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ABSTRACT

A new method is presented for optimizing loudspeaker
placement, radiation patterns, and excitations for Sound Field
Reproduction (SFR). A power constraint is included which is
to help control the sound increase in the regions away from lis-
tening volume. For a known primary source, the loudspeaker
locations and patterns are jointly optimized by Constrained
Matching Pursuit (CMP), and this can be undertaken offline,
i.e., before system operation. The excitations of the designed
loudspeakers are then determined by conventional Lagrangian
optimization. Simulations for free space conditions show that
the new method yields a lower reproduction error under a
power constraint than other SFR methods.

Index Terms— Sound field reproduction, Constrained
Matching Pursuit, higher order loudspeakers.

1. INTRODUCTION

Sound Field Reproduction (SFR) is the process of creating a
desired sound field in a listening area using an array of loud-
speakers. The source of the desired field is referred to as
the primary source while the loudspeakers, which create the
sound field, are known as secondary sources. SFR systems
have static Degrees of Freedom (DOFs), which are the pa-
rameters optimized for the system design, and dynamic DOFs
which are optimized during system operation and determine
the time complexity. For example in [1, 2], the locations and
radiation patterns of loudspeakers are determined before the
system operation, and the excitations are optimized duringthe
system operation. In [3–5], the locations of loudspeakers are
fixed while the excitation and radiation patterns of loudspeak-
ers change during system operation. The method in this paper
jointly optimizes the locations and radiation patterns of loud-
speakers before the system operation, and updates only the
excitations during the system operation.

For a given location of the primary source, the loud-
speaker locations can be optimized by methods developed
in [6–10]. The placement algorithms from [6,7,10] minimize
the weighted combination of theℓ2 norm of the sound field re-
production error and theℓ1 norm of the loudspeaker excitation
vector. This results in a sparse representation of the desired
field in terms of the Acoustic Transfer Functions (ATFs) of

the loudspeakers. In [8], the locations of the loudspeakers
are determined to approximate an “ideal” ATF matrix, which
uses singular value decomposition of an idealized “bench-
mark” ATF matrix. The method in [9] optimizes loudspeaker
locations using a CMP algorithm.

For array analysis, loudspeaker radiation patterns are of-
ten considered to be omni-directional despite this seldom be-
ing the case. Patterns are classically characterized by their
peak and distributed directivities and parameters such as side-
lobe levels, front-to-back ratio (and for antennas, polarization
purity), etc., and the spherical mode expansion is a standard
tool in their analysis and synthesis. Recently, for SFR, the
directive nature of a loudspeaker pattern has been expressed
as its highest mode without further direct reference to the
modal makeup. Examples include “dipole” patterns (cos θ)
for 2D SFR [11], fixed higher-order modal patterns for 3D
SFR [2, 12], higher-order patterns for 2D SFR [3] and 3D
SFR [4]; and with a power constraint with just the first two
modes, viz., omni and dipole [5], and with higher orders [13].

For jointly optimizing the loudspeaker locations and ra-
diation patterns, a constrained version [9] of the matching
pursuit algorithm [14] selects samples of ATFs from a dictio-
nary of the loudspeakers at different locations with various
patterns. The excitation is then determined using conven-
tional Lagrangian optimization. The contribution is that we
generalize the approach of [9] where all patterns were omni-
directional and fixed, and instead optimize both the loud-
speaker locations and their higher-order patterns together.
The numerical experiments below include the cases of fixed
location loudspeakers and omnidirectional loudspeakers,en-
abling performance comparisons for free-space conditions.
Our approach also highlights the use of the power constraint
as a tool to trade-off the accuracy of the reproduction within
the listening volume against the unwanted synthesis of sound
outside of this volume.

2. CONSTRAINED MATCHING PURSUIT

The CMP algorithm [9] is suitable for power-constrained SFR
because the cost function is non-convex in terms of the loud-
speaker locations, and finding the global optimum is not fea-
sible owing to the size of the problem. WithCQ denoting
a complex vector space,D ⊂ C

Q a dictionary of unit-norm
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vectors anda ∈ C
Q aQ-dimensional vector, the CMP is an

iterative procedure for the linear expansion ofa in terms of
vectors inD so that the coefficients are upper-bounded byp:

a =

N
∑

n=1

αnb
(n) +RN+1a s.t.

N
∑

n=1

|αn|2 ≤ p, (1)

whereb(n) is the dictionary member selected at then-th itera-
tion and||bn||22 = 1, αn is the corresponding coefficient, and
RN+1a is the approximation error vector afterN iterations.
The constraint limits the power of the excitations, elaborated
below. GivenN (which is also the number of loudspeakers,
see below) the expansion is obtained by:

1) Initialization: Let n = 1 andRna = a.
2) Dictionary member selection:Find (brute force search)

the dictionary member with largest inner product withRna:

b(n) = argmax
b∈D

|bHRna|, (2)

where(·)H denotes complex conjugate. The corresponding
expansion coefficient is calculated as:

αn = argmin
|α|2≤pn

||αb(n) −Rna||22, (3)

wherepn ≥ 0 is the upper bound on|αn|2 chosen such that
∑N

n=1 pn = p. We setpn = p/N , i.e., a uniform distribution,
to ensure that power is allocated to each iteration, which turns
out to suit a constrained power situation. Equation (3) can be
solved by Lagrangian methods, which leads to

αn =

{ √
pn

(b(n))HRn
a

|(b(n))HRna|
if
√
pn ≤ |(b(n))HRna|,

(b(n))HRna otherwise.
(4)

3) Desired vector at the next iteration:Calculate the ap-
proximation error asRn+1a = Rna − αnb

(n), and increase
n by 1. If n ≤ N go to step2), otherwise stop.

3. METHOD

The goal is to find locations, patterns, and excitations forN
loudspeakers in order to reproduce the desired sound field as
accurately as possible. Lets = [s1, s2, .., sN ]T be the loud-
speaker excitation vector wheresn is the excitation of then-th
loudspeaker at a single frequency,M be the number of sam-
pling points in the listening area,G be theM×N ATF matrix
whose(m,n)-th element is the ATF atm-th sampling point
ym of then-th loudspeaker located atxn. TheM samples of
the desired and reproduced fields are arranged in vectorspdes

andp respectively, wherep = Gs. The optimal excitation
vectors can be computed again using a Lagrangian approach:

sopt = argmin(||pdes −Gs||22 + γ||s||22) (5)

whereγ is the Lagrange multiplier chosen as in [15] such that
||s||22 ≤ pmax, andpmax is the maximum normalized power.

The solutionsopt and the resulting reproduction error depend
on the ATF matrixG [8,15], whose entries in turn depend on
the loudspeaker radiation patterns and their locations relative
to the sampling points.

An L-th order loudspeaker refers to the highest term in
the expansion of its outgoing waves, e.g., [16]:

Gm,n(r, θ, φ) =

L
∑

l=0

l
∑

u=−l

CL
u,lhl(kr)Y

l
u(θ, φ), (6)

wherer = ||xn − ym||2, (θ, φ) give the direction to them-
th sampling pointym, the origin (phase centre) is at then-th
loudspeakerxn, k = 2π/λ is the wave number withλ the
wavelength,hl(·) is thel-th order outward traveling spherical
Hankel function,Y l

u(θ, φ) is the spherical harmonic function
of degreeu and orderl, andCL

u,l are the coefficients. Note
the pattern relates just to the functionY l

u(θ, φ).
The physical realization of a higher order loudspeaker pat-

tern could be through a micro-electronic array, with element
weighting integrated into the same single device. The element
weights do not not relate directly to the harmonics, rather the
desired complex pattern is taken as a function to be matched
by the far field of a finite array of weighted directional ele-
ments, and this is the pattern synthesis problem well known in
antenna design. This aspect is beyond the scope of this paper
which is confined to the modeled systems aspect. An omni-
directional radiation pattern, which is often used in SFR and
other array processing, is a zeroth-order loudspeaker (L = 0):

Gm,n(r, θ, φ) = C0
0,0

ejkr√
4πkr

, (7)

whereC0
0,0 = k/

√
4π in free space [7].

To make sure that power-constrained comparisons of SFR
systems with various loudspeaker radiation patterns are fair,
the coefficients are scaled byk/

√
4π. Then the coefficients

are constrained such that
∑L

l=0

∑l

u=−l |CL
u,l|2 ≤ 1 in Step 5

of Algorithm 1, below.

3.1. Dictionary construction

Each candidate loudspeaker location is identified with a sub-
dictionary whose members are samples ofhl(kr)Y

l
u(θ, φ) of

various radiation patterns placed at that location. So thei-th
candidate location gives rise to anM × (L + 1)2 matrixDi

whose(L + 1)2 columns represent samples at theM sam-
pling points of the termshl(kr)Y

l
u(θ, φ) from the summation

in (6). Such sub-dictionaries are generated forNv ≫ N can-
didate locations and arranged into a large dictionaryD =
[D1,D2, ...,DNv

], which is aM × (Nv · (L+ 1)2) matrix.

3.2. Optimization of loudspeaker locations and patterns

The optimization consists of finding, at each iteration, the
termhl(kr)Y

l
u(θ, φ) (across all remaining candidate locations
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Algorithm 1 Loudspeaker pattern and location optimization
Input: D ⊲ dictionary
Input: pdes ⊲ desired vector
Input: xv

i ⊲ coordinate ofi-th candidate location
Input: N ⊲ number of loudspeakers
Output: A ⊲ selected loudspeaker locations
Output: {cn} ⊲ inner coefficients of loudspeakers

1: SetR1pdes = pdes andA = ∅

2: for n = 1 toN do
3: Find a column ofD that is most correlated with

Rnpdes, denoted byd(n).
4: Find sub-dictionary to whichd(n) belongs. Suppose

Di is that sub-dictionary, then thei-th candidate location
is selected at this iteration,A = A ∪ {xv

i }.
5: To find the radiation pattern for the selected loca-

tion, apply the CMP algorithm on the sub-dictionaryDi

by consideringRnpdes as the desired vector, and using
p = 1 in (1). The resulting expansion coefficients give
the normalized inner coefficients of the pattern, and the
corresponding linear combination of the columns ofDi

gives the loudspeaker ATF at theM sampling points, de-
notedg(n).

6: The output will be the coefficients (CL
u,l) of the higher

order loudspeaker, which is arranged in a1 × (L + 1)2

vectorcn.
7: Computeαn in (4) usingpn = pmax/N , b(n) = g(n)

andRna = Rnpdes.
8: Update the approximation error asRn+1pdes =

Rnpdes − αng
(n). RemoveDi from D so that the same

location cannot be selected again.
9: end for

10: return {c1, .., cn} andA.

and all patterns) that is most correlated with the current ap-
proximation error, and running CMP over the corresponding
sub-dictionary. The details are shown in Algorithm 1, which
optimizes the loudspeaker locations and patterns when the fre-
quency and location of the primary source are fixed.

For a range of frequency, the primary source is sampled at
{f1, f2, ..., fW }, and the region in which the primary source
may be located is also sampled at locations{z1, z2, ..., zY }.
Then, Algorithm 1 is applied in order to find the locations
and radiation patterns ofN/WZ loudspeakers when the lo-
cation of primary source is atzy and its frequency isfw for
1 ≤ y ≤ Y and1 ≤ f ≤ W . The optimized locations and
radiation patterns of loudspeakers remain fixed during the sys-
tem operation, and only their excitations are updated to mini-
mize the reproduction error.

After the design phase, during the system operation, the
ATFs of individual optimized loudspeakers are computed and
arranged into the ATF matrixG. The excitation vectorsopt
for the loudspeaker array is found and updated by solving (5)
to minimize the reproduction error during the system opera-

Fig. 1. SFR system configuration.

tion based on the variable parameters of the primary source
while the positions and patterns of loudspeakers are fixed.

4. SIMULATION RESULTS

The SFR system considered in the simulations is shown in
Fig. 1. The loudspeakers are placed on a3 m×3 m square
centered at the origin, and the listening volume is a1 m×1 m
×1 m cube located1 m away. The primary source is omni-
directional and its excitation is arbitrarily set to8ej∠0. The
numbers of loudspeakers, candidate locations, and sampling
points areN = 25, Nv = 400, andM = 98, respectively.
The sampling points are distributed uniformly on the sur-
face of the cubic volume. The frequency range is100 Hz to
1500 Hz, which is typical in SFR system simulations [1, 7].
The maximum normalized power is in the range0.1 to 1.
Higher allowed power generally leads to better reconstruction
within the listening cube, but less control over the resulting
field outside the cube.

The performance of the SFR system designed by the pro-
posed method,System 4 (S4), is compared against that of the
following three systems through simulations.System 1 (S1)
is a benchmark system withN omni-directional loudspeak-
ers placed uniformly on the3 m×3 m square region.System
2 (S2)consists ofN higher-order loudspeakers placed uni-
formly on the3 m×3 m square region, where only the radia-
tion patterns are designed by the proposed algorithm.System
3 (S3) consists ofN omni-directional loudspeakers whose
locations on the3 m×3 m square are determined using the
CMP-based algorithm from [9]. In the proposed system and
S2, the loudspeaker order is set toL = 5. These systems
are compared in terms of the normalized reproduction error
as in [7, 8, 13] atM2 = 125000 points which are distributed
uniformly in the listening cube.

S2 involves optimized loudspeaker patterns, but no opti-
mization of loudspeaker locations whereas inS3, the loca-
tions of loudspeakers are optimized, but not their patterns.
The comparison of these two systems with the proposed one
illustrates the benefits of joint optimization of loudspeaker
patterns and locations. In addition, in all systems, the po-
sitions and patterns of loudspeakers are designed before the
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Fig. 2. Reproduction error versus frequency for (a) fixed pri-
mary source location, (b) variable primary source location.

system operation (during the design phase), so the number
of dynamic DOFs (time complexity) of all systems is equal.
The required processing time for Algorithm 1 is0.5 sec on
a 3GHz Intel Core 2 Quad Q9650 processor, but it is not a
crucial parameter since this algorithm works offline.

First, the reproduction error is examined at different fre-
quencies withpmax = 0.3 in Fig. 2 for two cases. In
the first case, the location of the primary source is fixed at
(0, 0,−8), and the frequency for which the system param-
eters are optimized during the design phase is sampled at
{100, 300, 600, 1000, 1500} Hz. Therefore, the patterns and
(or) locations of5 loudspeakers are optimized for each fre-
quency. After the design phase, the frequency of the primary
source is changed between100 and1500 Hz, and the repro-
duction error is illustrated in Fig. 2(a). The performance
degrades with increasing frequency because all systems have
increasingly spatial undersampling.S4outperforms other sys-
tems across the whole frequency range, with error perfor-
mance gains between3–10 dB relative to the next best system
at mid and high frequencies.

For the second case, the locations of the primary source
range between(−4,±0.5,−8) and(+4,±0.5,−8), as shown
in Fig. 1. In this experiment, the frequency for which the sys-
tem parameters are optimized during the design phase is sam-
pled only at{100, 1500} and the possible locations of the pri-
mary source are sampled at(0, 0,−8), (0, 0,−4), (0, 0,+4),
(0, 0,−2), and(0, 0,+2). Therefore two or three loudspeak-
ers are designed for each frequency bin and sampled loca-
tion. Again, after the design phase, the frequency and loca-
tion of the primary source are changed and the reproduction
error is shown in Fig. 2(b). In this figure, each curve shows
the average reproduction error at the corresponding frequency
when the location of primary source is moving across30 po-
sitions between(−4,±0.5,−8) and(+4,±0.5,−8), and the
error bars show the maximum and minimum errors at each
frequency. As shown in this figure, the reproduction error is
less than−10 dB for frequencies less than1000 Hz, 600 Hz,
600 Hz, 300 Hz in S4, S3, S2, andS1, respectively, which im-
plies that the average performance of the new system is better
than that of the other systems.

The reproduction error as a function of the maximum nor-
malized power is depicted in Fig. 3 forf = 800 Hz for the
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Fig. 3. Reproduction error versuspmax for (a) fixed primary
source location, (b) variable primary source location.

first case and second case of the previous experiment. As
shown in this figure, the performance of all methods improves
as the power increases, meaning that the desired field is more
accurately reproduced within the listening cube. However,
outside the cube, the deviation from the desired field may be-
come larger as the power increases. Considering this point,
one should choose the maximum power that is large enough
to meet the error objective within the listening cube, but no
larger. There is no formal design criteria for the choice of
pmax, this must be done on a case-by-case SFR configuration,
but this parameter is clearly useful for controlling the trade-
off between the SFR accuracy and the unwanted sound gener-
ated outside a listening volume. According to the figure, for
the first case, the error ofS4for pmax = 0.1 is equal to that of
S3for pmax = 0.4, andS2andS1for pmax > 1. Hence, for
the same reproduction error, controlling the sound field out-
side the listening cube is much easier in the proposed system
compared to the other three systems.

5. CONCLUSION

A new method for SFR allows the locations and the patterns,
in terms of their spherical harmonic excitations, to be opti-
mized together for minimum reproduction error. The method
lends itself to any configuration, but a specific situation isin-
vestigated comprising a square aperture for the loudspeakers
and a close-proximity cubic listening volume. For other con-
figurations, the error gain depends on the geometry as well as
the possible locations of the primary source. Simulations for
the chosen configuration are undertaken for free-space condi-
tions. This means that to interpret the results for an indoor
situation the walls of the room would have to be reasonably
non-reflective, and the loudspeakers would have to have con-
figurable patterns. In the design phase, the patterns and lo-
cations are determined based on a dictionary of possible lo-
cations of the primary source and its frequency makeup, and
then only the excitations of the loudspeakers change during
the system operation. The power constraint provides a param-
eter that allows management of a tradeoff between the accu-
racy of the sound field reproduction and the suppression of
unwanted sound outside of the listening volume.
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[8] H. Khalilian, I. V. Bajić, and R. G. Vaughan, “Towards
optimal loudspeaker placement for sound field reproduc-
tion,” in Proc. IEEE ICASSP’13, Vancouver, May 2013,
pp. 321–325.

[9] H. Khalilian, I. V. Bajić, and R. G. Vaughan, “Loud-
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