMIA holds. For any
initial conditions and the step size 0 satisfying (18), given a dictio-
nary {k(-,u;)};ez, the CKLMS algorithm with Gaussian kernel is
mean-square stable, if the matrix K is stable (i.e., the spectral ra-
dius of K is less than one).

Proof: The algorithm is said to be mean-square stable if, and only if,
the state vector remains bounded and tends to a steady-state value,
regardless of the initial condition [19]. To complete the proof, it is
sufficient to show that ||©,, || remains bounded and tends to a steady-
state value. This is verified by the fact that ¢,, is bounded and tends
to a steady-state value if the matrix K is stable. a

Theorem 3 (MSE in the steady state) Assume that the step size n
satisfies (18) and the matrix K is stable. The steady-state MSE is
given by (19) with the lexicographic representation of C o« given by

Coo =0 Jmin(L,2 — K) 7. (26)
Proof: Letting €,+1 = €, in (24) and rearranging the equation, we
obtain (26). O

5. SIMULATION RESULTS

We shall compare simulated learning curves and analytic models to
validate the analysis. We conduct two experiments under the same
settings as in [12]. In the first experiment, the input sequence is
generated by

Up = PUn—1 + O'umwny

where w,, is the noise following the i.i.d standard normal distribu-
tion. The nonlinear system is defined as follows:

Tn
dn,

2N

= 0.5un — 0.3Un—1

28
=2, — 0.522 4+ 0.1z + v, 28
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Fig. 2. Simulation results of the first experiment.
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Table 1. Computational complexity of the CKLMS algorithm.
Selective update | (L + s, + 1)r + O(s})
Full update (L+r+2)r

where v, is an additive zero-mean Gaussian noise with the standard
deviation o, = 0.05. The input vector is w, = [tn un—1]". The
step size, the standard deviation of the input, the input correlation
parameter, the kernel parameter and the dictionary size are set to
n = 0.075, o, = 0.5, p = 0.5, 0 = 0.7 and r = 25, respectively.
The dictionary is r samples on a uniform grid defined on [—1, 1] X
[-1,1].

Fig. 2(a) depicts the results: the learning curves, the theoretical
transient MSE curve, and the theoretical steady state MSE line are
presented in blue, red, and green (dotted line), respectively. The
simulated curve is obtained by averaging over 1000 Monte-Carlo
runs. The theoretical MSE is estimated by (19) with C. recursively
evaluated by (20). The steady state MSE is computed by Theorem
3. Although the input is correlated, the theoretical MSE presented in
this paper well represents the behavior of CKLMS.

In the second experiment, the fluid-flow control problem is con-
sidered [20]:

Tn = 0.1044u, + 0.0883up—1
+1.4138x,—1 — 0.60652,—2 (29)
dn = 0.3163z,/4/0.1 + 0.922 + v,

where the input u,, is generated again by (27) with o, = 0.5 and
p = 0.5, and the standard deviation of the additive Gaussian noise
vy is set to 0, = 0.05. The kernel parameter is set to o = 0.75.
The input vector is @, = [un un—1]". 31 dictionary elements are
selected from the inputs u,, based on the coherence criterion [4] in
advance. The step size is set to n = 0.01. The simulated curves are
obtained by averaging over 1000 Monte-Carlo runs, and the same
theoretical model as the first experiment is used. Fig 3(a) depicts the
results. Again, the simulation results show the validity of the anal-
ysis. Table 1 summarizes the overall per-iteration complexity (the
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Fig. 3. Simulation results of the second experiment.
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Fig. 4. Computational complexity.

number of real multiplications) of CKLMS with full update and se-
lective update (see [15, 18]), and Fig. 4 illustrates the complexity as
a function of the dictionary size r for L = 2 and s,, = 1; O(si) is
counted simply as s5. Here, s, = 1 means that only one coefficient
is updated at each iteration and hence the complexity is reduced dras-
tically. Fig 2(b) and 3(b) depict the MSE learning curves of CKLMS
with full update and selective update for s, = 1. It can be seen that
CKLMS with the selective update exhibits a steady-state MSE com-
parable to the full-update case with drastically lower complexity.

6. CONCLUSION

This paper presented a stochastic behavior analysis of the CKLMS
algorithm which is a stochastic restricted-gradient descent method.
The analysis provided a transient and steady-state MSEs of the algo-
rithm. We also derived stability conditions in the mean and mean-
square sense. Simulation results showed that the theoretical MSE
curves given by the analysis well meet the simulated MSE curves.
The outcomes of this study will serve as a theoretical basis to com-
pare the performances of KNLMS and CKLMS.



(1]

(2]

3

—

[4

=

(3]

[6]

[7

—

[8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

7. REFERENCES

W. Liu, J. C. Principe, and S. Haykin, Kernel Adaptive Filter-
ing. New Jersey: Wiley, 2010.

J. Kivinen, A. J. Smola, and R. C. Williamson, “Online learn-
ing with kernels,” IEEE Trans. Signal Processing, vol. 52,
no. 8, pp. 2165-2176, Aug. 2004.

Y. Engel, S. Mannor, and R. Meir, “The kernel recursive least-
squares algorithm,” IEEE Trans. Signal Processing, vol. 52,
no. 8, pp. 2275-2285, Aug. 2004.

C. Richard, J.-C. M. Bermudez, and P. Honeine, “Online pre-
diction of time series data with kernels,” IEEE Trans. Signal
Processing, vol. 57, no. 3, pp. 1058-1067, Mar. 2009.

K. Slavakis, S. Theodoridis, and I. Yamada, “Adaptive con-
strained learning in reproducing kernel Hilbert spaces: the
robust beamforming case,” IEEE Trans. Signal Processing,
vol. 57, no. 12, pp. 4744-4764, Dec. 2009.

M. Yukawa, “Multikernel adaptive filtering,” IEEE Trans. Sig-
nal Processing, vol. 60, no. 9, pp. 4672-4682, Sep. 2012.

B. Chen, S. Zhao, P. Zhu, and J. C. Principe, “Quantized kernel
least mean square algorithm,” IEEE Trans. Neural Networks
and Learning Systems, vol. 23, no. 1, pp. 22-32, Dec. 2012.

S. V. Vaerenbergh, M. Lazaro-Gradilla, and I. Santamaria,
“Kernel recursive least-squares tracker for time-varying regres-
sion,” IEEE Trans. Neural Network and Learning Systems,
vol. 23, no. 8, pp. 1313-1326, Aug 2012.

W. Gao, J. Chen, C. Richard, and J. Huang, “Online dictio-
nary learning for kernel LMS,” IEEE Trans. Signal Processing,
vol. 62, no. 11, pp. 2765-2777, June 2014.

W. D. Parreira, J.-C. M. Bermudez, C. Richard, and J. Y.
Tourneret, “Stochastic behavior analysis of the Gaussian kernel
least-mean-square algorithm,” IEEE Trans. Signal Processing,
vol. 60, no. 5, pp. 2208-2222, May 2012.

C. Richard and J.-C. M. Bermudez, “Closed-form conditions
for convergence of the gaussian kernel-least-mean-square al-
gorithm,” in Proc. Asilomar, Pacific Grove, CA, USA, Nov.
2012, pp. 1797-1801.

J. Chen, W. Gao, C. Richard, and J.-C. M. Bermudez, “Conver-
gence analysis of kernel LMS algorithm with pre-tuned dictio-
nary,” in Proc. IEEE ICASSP, 2014, pp. 7243-7247.

W. Liu, P. P. Pokharel, and J. C. Principe, “The kernel
least-mean-square algorithm,” IEEE Trans. Signal Processing,
vol. 56, no. 2, pp. 543-554, Feb. 2008.

J. Platt, “A resourse-allocating network for function interpola-
tion,” Neural comput., vol. 3, no. 2, pp. 213-225, 1991.

M. Yukawa and R. Ishii, “An efficient kernel adaptive filtering
algorithm using hyperplane projection along affine subspace,”
in Proc. EUSIPCO, 2012, pp. 2183-2187.

B. Chen, S. Zhao, P. Zhu, and J. C. Principe, “Mean square
convergence analysis for kernel least mean square algorithm,”
Signal Processing, vol. 92, pp. 2624-2632, 2012.

M. Takizawa and M. Yukawa, “An efficient sparse kernel adap-
tive filtering algorithm based on isomorphism between func-
tional subspace and euclidean space,” in Proc. IEEE ICASSP,
2014, pp. 4508-4512.

——, “Adaptive nonlinear estimation based on parallel pro-
jection along affine subspaces in reproducing kernel Hilbert
space,” IEEE Trans. Signal Processing, submitted for publi-
cation.

2005

[19] A.H. Sayed, Adaptive Filters. John Wiley & Sons, 2008.
[20] H. Al-Duwaish, M. N. Karim, and V. Chandrasekar, “Use of

multilayer feedforward neural networks in identification and
control of wiener model,” in Proc. IEEE Control Theory Appl.,
vol. 143, 1996, pp. 255-258.



