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ABSTRACT 
 
This paper proposes a method of reducing nonlinear 
distortion in sound reproduction systems by recursively 
equalizing input signals. The proposed method has lower 
computational costs and modeling errors compared with 
conventional methods. A computer simulation was 
undertaken to confirm these advantages. An experiment for 
the proposed method was conducted using multi-
loudspeakers as multi-sound sources. As a result, a 
reduction level of about 2 to 40 dB was achieved using the 
proposed method. In addition, it was found that the 
proposed method was particularly effective for frequency 
ranges lower than 8 kHz. 
 

Index Terms— Non-linear distortion, Loudspeaker, 
Recursive equalization, Sound quality equalization 
 

1. INTRODUCTION 
  
Sound reproduction systems such as a loudspeakers and 
headphones may, depending on distortions in the system, 
reproduce sounds that are different from the input signal [1]. 
There are two kinds of distortions: "linear distortion" and 
"nonlinear distortion". Nonlinear distortion is a distortion 
that is linearly unrelated between inputs and outputs. 
Therefore, even if a sinusoidal signal is given as an input, a 
distorted sinusoidal signal with harmonic distortion would 
be obtained as an output. Reducing this distortion is 
desirable as it is a major cause of degradation of sound 
quality. Since it is impossible for harmonic distortion to be 
modeled using linear functions, it is more difficult to reduce 
nonlinear distortion than linear distortion. This paper 
proposes an algorithm for reducing nonlinear distortion by 
recursively equalizing the input signal and without modeling 
the nonlinearity of the system. 
 

2. RELATED WORKS AND A PROPOSED 
APPROACH 

 
Several methods of reducing nonlinear distortion of a 
loudspeaker have been proposed [2-10]. These methods are 
fundamentally based on the modeling and/or equalizing of 
nonlinear systems using Volterra filter [2-5], mirror filter [6-
8] or control theory [9-10]. Since the computational costs of 
using the Volterra filter [2-4] increases exponentially 
according to the order of the nonlinearity, it is inadequate to 
reduce the higher order distortion. Although other methods 
[5-10] can reduce the computational costs, the overall 
performance is inferior to the Volterra filter due to the error 

in modeling the behavior of the loudspeaker approximately. 
Moreover, an adaptive method of reducing nonlinear 
distortion [11] has been reported recently, however, it 
requires a prior knowledge of the target system, therefore 
the issue of the modeling error remains.  
 In conventional methods, the main reason for the limited 
performance of the reduction of distortion is the modeling 
error of the system. To overcome this limitation, nonlinear 
systems are not modeled in this paper, but nonlinear 
distortion is reduced by measuring nonlinear distortion 
using a real system and adding a cancelling signal for the 
distortion.  The proposed method has the advantage of being 
able to reduce distortion accurately with a small amount of 
computational cost. However, as the proposed method 
measures the distortion dependent on the sound source, it is 
necessary to reproduce the sound source and record the 
output at the same time for each sound source. Therefore, 
the proposed method can be applied in cases where that the 
sound source is known in advance. The proposed method is 
applicable for reproducing a limited kind of sound sources 
such as a toy that has a sound function, automated voice 
announcements or alert sounds at railway stations. 
 
3.  A PROPOSED SYSTEM MODEL AND PRINCIPLE 
 
3.1. System model 

With 𝑛 as a discrete time index, the input signal as 𝑥(𝑛) and 

the output signal as 𝑦(𝑛) , an acoustic system including 
nonlinear distortion is expressed as  

       𝑦(𝑛)  ∑  ( )𝑥(𝑛   )   
     (𝑛  ) 

                  (𝑛) ∗ 𝑥(𝑛)   (𝑛  ) ,                             (1) 

where  (𝑛) is the impulse response of the system (linear 

component),  𝑁  is the length of the impulse response, * 

stands for the convolution operation,   is to make 𝑥(𝑛) as 

the argument of the function,  (𝑛  )  is the nonlinearly-

distorted signal dependent on  . Transforming both sides of 
Eq. (1) by the FFT to the frequency domain,  

      𝑌(𝜔)  𝑋(𝜔) ∙ 𝐻(𝜔)  𝐸(𝜔 𝐗)                            (2) 

where 𝐻(𝜔)  is the transfer function, 𝜔  is the discrete 

angular frequency, X is to make 𝑋(𝜔) as the argument of 

the function, 𝐸(𝜔 𝐗)  is the frequency response of the 

nonlinearly-distorted signal dependent on 𝑋(𝜔). Here, it is 

assumed that 𝐸(𝜔 𝐗)  can be modeled as a smooth 

continuous function with respect to 𝑋(𝜔). 
 
3.2. The principle of the proposed method 
The proposed method is composed of two processes: the 
extraction of the nonlinear distortion and the equalization of 
the sound source. First, the extraction of nonlinear distortion 
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is explained. Nonlinear distortion 𝐸(𝜔 𝐗) can be written as 
      𝐸(𝜔 𝐗)  𝑌(𝜔)  𝑋(𝜔) ∙ 𝐻(𝜔).                        (3) 

This means that nonlinear distortion 𝐸(𝜔 𝐗) is obtained by 

subtracting the linear component 𝑋(𝜔) ∙ 𝐻(𝜔)  from the 

output of the reproduction system. 𝐻(𝜔)  is obtained by 

taking the FFT for the impulse response  (𝑛) measured in 

advance. Similarly, 𝑋(𝜔) and 𝑌(𝜔) are obtained by taking 

the FFT for 𝑥(𝑛) and 𝑦(𝑛). Second, the equalization of the 
sound source is explained. The equalized sound source 

𝑋̃(𝜔) is calculated as 

      𝑋̃(𝜔)  𝑋(𝜔)  𝐸(𝜔 𝐗)/𝐻(𝜔).                 (4) 

The equalized sound source in the time domain 𝑥̃(𝑛)  is 

given by taking the IFFT for 𝑋̃(𝜔). The reduction for the 

nonlinear distortion can be proven by reproducing 𝑥̃(𝑛) . 

The output signal 𝑌̃(𝜔) is expressed as  

  𝑌̃(𝜔)  𝑋̃(𝜔) ∙ 𝐻(𝜔)  𝐸(𝜔 𝐗̃) 
            (𝑋(𝜔)  𝐸(𝜔 𝐗)/𝐻(𝜔)) ∙ 𝐻(𝜔)  𝐸(𝜔 𝐗̃) 
            𝑋(𝜔) ∙ 𝐻(𝜔)  𝐷(𝜔 𝐗̃ 𝐗),                 (5) 

where 𝐷(𝜔 𝐗̃ 𝐗)  𝐸(𝜔 𝐗̃)  𝐸(𝜔 𝐗). If the energy of 

the nonlinear distortion is much smaller ‖𝐸(𝜔)‖2 ≪
‖𝑋(𝜔)𝐻(𝜔)‖2 , ‖𝑋̃(𝜔)  𝑋(𝜔)‖

2
≪ ‖𝑋(𝜔)‖2  is given. 

Therefore, 𝐸(𝜔 𝐗)  becomes very close to 𝐸(𝜔 𝐗̃) . 

‖𝐷(𝜔 𝐗̃ 𝐗)‖
2
≪ ‖𝐸(𝜔 𝐗)‖2 should be given.  

Here, ‖𝐴(𝜔)‖2  ∑ |𝐴(𝜔)|2𝜔 . 
 

3.3. Recursive source signal equalization 
Including the recursive process, nonlinear distortion can be 
further reduced. In the following explanation, the argument 

𝜔 is omitted for simplicity. The 2nd equalized sound source 

X is calculated so that the 1st equalized distortion 𝐷(𝐗 𝐗) is 

reduced, such as 

      𝑋̃̃  𝑋̃  𝐷(𝐗 𝐗)/𝐻.                                     (6) 

The output 𝑌̃̃  for the 2nd equalized sound source 𝑋̃̃  is 
described as 

      𝑌̃̃  𝑋̃̃𝐻  𝐸 (𝐗)  𝑋̃𝐻  𝐷(𝐗 𝐗)  𝐸 (𝐗) 

           𝑋𝐻  𝐸(𝐗)  𝐸(𝐗)  𝐸(𝐗)  𝐸 (𝐗̃̃) 

          𝑋𝐻  𝐷 (𝐗 𝐗)                                      (7) 

Similarly, the 3rd equalized sound source 𝑋̃̃
̃
 is calculated so 

that the 2nd equalized distortion 𝐷 (𝐗̃̃ 𝐗) is reduced. If the 

1st, 2nd, 3rd input signals (original sound source, and the 

equalized sound sources) 𝑋 𝑋̃ 𝑋̃̃ are redefined as 𝑋  𝑋  𝑋2, 
and if the 1st, 2nd, 3rd output signal (original output, and 

the equalized outputs) 𝑌 𝑌̃ 𝑌̃̃ are redefined as 𝑌  𝑌  𝑌2, the 
generalized relationship can be expressed as 
      𝑋𝐿  𝑋𝐿   𝐷(𝐗𝐿   𝐗𝐿 2)/𝐻          (8) 

      𝑌𝐿  𝑋 𝐻  𝐷(𝐗𝐿  𝐗𝐿  )                     (9)  

where 𝐿 (𝐿  1 2 ⋯ ) is the number of the equalization, 

𝑋   0  and 𝐸(0)  0 . Theoretically, the recursive 
equalization can reduce the nonlinear distortion. The details 
of the proof are omitted due to limitations of space. 
 

4.  A FLOW OF THE PROPOSED METHOD 
 
The proposed method has two processes: "Initialization 
process (STEP 1-3)" and "Recursive process (STEP 3-4)". 
 

Step. 1 Calculation of the transfer function 

The transfer function 𝐻(𝜔), which is the model of the linear 
component, is obtained by measuring the impulse response 

 (𝑛) and taking the FFT for the response. Several methods 
[12][13] can be applied to measure the linear response. In 
this paper, the Warped-TSP method [12] is employed in 
order to separate the linear component from the harmonic 
distortion.  
 

Step. 2 Calculation of the ideal output 
In order to reduce the computational cost, the output 
𝑌𝐼𝑑𝑒𝑎𝑙(𝜔)  of the ideal system only having the linear 
component is calculated in advance as 𝑌𝐼𝑑𝑒𝑎𝑙(𝜔)  𝑋(𝜔) ∙
𝐻(𝜔). 𝐻(𝜔) is obtained at Step 1, and 𝑋(𝜔) is obtained by 
taking the FFT for the original sound source 𝑥(𝑛). 
 

Step. 3 Design of the inverse filter 
Eq. (4) would be diverged if 𝐻(𝜔) is close to 0. To prevent 
this, the inverse filter 𝐻  (𝜔) is designed by the following 
equation as 

      𝐻  (𝜔)  
𝐻∗(𝜔)

|𝐻(𝜔)|2+𝑎
  ,                                       (10) 

where * stands for the complex conjugate, 𝑎  is the 
regularization constant to prevent the divergence, which is 

       𝑎  max {|𝐻(𝜔)|
2
} ∙ 𝑟,                                  (11) 

where max{𝑥} is the maximum value of 𝑥, 𝑟 is a coefficient 
to decide the ratio for x.  
 

Step. 4 The extraction of the nonlinear distortion 
While the sound source 𝑥(𝑛)  is reproduced, 𝑦(𝑛)  is 
recorded at the same time. The nonlinear distortion 𝐸(𝜔 𝐗) 
can be calculated as 
      𝐸(𝜔 𝐗)  𝑌(𝜔)  𝑌𝐼𝑑𝑒𝑎𝑙(𝜔)                           (12) 
where 𝑋(𝜔)and 𝑌(𝜔)  are obtained by taking the FFT of 
𝑥(𝑛)  and 𝑦(𝑛)  respectively. 𝐻(𝜔)  and 𝑌𝐼𝑑𝑒𝑎𝑙(𝜔)  are given 
from Step.1 and Step.2, respectively. 
 
Step. 5 Equalization of the input signal 
Using the inverse filter 𝐻  (𝜔) obtained at Step.3 and the 
nonlinear distortion 𝐸(𝜔 X)  obtained at Step.4, the 

equalized sound source 𝑋̃(𝜔) is calculated as 

      𝑋̃(𝜔)  𝑋(𝜔)  𝐸(𝜔 𝐗) ∙ 𝐻  (𝜔)                 (13) 
 

The equalized sound source in the time domain 𝑥̃(𝑛)  is 

given by taking the IFFT of  𝑋̃(𝜔). The recursive process 
can be iteratively performed from Step.4 using the equalized 
sound source 𝑥̃(𝑛) as a new 𝑥(𝑛). 
 

5. A PROCESS IN THE TIME DOMAIN 
 
If it is difficult to take the FFT for a long period of the 
sound source at one time, a process in the time domain is 
available. The process in the time domain can be realized by 
replacing Eq. (12) and (13) with the following equation, 
such as 
       (𝑛 𝐗)  𝑦(𝑛)  𝑦𝐼𝑑𝑒𝑎𝑙(𝑛)                              (14) 
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      𝑥̃(𝑛)  𝑥(𝑛)   (𝑛 𝐗) ∗    (𝑛)                      (15) 
where 𝑦𝐼𝑑𝑒𝑎𝑙(𝑛)  is calculated by the convolution 
𝑦𝐼𝑑𝑒𝑎𝑙(𝑛)  𝑥(𝑛) ∗  (𝑛) , and the inverse filter    (𝑛)  is 
obtained by taking the IFFT of 𝐻  (𝜔) in Eq. (12). Note 
that the circular shift is required since the inverse filter 
   (𝑛)  has an noncausal component. Computational cost 
for the convolution is drastically saved using the FFT based 
on “Overlap-add” or “Overlap-save” technique [14]. 
 

6. EVALUATION BY A COMPUTER SIMULATION 
 
6.1. Verification experiment for the principle 
A computer simulation was conducted in order to verify if 
the proposed method could work properly. The sampling 
frequency of the system was 44.1 kHz. The output signal of 
the system 𝑦(𝑛)  is numerically simulated for the input 
signal 𝑥(𝑛) as  

      𝑦(𝑛)  𝑓(𝑥(𝑛)) ∗  (𝑛)  𝑤(𝑛)                          (16)  

where 𝑓(𝑥) is a nonlinear function given as 
      𝑓(𝑥)  𝑥  0.2𝑥2  0.5𝑥3  0.1𝑥4  0.25𝑥5.   (17) 
 (𝑛)  is the measured impulse response shown in Fig. 1. 
𝑤(𝑛) is an external noise that is defined as 0 in this chapter. 
The four sound sources 𝑥(𝑛) (10 seconds) are prepared, (1) 
1 kHz sinusoidal signal, (2) 1 kHz rectangular signal, (3) 
music (a vocal), (4) white noise. The sound source (3) was 
prepared from a part of No. 17 in RWC-DB [15]. The 
transfer function when the proposed method is executed was 
given as the signal shown in Fig. 1. The coefficient of the 
inverse filter r was 0, and the number of the iteration was 10 
times.  Fig. 2 shows the nonlinear distortion level EL for 
each sound source, and 𝐸𝐿  was 
 𝐸𝐿  10 log  ∑ |𝐸(𝜔 𝐗)|2𝜔 . According to the figure, the 
distortion for all sound sources decreased largely. This 
means that the proposed method is effective in principle. 
 

6.2. A comparison of the accuracy between the proposed 
method and the conventional method 
The performance of the proposed method was compared 
with that of the conventional method (Volterra filter). 
Although the condition in this experiment was the same as 
the condition in the experiment 5.1, 𝑤(𝑛) was a white noise 
whose SNR was 60 dB, and   (𝑛) was changed to the delta 
function for simplicity. In addition, 3 types of the nonlinear 
system were prepared, (a) Eq. (17), (b) Eq. (17) but 
truncated at the 3rd order of Eq. (17), (c) the following 
function (the order was infinite) as 
      𝑓(𝑥)  tan  𝑥                                            (18) 

     ≈ 𝑥  
 

3
𝑥3  

 

5
𝑥5  

 

7
𝑥7…                           (19) 

In the conventional method, it was assumed that the 2nd or 
3rd order coefficients of the nonlinear filter could be 
estimated without any error. Practically, the coefficients of 
Eq. (17) or (19) were utilized. Fig. 3 shows the amount of 
the distortion reduction for each method in the nonlinear 
order of the system. Inf in the figure corresponds to the 
nonlinear function by Eq. (18), and 𝑃 is the order of Volterra 
filter. It can be observed that the proposed method showed 
the better performance than the conventional method in the 
case of higher nonlinearity system (𝑃 > 3). 
 

6.3. A comparison of the computational cost between the 

proposed method and the conventional method 
Fig. 4 shows the number of multiplications that is required 
in the process with respect to the length of the filter. 𝑀 in 
the figure means the number of iterations in the proposed 
method. The number of multiplications was defined as the 
number required in the distortion reduction, excluding the 
number required in the initialization. The sampling 
frequency of sound sources was set as 44.1 kHz and the data 
length was 60 seconds. According to the figure, the number 
of multiplications in the proposed method was less than that 
in the conventional method. The difference was particularly 
remarkable when the filter length was longer. Since the 
number of multiplications is almost proportional to the 
required memory size, the proposed method has an 
advantage in terms of the memory size. 

 
Fig. 1. Impulse response for numerical simulation 

 
Fig. 2. Distortion level vs. number of iterates 

 
Fig. 3. Distortion reduction level 

 
Fig. 4. Required number of multipliers 

 

7. EVALUATION USING SETS OF LOUDSPEAKERS 
 

7.1. Conditions of the experiment 
Fig. 5 shows the environment of the experiment in an 
anechoic room. The distance between the loudspeaker and 
the microphone was 150 mm. The equipment used in the 

experiment was an audio interface (M-Audio Fast TrackPro)，
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スピーカ① 

スピーカ② 

スピーカ③ 

loudspeaker A 

loudspeaker B 

loudspeaker C 

a precision sound level meter used as a microphone 
(Onosokki LA-4440), a PC for analytical use (Apple 
MacBook Air in Fig. 6) and three loudspeakers (A: Elecom 

MS-P01WH, B: Creative GigaWorks T20-II，C: Yamaha 
MSP5 STUDIO). The sound sources were three sinusoidal 

signals (3 seconds of 0.5, 1, 2 kHz）and some part of 3 
music data in RWC-DB [15] (15 seconds of No.10: Heavy 

Metal, No.21: Techno， No.56: Classic). The sampling 
frequency was 44.1 kHz and the number of the equalizations 
was 10 times. The filter in the sound level meter was set as 
A-weighting. The output level of the loudspeaker was 
adjusted so that 1 kHz sinusoidal signal gave 85 dB at the 
measuring point. 
 

7.2 Results and discussion 
Fig. 8 shows the distortion level 𝐸𝐿 (dB) for the number of 
the equalization. 𝐸𝐿  was expressed by the ratio of the 
distortion in the output using the original output level as a 
reference, such as 

      𝐸̃𝐿  10 log  
‖𝐸𝐿(𝜔)‖2‖𝑌0(𝜔)‖2

‖𝑌𝐿(𝜔)‖2
                        (20) 

Loudspeaker B was used here. It was found that the 
distortion was consistently reduced for every sinusoidal 
signals as shown in Fig. 8(a). Remarkably, a reduction level 
of about 24 dB was achieved in 2 kHz sinusoidal signal. 
Similarly, it was observed that there were some cases of the 
distortion level increasing after it was reduced once, as 
shown in Fig. 8(b). The maximum levels of the distortion 
reduction were 9.9 dB for Classic, 7.3 dB for Heavy Metal 
and 1.7 dB for Techno. Fig. 9 shows the distortion spectra of 
2 kHz sinusoidal signal as the best performance and Techno 
music as the worst performance. The upper graph is "before 
the equalization" and the lower graph is "after 10 times 
equalization". According to Fig. 9(a), although the 
distortions at 4, 6, 8 kHz was largely reduced, the distortions 
at 12, 16, 20 kHz increased. The peaks at 2 kHz in Fig. 9(a) 
are caused by the amplitude error of the source signal, 
which are regarded as nonlinear distortion in this algorithm. 
As the level of the original source was 85 dB, the levels of 
the peaks about 65 and 40 dB are much smaller than the 
level of the original source. As for Fig. 9(b), although the 
distortion lower than 8 kHz was reduced about 5-15 dB, the 
distortion higher than 12 kHz increased. The reason for the 
increasing distortion at the higher frequency could be the 
low accuracy of the inverse filter due to the larger 
fluctuation of the transfer function affected by the short 
wavelength. All levels of reduction for every sound source 
and loudspeaker are summarized in Fig. 10. It can be said 
that the proposed method is effective for any loudspeaker 
and the reduction levels for the nonlinear distortion ranged 
from 2-40 dB. Subjective impressions by the authors are as 
follows: It was obvious that all sinusoidal waves became 
milder pure tone by the equalization (less harmonics). For 
Classic, the instruments having some low frequency such as 
base strings sounded clearer by the equalization. For Techno 
and Heavy metal, it was hard to recognize the difference by 
the equalization except for the slight emphasis in the higher 
frequency. 
 

8.  CONCLUSION AND FUTURE WORK 
 

This paper proposed a method of reducing nonlinear 

distortion in sound reproduction systems by recursively 
equalizing input signals. As a result of using several sound 
sources, levels of reduction in nonlinear distortion ranging 
2-40 dB were achieved with little computational cost.  The 
proposed method was especially effective at frequencies 
lower than 8 kHz. To prevent any feedbacks of noise into 
the equalized input signals, noise-free environment is 
required. This issue in the feedbacks of noise should be 
mentioned in a part of the future work. In addition, utilizing 
this proposed method to the loudspeaker in a smart-phone 
would also be an important application with an eye to an 
industrial prospect. 
 

     
 Fig. 5. Experimental setting         Fig. 6. Laptop 

 
Fig. 7. Loudspeakers (A: Left, B: Center, C: Right) 

 
   Fig. 8. Distortion level vs. Number of equalizations 
 

 
           (a) 2kHz sine                 (b) Techno music 
Fig. 9. Amplitude spectrum with/without equalization 
 

 
 
 
 
 
 
 
 
 
 

     Fig. 10. Final summary of distortion reduction level 
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