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ABSTRACT

The compressed beamforming weights feedback is used in the pre-
coded MIMO-OFDM system, e.g., IEEE 802.11n/ac WLAN, to re-
duce the amount of feedback information. The precoded sub-system
at the receiver of this system needs to perform singular value decom-
position (SVD) on the estimated channel matrices at all sub-carriers.
The computed angles of the right singular vectors are to be feedback
to the transmitter. Also the computed singular values and left singu-
lar vectors are to be used for designing the optimal detector. Under
the exemplary scenario of four antennas at the access point and two
antennas at the station, our designed architectures for the precoding
sub-system can provide SVD throughput rates 16.8 and 50.4 M ma-
trices/sec for the uplink and downlink transmissions, respectively.

Index Terms— multiple input multiple output (MIMO) system,
precoded MIMO system, singular value decomposition

1. INTRODUCTION

Precoding is one of the practical and effective approaches for the
multiple input multiple output orthogonal frequency division multi-
plexing (MIMO-OFDM) system to fight against fading channels [1].
The precoded MIMO-OFDM communication system provides bet-
ter error rate performance than the space-time coded or spatial divi-
sion multiplexed MIMO-OFDM system [2, Chap. 13]. However, the
major disadvantage of the precoded MIMO-OFDM system is that
it requires the channel state information (CSI) estimated at the re-
ceiver side to be feedback to the transmitter side. To mitigate the
time-varying channel effect, the time difference between the trans-
mission of training pilots and the transmission of precoded data has
to be small. One solution to achieve this goal is to reduce the amount
of CSI information feedback to the transmitter side.

Two different ways to reduce the amount of CSI information
have been adopted by the 3GPP LTE [3–6] and IEEE 802.11n/ac
WLAN [2]. In the 3GPP LTE, a codebook of precoding matrices
are known to both the transmitter and receiver sides. The receiver
estimates the CSI based on the pilots sent by the transmitter. The
receiver then determines a codeword from the codebook and sends
the index of the codeword only to the transmitter side. Once the
transmitter receives the codeword index, it finds the corresponding
codeword from the codebook and starts the transmission of the pre-
coded data. In the IEEE WLAN, angles representing the precoding
matrices are determined by the receiver and then sent to the transmit-
ter side. This approach is referred to as the compressed beamform-
ing weights feedback, because the information bits to represent the
precoding matrices are fewer than the information bits to represent
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the true value of the precoding matrices. The transmitter constructs
precoding matrices based on the received angles and starts the trans-
mission of the precoded data.

There have been several papers dedicated to the algorithms or
hardware architectures for the precoding sub-system in the IEEE
802.11n/ac WLAN. With the estimated CSI, the receiver for the
WLAN needs to determine the precoding matrices by applying sin-
gular value decomposition (SVD) to the channel matrices at all sub-
carriers [7–11]. Let Hk be the channel matrix at the k-th sub-carrier.
The SVD of Hk produces left singular vectors in Uk, right singu-
lar vectors in Vk, and singular values in Σk. Givens rotation was
used to compute matrices Vk and Σk [7]. Subspace tracking algo-
rithm was used to compute the matrices Vk and Σk in [9]. Subspace
tracking algorithms were used to compute the matrices Vk, Uk, and
Σk in [8,10]. From the viewpoint of receiver design, these architec-
tures only compute the non-compressed beamforming weights for
the 11n/ac WLAN. They do not compute the compressed beamform-
ing weights, because they do not compute the angles to represent
Vk. Additionally, the matrices Uk and Σk are used by the receiver
to perform optimal detection. It is therefore suggested that all the
matrices Uk, Σk, and Vk should be computed at once.

Our objective in this paper is to propose architectures for the pre-
coding sub-systems that deliver compressed beamforming weights
feedback with high SVD throughput rate. Both uplink and downlink
transmission for the exemplary antenna system with four antennas at
the access point and two antennas at the station will be considered.
At the algorithmic level, we will use Givens rotations and Jacobi al-
gorithm [12,13] to compute the angles. At the architectural level, we
will use triangular systolic array and CORDIC modules to achieve
high throughput rate.

2. THE PRECODED MIMO-OFDM SYSTEM

Consider the precoded MIMO-OFDM system [2] in Fig. 1 over a
time-invariant wireless channel. At the transmitter side, a stream
of digitally modulated symbols is passed through a spatial stream
parser to produce Ns streams of symbols. A precoder with Nt ×Ns

precoding matrix Pk for the k-th sub-carrier transforms the Ns spa-
tial streams of data to produce Nt, Nt ≥ Ns, spatial streams of data.
The resulting streams of data are then inverse discrete Fourier trans-
formed (DFT) to produce baseband signals for transmission through
the Nt transmit antennas. Assume that there are Nr , Nr ≥ Ns, re-
ceive antennas. The received equivalent baseband Nr × 1 signal at
time (OFDM symbol) n and sub-carrier k can be expressed as

xn,k = HkPk sn,k + zn,k, (1)

where Nr × Nt Hk is the equivalent channel matrix at sub-carrier
k, Ns × 1 sn,k is the transmitted vector at time n and sub-carrier k,
and Nr × 1 zn,k is the additive noise at time n and sub-carrier k.
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Fig. 1. A precoded MIMO-OFDM system with precoding weights
feedback.

In practical implementation, the precoding matrices Pk, ∀k,
have to be determined by the receiver before the precoded data can
be transmitted [2]. Initially, the transmitter sends pilots to the re-
ceiver such that the estimation of the channel information Hk, ∀k
can be performed. Immediately later, the receiver computes each
precoding matrix Pk based on each channel information Hk. Values
of Pk, ∀k, are sent back to the transmitter side so that the transmitter
can use these Pk, ∀k, to transmit signals in the precoding mode.

Determination of the precoding matrices Pk, ∀k, from the chan-
nel information Hk, ∀k, is the most important work for the receiver
of the precoded system. Assume that the SVD of each channel ma-
trix Hk is decomposed as

Hk = Uk ΣkV
H
k (2)

where Nr×Nr Uk contains orthonormal left singular vectors, diag-
onal Σk contains singular values in decreasing order, and Nt × Nt

Vk contains orthonormal right singular vectors. Each matrix Pk is
selected to be equal to the sub-matrix of Vk that contains the left
Ns columns, i.e., the columns of Pk are the right singular vectors of
Hk that are associated with the largest Ns singular values. When the
precoded signal is transmitted as in (1), the receiver linearly filters
the received signal to produce

yn,k
△
= WH

k xn,k = diag{σ1, · · · , σNs}sn,k +WH
k zn,k, (3)

where the filter weight Wk is equal to the sub-matrix of Uk that
contains the left Ns columns. Each entry of yn,k is sliced to produce
the detected symbol. Note that the above-mentioned design of the
precoder and receiver is optimal [1, 14]. Accordingly, the receiver
have to perform SVD of each Hk to obtain the largest Ns singular
values {σ1, · · · , σNs}, and, their associated left singular vectors and
right singular vectors.

Since the transmit-receive operations for all the sub-carriers are
the same, we will ignore the sub-carrier index k in the following for
notational simplicity. The precoded MIMO-OFDM system is sim-
plified to the precoded MIMO system. Additionally, in the IEEE
802.11n/ac WLAN, there are two different ways [2] to feedback
the V to the transmitter. In non-compressed beamforming weights
feedback, the value of V is feedback. In compressed beamforming
weights feedback, a set of angles representing V is feedback. We
will concentrate on the compressed beamforming weights feedback,
because it sends fewer bits of information back to the transmitter.

In all, we will study the implementation of the precoding sub-
system at the receiver side in Fig. 1. The sub-system performs SVD
of H to produce the largest Ns singular values {σ1, · · · , σNs}, the
associated right singular vectors to be feedback to the transmitter,
and the associated right singular vectors for optimal filtering. Also,
the most exemplary case of four and two antennas deployed at the
access point (AP) and station, respectively, will be considered.

3. PRECODING SUB-SYSTEM FOR THE UPLINK
TRANSMISSION

In this section, we will study the precoded sub-system for the uplink
transmission with Nt = Ns = 2 and Nr = 4. We will study the
SVD of 4×2H to produce 4×2U, 2×2Σ, and 2×2V. The values
of U and Σ will be computed for the receiver to perform symbol
detection. Also, the angles representing V will be computed such
that they can be sent back to the transmitter. To compute angles, it is
natural to use Givens rotation in our algorithms and to use CORDIC
module [15,16] in our hardware architectures for the precoding sub-
system.

3.1. Algorithm for the SVD of H

In the conventional algorithms [7] for performing SVD, the first step
is to bi-diagonalize the H. Because H is of size 4×2, we can instead,
in our first step, use complex Givens rotation [17] to QR-decompose
the H, i.e., h1,1 h1,2

h2,1 h2,2

h3,1 h3,2

h4,1 h4,2


︸ ︷︷ ︸

H

=

 q1,1 q1,2
q2,1 q2,2
q3,1 q3,2
q4,1 q4,2


︸ ︷︷ ︸

Q

[
r1,1 r1,2
0 r2,2

]
︸ ︷︷ ︸

R

. (4)

The diagonal entries r1,1 and r2,2 are positive, but the entry r1,2 is
complex-valued. The complex-valued Jacobi algorithm [12, 13] can
then be applied to diagonalize the 2× 2 R by[

cos(θλ) − sin(θλ)
sin(θλ) cos(θλ)

] [
1 0
0 ejθϕ

]
R

[
1 0
0 e−jθϕ

]
×
[

cos(θρ) − sin(θρ)
sin(θρ) cos(θρ)

]
=

[
σ1 0
0 σ2

]
, (5)

where θϕ = tan−1(ℑ{r1,2}/ℜ{r1,2}) is the angle of r1,2. Also,
the θλ and θρ can be easily obtained from the relationships

θλ + θρ = tan−1

(
|r1,2|

r2,2 − r1,1

)
θλ − θρ = tan−1

(
|r1,2|

r2,2 + r1,1

) . (6)

The singular values can be expressed as

σ1=

√
|r1,2|2+(r2,2+r1,1)2+

√
|r1,2|2+(r2,2−r1,1)2

2
(7)

and

σ2=

√
|r1,2|2+(r2,2+r1,1)2−

√
|r1,2|2+(r2,2−r1,1)2

2
. (8)

Substituting (5) into (4), we obtain the SVD of H as[
cos(θλ) − sin(θλ)
sin(θλ) cos(θλ)

] [
1 0
0 ejθϕ

]
QH

︸ ︷︷ ︸
UH

H

×
[

1 0
0 e−jθϕ

] [
cos(θρ) − sin(θρ)
sin(θρ) cos(θρ)

]
︸ ︷︷ ︸

V

=

[
σ1 0
0 σ2

]
︸ ︷︷ ︸

Σ

.(9)

The value of UH and V are expressed in terms of matrix QH and
angles θϕ, θλ, and θρ. For clarity, the detailed steps to perform the
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SVD of H are illustrated in Fig. 2. Note that the computed angles
θρ and θϕ are to be sent back to the transmitter such that the value of
precoding matrix V can be constructed according to (9). The value
of UH are constructed according to (9) using the value of QH , and,
angles θλ and θϕ. The values of U and Σ will be used by the receiver
to detect precoded signals.
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Fig. 2. The detailed steps of our algorithm to compute the SVD of
H.

3.2. Hardware Architecture for the SVD of H

Based on the algorithm in Fig. 2, we propose the VLSI architecture
for the precoding sub-system in Fig. 3. The bi-diagonalization and
SVD blocks are associated with the computations revealed by (4)
and (9), respectively.

Since the algorithm is expressed in terms of angles, the CORDIC
modules are used in our architecture. Among the various types of
CORDIC modules [15], the conventional CORDIC module to com-
pute an angle or to rotate by an angle ω is used. The two angles, ωa

and ωb, computed by two different conventional CORDIC modules
can be added or subtracted to produce an angle, ωa+ωb or ωa−ωb,
that is to be used by another conventional CORDIC module. Each
CORDIC module contains a pre-rotation, 9 shift-and-add iterations
(micro-rotations), and a constant multiplication by 0.6073. The word
length of each real number is determined to be 16 bits. Each of the
CORDIC modules that is denoted by “VM/RM” computes the an-
gle in the vectoring mode and then performs angle rotation in the
rotation mode. Each CORDIC module that is denoted by “RM” per-
forms angle rotation only using the angle information provided by
another CORDIC module. As in [16], three pipeline registers are
inserted in each CORDIC module to shorten the critical path of the
designed circuit.

Illustrated in Fig. 4, the bi-diagonalization block performs the
QRD in (4). Because only QRD of a 4×2 matrix is to be computed,
the bi-diagonalization block is obtained by removing some of pro-
cessing elements of the triangular systolic array in [17, Fig. 1]. Each
of the complex Givens rotation (CGR) and reduced CGR modules
is comprised of CORDIC modules illustrated in Fig. 5. A total of
17 CORDIC modules are included in the bi-diagonalization block.
When channel matrix H is input to the bi-diagonalization module,
all the CGR and reduced CGR modules perform the CORDIC vec-
toring operation to compute the angles for triangulating matrix R.
When a following identity matrix is input to the bi-diagonalization

block, all the CORDIC modules perform CORDIC rotation to com-
pute the value of QH . The delay units (DUs) are inserted to maintain
timing synchronization of the signals.

H

Feedback  angle   ,  of  φ ρθ θ V

R

HU
Σ

SVD

HQ
Bi-digonalization

Fig. 3. The hardware architecture of our precoding sub-system.
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Fig. 4. The bi-diagonalization block in Figure 3.
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Fig. 5. The CGR and reduced CGR sub-modules in Figure 4.

The SVD block in Fig. 3 is expanded in Fig. 6. The demulti-
plexer selects either the R or Q to be passed to the following cir-
cuits. When R is passed, the CORDIC modules that are denoted by
“VM” perform CORDIC vectoring operations to compute the three
angles θϕ, θλ + θρ, and θλ − θρ. The two angles, θλ + θρ and
θλ − θρ, are summed/subtracted to produce angles θλ and θρ. As re-
vealed by (6), the CORDIC modules that are associated with angles
θλ − θρ and θλ + θρ produce amplitudes

√
|r1,2|2 + (r2,2 − r1,1)2

and
√

|r1,2|2 − (r2,2 − r1,1)2, respectively, in their vectoring oper-
ations. Thus, due to the results in (7) and (8), simple addition and
subtraction are applied to the outputs of the two CORDIC modules
to produce singular values σ1 and σ2. On the other hand, when QH

is passed, the CORDIC modules that are denoted by “RM” apply
CORDIC rotations to QH to obtain UH .

3.3. Implementation Results

The architecture in Fig. 3 was described in Verilog HDL and syn-
thesized by the Synopsys Design Compiler, the result of which is
compared with several architectures in Table 1. The throughput rate
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is computed according to

Normalized SVD Throughput Rate (matrices/sec)

=
Operating Frequency

Processing Cycles
× Technology

90 nm
. (10)

Because of the pipeline structure in the architecture, a new matrix
and an identity matrix can be input to the architecture every 6 clock
cycles, which is the processing cycles in (10). It only takes 3.33 and
6.79 µs for our architecture to compute the SVD of channel matrices
for the 56 and 114 channel matrices, respectively, at all data sub-
carriers of the IEEE 802.11n/ac signal.

Table 1. Comparisons of hardware architectures.
Architecture [7] [8] [10] This work

Algorithm GK-SVD SL-SVD Adaptive
SVD

QRD
+ Jacobi

Matrix
size 4 × 4 4 × 4 4 × 4 4 × 2

Computed
values Σ,V U,Σ,V U,Σ,V

U,Σ,
angles of V

Technology 180 nm 90 nm 90 nm 90 nm
Gate count 42.3K 120K 543.9K 122.8K
Frequency 149 MHz 182MHz 101.2 MHz 100.7 MHz

SVD
throughput

(matrices / sec.)
303K 7M 479.1K 16.8M

4. PRECODING SUB-SYSTEM FOR THE DOWNLINK
TRANSMISSION

The precoded sub-system for the downlink transmission with Nr =
Ns = 2 and Nt = 4 is studied. Since the transmission for the
WLAN is time-division duplex (TDD) [18], the channel matrix HT

for this scenario is of size 2 × 4. Using the results in (9), we write
the SVD of HT as[

cos(θρ) sin(θρ)
− sin(θρ) cos(θρ)

] [
1 0
0 e−jθϕ

]
︸ ︷︷ ︸

VT

HT

×Q∗
[
1 0
0 ejθϕ

] [
cos(θλ) sin(θλ)
− sin(θλ) cos(θλ)

]
︸ ︷︷ ︸

U∗

=

[
σ1 0
0 σ2

]
︸ ︷︷ ︸

Σ

. (11)

For this channel matrix HT , the precoding sub-system can still feed-
back the angles representing U to the transmitter and generates the
values of Σ and V to be used by the receiver for detecting precoded
symbols. Thus, the SVD algorithm here is similar to that in Subsec-
tion 3.1.

By slightly modifying the architecture introduced in Subsec-
tion 3.2, we can obtain the architecture for the precoding sub-system
for the downlink. The proposed architecture is comprised of two
blocks as in Fig. 3. Because only the angles representing U are to
be computed, the CORDIC modules in the bi-diagonalization block
in Fig. 4 perform CORDIC vectoring operations only. Thus, the
CORDIC modules that perform CORDIC rotations only in the sub-
modules of Fig. 5 can be eliminated. A total of 12 CORDIC modules
is required in the bi-diagonalization block. The SVD block here is
even simpler than the one in Fig. 6. First, only produced R-matrix by
the bi-diagonalization block is input to the SVD block. The demulti-
plexer is eliminated. Second, the computation of V is similar to the
computation of the U in Fig. 6, but we replace the Q matrix by an
identity matrix. The number of CORDIC modules used here in the
SVD block is the same as that in Fig. 6, which is equal to 6. Angles
θϕ, θλ, and those 12 angles produced by the bi-diagonalization block
are to be feedback to the transmitter side. Also, only the input H is
required; the following identity matrix in Fig. 4 is not required to be
input. New channel matrices can be input to the architecture every 2
clock cycles.

The architecture for this scenario is described and synthesized.
The required gate count is 94K gates. The SVD throughput rate
that this architecture can provide is 50.4M matrices per second when
operating at clock frequency 100.7 MHz. It only takes 1.11 and 2.26
µs for our architecture to compute the SVD of channel matrices for
the 56 and 114 channel matrices, respectively, at all data sub-carriers
of the IEEE 802.11n/ac signal.

5. CONCLUSION

Our architectures of the precoding sub-sytems are the first architec-
tures to deliver the compressed beamforming weights feedback for
both the uplink and downlink transmissions in the IEEE 802.11n/ac
WLAN. Utilizing the systolic array and non-iterative Jacobi al-
gorithm, our architectures can compute the feedback information
rapidly and therefore suitable for the practical system.
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