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ABSTRACT

We propose a method for finding a good combination of
nonidentical directivities for a microphone array, i.e., a com-
bination that can achieve better noise suppression. To avoid
checking all combinations of directivities, the method in-
crementally applies `1-constrained minimum variance dis-
tortionless response beamforming to the coherently-focused
power spectral density matrices of microphone array signals.
The `1 constraint selects microphones with greater impor-
tance by inducing a sparse filter for beamforming.

Index Terms— microphone array, nonidentical, MVDR,
`1 constraint

1. INTRODUCTION

Hands-free or distant audio acquisition is indispensable for
many applications such as teleconferencing and audio record-
ing. The signals captured using multiple microphones are
processed in order to extract the desired sound by beamform-
ing, which suppresses interference and noise [1].

The minimum variance distortionless response (MVDR)
beamformer and linearly constrained minimum variance
(LCMV) beamformer for audio signal processing have been
intensively studied over the past decade [2][3][4]. The
MVDR beamformer minimizes its output power under the
constraint of no signal distortion. In the LCMV beamformer,
additional linear constraints are imposed.

It is quite common in the literature to use an array con-
sisting of identical omnidirectional sensors or microphones.
Recently, combining sensors with different directivities has
begun to be studied. Levin et al. [5] discussed robust beam-
forming of an array of sensors with nonidentical directivity
patterns. Cao et al. [6] discussed the MVDR beamformer for
an acoustic vector sensor that consists of one monopole and
three dipole sensors.

For obtaining a better sound acquisition, both an appropri-
ate directivity combination and an appropriate filter for beam-
forming are required, where to efficiently find a good directiv-
ity combination, i.e., a combination that achieves better noise
reduction, is an issue because: a) the number of combinations
drastically increases as the number of microphones increases,
b) checking all the combinations to find better combinations

is difficult with an array with many microphones, and c) once
a good combination is obtained, a good filter for beamforming
can be derived by MVDR.

We propose a method for efficiently finding a good combi-
nation without checking all the combinations of microphone
directivities. This method uses `1-constrained MVDR, which
can induce a sparse solution of a filter for beamforming. The
method starts from the situation in which M microphones of
directivity A and M microphones of directivity B are collo-
cated redundantly for M microphone positions. The micro-
phones with greater importance are incrementally selected.
The computational complexity is further reduced by applying
this procedure to the power spectral density (PSD) matrices
after focusing [7] .

2. ARRAY MODEL

Directivity model
First, we assume that the directivity pattrens of each micro-
phone element can be modeled as a differential microphone.
Standard directivity patterns, such as cardioid, hypercardioid
and supercardioid, can be modeled as the first-order differen-
tial microphones, which delay and subtract the signals of two
closely spaced omnidirectional microphones [8].

Hence, without loss of generality, we consider an array of
2M -element omnidirectional microphones instead of an array
with M microphones of directivity A and M microphones of
directivity B.

Signal model
Consider the conventional signal model with which an 2M -
omnidirectional-element microphone array captures con-
volved target signals in a noise field. We assume that the
mth microphone (m = 1, . . .M ) is closely spaced with the
(m + M )th microphone. The captured signals are expressed
as

ym(k) = gm ∗ s(k) + vm(k)

= xm(k) + vm(k), m = 1, 2, . . . , 2M, (1)

where gm is the impulse response from the unknown source
s(k) to the mth microphone, ∗ stands for convolution, and
vm(k) is the noise at mth microphone. We assume that all
signals considered are broadband and that the signals xm(k)
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and vm(k) are uncorrelated and zero mean. In the frequency
domain, (1) can be rewritten as

Ym(ω) = Gm(ω)S(ω) + Vm(ω)

= Xm(ω) + Vm(ω), m = 1, 2, . . . , 2M, (2)

where Ym(ω), Gm(ω), S(ω), Xm(ω) and Vm(ω) are the
short-term Fourier transforms (STFTs) of ym(k), gm, s(k),
xn(k), and vn(k) at frequency ω. In a vector notation, (2)
can be rewritten as

y(ω) = x(ω) + v(ω), (3)

where y(ω), x(ω), and v(ω) are the column vectors of
Ym(ω), Xm(ω), Vm(ω) (m = 1, 2, . . . , 2M). The narrow-
band PSD matrices of noise and target at frequency ω are
given as

RV (ω) = E
[
v(ω)vH(ω)

]
, (4)

RX(ω) = E
[
x(ω)xH(ω)

]
, (5)

where superscript H denotes the transpose conjugation of a
vector or a matrix.

Focusing
Focusing is a technique originally proposed for coherent
signal-subspace processing for direction-of-arrival estima-
tion of wide-band sources, where the signal subspaces of the
narrow-band PSD matrices are aligned and averaged into a
single PSD [9] . We use the focusing matrices developed by
Doron et al. [10] and Doron and Doron [11]. Let T(ωi) be
the focusing matrix from frequency ωi to the focusing fre-
quency ωf (see 3.4 for the detail). The focused PSD matrices
are given as follows.

RV (ωf ) =
∑
i

T(ωi)RV (ωi)T
H(ωi) (6)

RX(ωf ) =
∑
i

T(ωi)RX(ωi)T
H(ωi) (7)

After focusing, the directivity of each microphone is restored
using the differential microphone model. Its output is

Xa
m(ω) =

(
Xm(ω)−Xm+M (ω)e−jωτa

)
1− e−jω(τa+τd)

, (8)

where τd is d/(sound velocity), τa determines directivity A,
d is the distance between closely spaced omnidirectional mi-
crophones, and j is the imaginary unit. The bidirectional, car-
dioid, and hypercardioid directivity patterns can be obtained
by τa = 0, τa = τd, τa = τd/3 respectively. Let D(ω) be
the matrix that relates identical omnidirectional microphone
signals to nonidentical directivity microphone signals based
on the differential microphone model. The PSD matrices of a
nonidentical directivity microphone array are expressed as

Rab
V (ωf ) = D(ωf )RV (ωf )D(ωf )H (9)

Rab
X (ωf ) = D(ωf )RX(ωf )D(ωf )H . (10)
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Fig. 1. First-order differential microphone model

3. MICROPHONE SELECTION

We propose a method for efficiently finding a good combina-
tion without checking all the combinations of microphone di-
rectivities. Microphones with greater importance are selected
by incrementally applying `1-constrained MVDR beamform-
ing to the focused PSD matrices of (9) and (10).

Focusing is essential because wide-band signals is neces-
sary to determine the combination of microphone directivi-
ties and multiple narrow-band signals are difficult to handle
simultaneously. Focusing can drastically reduce the amount
of narrow-band signal data and make the selection procedure
efficient.

We use Doron’s focusing technique [10]. Since this focus-
ing technique requires that all the microphones are identically
omnidirectional, we apply the differential microphone model
for the transformation between identical and nonidentical mi-
crophone arrays.

In this section, we first show how we add the `1 constraint
to MVDR beamforming. We then explain the procedure of
directivity selection and details of focusing.

3.1. Conventional MVDR

Let h(ω) be the beamforming weight vector. The beamformer
outputZ(ω) is obtained by applying a complex weight to each
microphone signal and summing

Z(ω) = hH(ω)
{
xab(ω) + vab(ω)

}
, (11)

where xab(ω) is the vector consisting of the directivity-A mi-
crophone signals Xa

1 (ω), · · · , Xa
M (ω) and the directivity-B

microphone signals Xb
2(ω), · · · , Xb

M (ω) of the target source,
and vab(ω) is that of noise. We consider the first microphone
with directivity A as the reference microphone. The conven-
tional MVDR beamformer is then given as

hMVDR(ω) = argminhH(ω)Rab
V (ω)h(ω) (12)

subject to hH(ω)gab(ω) = Ga1(ω), (13)

where gab(ω) is the vector of transfer functions of the acous-
tic path from the target source to each microphone andGa1(ω)
is that to the reference microphone.

By multiplying s(ω)s∗(ω)Ga∗1 (ω) with (13) from the
right and taking expectation by E[•], we can rewrite the
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constraint as

hH(ω)E
[
xab(ω)Xa∗

1 (ω)
]

= E [Xa
1 (ω)Xa∗

1 (ω)] , (14)

whereE[xab(ω)Xa∗
1 (ω)] is given as (:,1) elements of the ma-

trix Rab
X (ω) and E[Xa

1 (ω)Xa∗
1 (ω)] is given as its (1,1) ele-

ment in the Matlab style.

3.2. `1-constrained MVDR

We add the `1 constraint as an inequality constraint (17) to
MVDR beamforming according to Hastie [12].

hρ(ω) = argminhH(ω)Rab
V (ω)h(ω) (15)

subject to

hH(ω)E
[
xab(ω)Xa∗

1 (ω)
]

= E
[
Xab

1 (ω)Xa∗
1 (ω)

]
(16)

|h(ω)|1 ≤ ρ |hMVDR(ω)|1 (17)

Making ρ sufficiently small will cause some of the coeffi-
cients to be zero because of the nature of the `1-constraint
(17). Thus, the `1 constraint does a kind of continuous subset
selection. By increasing ρ to 1, we can incrementally select
microphones with greater importance.

3.3. Incremental selection

Initialization Solve

ho(ωf ) = argminhH(ωf )Rab
V (ωf )h(ωf ) (18)

subject to

hH(ωf )E [x(ωf )Xa∗
1 (ωf )] = E [Xa

1 (ωf )Xa∗
1 (ωf )] . (19)

Let set A and B be those of the microphones of directiv-
ities A and B that are deleted. We start from SetA = {},
SetB = {} and ρ = ρ0.

Step 1 Solve the problem

hρ(ωf ) = argminhH(ωf )Rab
V (ωf )h(ωf ) (20)

subject to

hH(ωf )E [x(ωf )Xa∗
1 (ωf )] = E [Xa

1 (ωf )Xa∗
1 (ωf )] (21)

|h(ωf )|1 ≤ ρ |h0(ωf )|1 (22)

HA
m(ωf ) = 0 for m ∈ SetA (23)

HB
m(ωf ) = 0 for m ∈ SetB. (24)

The `1 constraint induces hρ(ωf ) sparse.
Step 2 If the problem of step 1 has no solution, increase

ρ as ρ← ρ+4ρ, and go to step 1.
Step 3 When |HA

m(ωf )|1 > |HB
m(ωf )|1 and HA

m(ωf )
is effective (e.g., |HA

m(ωf )|1 > δ|h0(ωf )|1), delete the mth
microphone of type B by adding m to Set B. Similarly, when
|HB

m(ωf )|1 > |HA
m(ωf )|1 and HB

m(ωf ) is effective, delete
the mth microphone of type A by adding m to Set A.

Step 4 If the total number of deleted microphones is
M − 1, exit the loop and adopt the directivity combination

specified by Set A and Set B. Otherwise, increase ρ as ρ ←
ρ+4ρ, and go to step 1.

Note that the equality constraints of (23) and (24) can
be removed by using the selection matrix S, which omits
the deleted microphone signals and reduces the dimension of
the filter-coefficient vector h(ωf ). The convex problem we
should solve in step 1 can be rewritten as follows.

h̃ρ(ωf ) = argmin h̃H(ωf )SRV (ωf )SH h̃(ωf ) (25)
subject to

h̃H(ωf )SE [X(ωf )X∗
1 (ωf )] = E [X1(ωf )X∗

1 (ωf )] (26)∣∣∣h̃(ωf )
∣∣∣
1
≤ ρ |ho(ωf )|1 (27)

3.4. Focusing

We use Doron’s focusing technique, which can be applied to
the array of an arbitrary geometry in the plane. Let the mi-
crophone’s positions be given by (rm, φm) in the polar coor-
dinates, where its origin is set to the gravity center of these
microphones.

The focusing matrix T(ωi) is given as

T(ωi) = G(ωf )G#(ωi), (28)

where G(ω) is the following 2M × (2N + 1) matrix and
G#(ω) =

[
G(ω)GH(ω)

]−1
G(ω) is its generalized inverse

matrix.

G(ω) =

 G1,−N (ω) · · · G1, N (ω)
...

...
G2M,−N (ω) · · · G2M,N (ω)

 . (29)

Elements of G(ω) are expressed as

Gm,n(ω) = (j)nJn(k rm)ej n φm , (30)

where Jn() is the nth-order Bessel function of the first kind
and k is the wave number defined as ω/(sound velocity). We
used N = 12 in the following simulations.

4. EVALUATION

We evaluated the performance of the proposed method by
simulation. We used a linear microphone array of six pairs of
closely spaced omnidirectional microphones, where the dis-
tance between the pairs was 2.5 cm and an inter-microphone
distance inside a pair was 0.5 cm. From this pair, we gen-
erated hypercardioid directivity. An ominidirectional micro-
phone in the first pair was used as the reference microphone.
The proposed method was used to search for a better combi-
nation of omnidirectional and hypercardioid directivity for the
remaining five microphone pairs. We used CVX, a package
[13] [14] for solving the `1-constrained MVDR problem in
the proposed method. Based on the estimated combination,
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Fig. 2. Noise reduction performance for various injection
angles: all microphone combinations (·), identical omnidire-
cional microphones (4) and combination found by proposed
method (©)

conventional MVDR beamforming filters were computed at
all frequencies.

We considered a planar configuration in which a target
source, interference, and microphones are located on a sin-
gle plane. The room size was 6× 7× 4 m (length × width ×
height) and its reverberation time was 0.3 s. All room impulse
responses were generated using ”RIR generator” [15], which
is based on the image-method proposed by Allen and Berkley
[16] with some necessary modifications proposed by Peterson
[17]. The sampling frequency was set to 16 kHz. The distance
between the target source and the reference microphone was
2 m. The target source was speech-like noise (USASI) and its
injection angle was -20 degrees. The noise consisted of pink
noise. We used 512-point fast Fourier Transform for STFT,
ωf = 937.5Hz, ρ0 = 0.3, ∆ρ = 0.05, and δ = 0.003. Since
large error occurs below the focusing frequency [7], we used
937.5–7125 Hz for the focusing of (6) and (7). We investi-
gated the full-band noise-reduction factor, which is defined
using signal to noise ratio (SNR) as

full-band output SNR of MVDR beamformer
full band input SNR of reference microphone

,

under the following two noise fields. In all situations, the
proposed method was able to find the directivity combination
within one or two executions of step 1.

Coherent noise field
This noise field was generated by an interference. The input
SNR was set to 0 dB. Eight situations were simulated in which
the injection angle of the interference was set to −15, 0, 15,
30, 45, 60, 75, or 90 degrees. Fig. 2 shows the full-band noise
reduction factor of all 25 = 32 microphone combinations (·),
that of omnidirecional microphones (4), and that of the es-
timated combination (©) for each inference injection angle.
From this graph, the proposed method found a better combi-
nation than with an identical omnidirectional microphone ar-
ray. Noise reduction was better for larger angular separation
between the target source and an interference.
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Fig. 3. Noise reduction performance for non-coherent plus
coherent noise field (SNRc = −10, 0, 10 dB): all mi-
crophone combinations (·), identical omnidirecional micro-
phones (4) and combination by proposed method (©)

Non-coherent and coherent noise field
This noise field was generated by spatially-white (i.e., non-
coherent) noises plus an interference. Input SNR of non-
coherent noise was 20 dB and SNR of coherent noise (SNRc)
was set to−10, 0, and 10 dB. Fig. 3 shows the full-band noise
reduction factor of all 25 = 32 microphone combinations (·),
that of omnidirecional microphones (4), and that of the es-
timated combination (©) for each SNRc. From this graph,
the combination of an identical omnidirectional microphone
array was almost best. The proposed method found a bet-
ter combination at SNRc = −10 dB and the combination
very close to that of identical omnidirectional microphones at
SNRc = 0 and 10 dB

5. RELATION TO PRIOR WORK

The work presented here has focused on how to find a di-
rectivity combination by using variable selection induced by
the `1 constraint. We expanded the idea of omnidirectional
loudspeaker selection by least absolute shrinkage and selec-
tion operator (Lasso) [18] to MVDR beamforming, and used
a different sparse constraint from [19]. This work is based on
the idea of applying MVDR to focused PSD matrices [7] and
the focusing technique [10][11].

6. CONCLUSION

We proposed a method for finding a microphone direcitivity
combination for a nonidentical microphone array based on `1-
based MVDR beamforming. Simulation results showed that
the proposed method was able to find a better combination
for a nonidentical microphone array in an efficient manner
without examining all combinations.
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