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ABSTRACT

In classification of matrix-variate data, two-directional linear
discriminant analysis (2DLDA) methods extract discrimi-
nant features while preserving and utilizing the matrix struc-
ture. These methods provide computational efficiency and
improved performance in small sample size problems. Ex-
isting 2DLDA solutions produce a feature matrix which is
commonly vectorized for processing by conventional vector-
based classifiers. However, the vectorization step requires a
one-dimensional ranking of features according to their dis-
criminance power. We first demonstrate that independent
column-wise and row-wise ranking provided by 2DLDA is
not sufficient for uniquely sorting the resulting features, and
does not guarantee the selection of the most discriminant
features. Then, we theoretically derive the desired global
ranking score based on Fisher’s criterion. The current re-
sults focus on non-iterative solutions, but future extensions
to iterative 2DLDA variants are possible. Face recognition
experiments using images from the PIE data set are used to
demonstrate the theoretically proved improvements over the
existing solutions.

Index Terms— Fisher’s criterion, linear discriminant
analysis, 2DLDA, discriminance score, separable covariance.

1. INTRODUCTION

In many applications such as face recognition, the dimension-
ality of the data is larger than the number of available training
samples. Therefore, a feature extractor is commonly used to
eliminate the features that do not significantly contribute to-
ward discrimination of the classes. This step helps to improve
the accuracy and efficiency of the classification stage [1].

In face recognition and many other applications [2, 3]
the data are inherently matrix-variate. In these applications,
a bidirectional feature extractor such as the commonly used
two-directional linear discriminant analysis (2DLDA) solu-
tions [4, 5, 6, 7, 8, 9, 10, 11] can be used. These methods re-
quire lower computational complexity for training and utilize
the inherent matrix-variate structure of the data [11]. For fa-
cial images, 2DLDA exploits the correlations between neigh-
boring pixels in both column and row directions.

Almost all the 2DLDA feature extractors have been used
along with an explicitly or implicitly vectorial classifier.
Notably, classifiers based on vector-induced norms such as
Frobenius norm are also effectively implying vectorial data.
As a result, the 2DLDA feature matrix is effectively concate-
nated into a vectorial classifier input. Since the 2DLDA fea-
tures are not correlated anymore, no significant matrix-variate
structure will be lost during the vectorization. However, it is
required to rank the components of the feature matrix into a
vector so that the most discriminant components are passed
to the classifier. Although the 2DLDA features are generally
sorted along rows and along columns independently, but we
will demonstrate that an overall joint sorting is required in
order to avoid elimination of discriminant features.

The sorting process is a critical part of feature selection.
Feature extractor transforms the data into the feature domain
where the most discriminant features are separated. But if the
extracted features are not ranked properly according to their
discriminance power, the more discriminant features might be
lost during dimensionality reduction [12]. Furthermore, as it
will be demonstrated in Section 3.1, reducing the dimension-
ality independently across row and column directions can lead
to loss of highly discriminant features.

The currently existing 2DLDA sorting scores follow a
mainly heuristic formulation. Therefore, they have been used
only as a postprocessing step after the 2DLDA features are
already selected [5]. A discriminance score based on Fisher
criterion has been formulated in [12], but it is limited to sep-
arate reordering of the row and column directions. Similar to
the 2DLDA algorithm, [12] does not provide a unique sorting
of the features as needed for proper vectorization.

In this paper, using the Fisher’s criterion as the discrim-
inance measure, we will theoretically formulate the discrim-
inance score of different 2DLDA feature components. The
proposed discriminance score can sort the 2DLDA features si-
multaneously along both rows and columns. The correspond-
ing formulation is based on parameters that are already cal-
culated by 2DLDA, hence the additional computational com-
plexity is negligible.

For simplicity, this paper focuses on non-iterative 2DLDA
[11, 7, 10], although the results can be extended to iterative
2DLDA solutions [4, 8] in the future.
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Fig. 1: Overview of the classification system.

This paper follows with the definition of the classification
problem in Section 2, review of related literature in Section 3,
derivation of the proposed method in Section 4, experimental
analysis in Section 5, and final comments and future direc-
tions in Section 6.

2. PROBLEM DEFINITION

This paper considers the problem of classification of matrix-
variate data, e.g. preprocessed gray-scale facial images, X∈
Rm×n, into the underlying classes Ωi, 1 ≤ i ≤ C. 1 We as-
sume disjoint classes Ωi∩Ωj=∅, 1≤ i<j≤C, in consistence
with many applications [13]. There are Ni training samples
available, Xij , 1 ≤ j ≤ Ni, which are known to belong to
each class Ωi. The available N =

∑C
i=1Ni training samples

can be used to estimate the likelihoods f(X|Ωi) and prior
probabilities pi for each class. As outlined in Fig. 1, the clas-
sification system assigns each input X to a class Ω̂ such that
the correct classification rate is maximized. Using a feature
extractor, the most discriminant features are extracted to en-
hance both estimation accuracy and computational efficiency
of the classifier.

This paper focuses on the feature extractor design; hence
a simple classifier, i.e., minimum-mean-distance is utilized to
facilitate the comparison of different feature extractors. We
adopt the commonly used non-iterative 2DLDA (N2DLDA)
approach [11, 7, 10] to transform the data into an uncorre-
lated feature space. The objective of this work is to theoreti-
cally derive a discriminance score that can be used for global
ranking and hence proper vectorization of the feature matrix
components.

3. PRIOR WORK

In this section, the shortcomings of N2DLDA are analyzed,
and also Yang’s 2DLDA [5] is reviewed as an existing
2DLDA solution with feature ranking.

1In this paper, scalars, vectors, and matrices are respectively shown in
regular lowercase/uppercase (e.g. a or A), boldface lowercase (e.g. a), and
boldface uppercase (e.g. A). The transpose of A, trace of A, null (kernel)
space of A, and Kronecker product of A and B are respectively denoted by
AT , tr(A), Null(A), and A⊗B. The vectorized representation of a matrix
A through concatenation of its columns is shown as vec(A). The symbol
for the identity matrix is I.

Xm×n Yq×r

Y = UT
q×mXVn×r

Fig. 2: A practical scenario where the independent row-wise
and column-wise sorting of 2DLDA features fails to capture
the most discriminant features. Darkness represents discrimi-
nance of each feature.

3.1. Non-iterative 2DLDA Method (N2DLDA)

In the N2DLDA method [11, 7, 10], given the matrix-
variate data Xm×n, the mean of the data in each class and
the overall mean are found as Mi = 1

Ni

∑Ni

j=1 Xij and

M =
∑C
i=1

Ni

N Mi. The left and right within-class scatters
are defined as

Φ =
1

N

C∑
i=1

Ni∑
j=1

(Xij−Mi)(Xij−Mi)
T ,

Ψ =
1

N

C∑
i=1

Ni∑
j=1

(Xij−Mi)
T (Xij−Mi). (1)

Similarly, the left and right between-class scatter matrices are
defined as follows:

SBL =

C∑
i=1

Ni
N

(Mi −M)(Mi −M)T ,

SBR =

C∑
i=1

Ni
N

(Mi −M)T (Mi −M). (2)

The left and right operators, Um×q and Vn×r, are con-
structed with their q columns and r columns respectively as
the eigenvectors of Φ−1SBL and Ψ−1SBR that correspond to
the largest eigenvalues. Furthermore, the uncorrelated eigen-
vectors are chosen such that UTΦU = I and VTΨV = I.

The matrix-variate N2DLDA features Yq×r are calcu-
lated through the bilinear operation Y = UTXV. The
row-wise and column-wise directions in Y are sorted ac-
cording to Fisher discriminance. However, as demonstrated
by Fig. 2, independent selection of the sorted columns and
rows does not necessarily result in the selection of the most
discriminant features. Furthermore, knowledge of the inde-
pendent row-wise and column-wise ranking is not sufficient
for the vectorized sorting of the features, as required by a
vectorial classifier. In Section 4, a global discriminance score
is proposed that provides a unique ranking of the N2DLDA
features jointly along row and column directions.
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3.2. Yang’s 2DLDA Method (Y2DLDA)

The Y2DLDA method [5] provides a unique sorting for
its features. The feature matrix is calculated as Yq×r =
U′TXV. The operator Vn×r is found similar to N2DLDA’s
right operator. But U′m×q is found after V is applied:

Φ′ =
1

N

C∑
i=1

Ni∑
j=1

(Xij−Mi)VVT (Xij−Mi)
T ,

S′BL =

C∑
i=1

Ni
N

(Mi −M)VVT (Mi −M)T , (3)

and columns of U′ consist of the q most significant eigen-
vectors of Φ′−1S′BL. Denote the eigenvalues of Φ′−1S′BL
and Ψ−1SBR by λ′i and γj respectively, corresponding to the
columns U′i and Vj from U′ and V. Then, Y2DLDA’s score
for the (i, j) element of Y is calculated as λ′iγj .

It should be noted that although the above heuristic for-
mula resembles equation (9) derived in Section 4, our theo-
retically derived discriminance score represents the Fisher’s
discriminance only for our proposed framework. The depen-
dence of Φ′ and S′BL and hence λ′i on V in Y2DLDA for-
mulation causes it to deviate from our derived Fisher discrim-
inance score. Also, Y2DLDA uses an intermediate matrix-
variate reduction of dimension and hence marginally suffers
from the limitations outlined in Fig. 2. The practical con-
sequences of these theoretical differences are demonstrated
using the experimental comparisons in Section 5.

4. PROPOSED FEATURE RANKING METHOD

We use a bilinear feature transformation operator of the form

Ym×n=UT
m×mXm×nVn×n. (4)

In this derivation, we adopt the U and V operators provided
by the N2DLDA algorithm, where the ith column of U (i.e.,
Ui) corresponds to the eigenvalue λi of Φ−1SBL, and the
jth column of V (i.e., Vj) corresponds to the eigenvalue γj
of Ψ−1SBR. The notable difference with N2DLDA is that
there is no dimensionality reduction at this stage. Therefore,
we avoid the N2DLDA’s inefficiency in selection of the most
discriminant features. Instead, a unique global ranking of the
features is designed to select the most discriminant features.
Notice that after the above transformation, the components in
Y are almost uncorrelated along both column and row direc-
tions; therefore, sorting the components of Y into a vector
does not violate the objectives of the matrix-variate approach.

To design a sorting score for the elements of Y, using (4),
the (i, j) element of Y (i.e., Yij) can be written as [14]

Yij = (Vj ⊗Ui)
Tvec(X),

where vec(X) denotes the vector obtained by concatenation
of the columns of X. The vectorial scatter matrices can be

written as

Σ =
1

N

C∑
i=1

Ni∑
j=1

vec(Xij−Mi)vec(Xij−Mi)
T ,

SB =

C∑
i=1

Ni
N

vec(Mi −M)vec(µi − µ)T . (5)

In most applications, we can approximate these scatter
matrices as a separable structure composed of row-wise
and column-wise scatters [11, 15]: Σ = α1Ψ ⊗ Φ and
SB = α2SBR ⊗ SBL, where α1 = 1

tr(Φ) = 1
tr(Ψ) and

α2 = 1
tr(SBL) = 1

tr(SBR) . Therefore,

Σ−1SB =
α2

α1
(Ψ ⊗Φ)−1(SBR ⊗ SBL)

=
α2

α1
(Ψ−1SBR)⊗ (Φ−1SBL). (6)

The following lemma is used to identify Vj⊗Ui as the eigen-
vector of Σ−1SB corresponding to the eigenvalue α2

α1
γjλi.

Lemma 1 ([16, p. 27]). Let Am×m and Bn×n be two square
matrices. Denote their eigenvalues by gi and hj respectively,
with corresponding eigenvectors ei and fj , where 1 ≤ i ≤ m
and 1 ≤ j ≤ n. Then, the eigenvalues of B ⊗ A and their
corresponding eigenvectors consist of gihj and fj ⊗ ei.

Using the above results, we formulate the Fisher discrim-
inance score [17, 18] for Yij as

Fij =
(Vj ⊗Ui)

TSB(Vj ⊗Ui)

(Vj ⊗Ui)TΣ(Vj ⊗Ui)
(7)

=
α2(VT

j ⊗UT
i )(SBR ⊗ SBL)(Vj ⊗Ui)

α1(VT
j ⊗UT

i )(Ψ ⊗Φ)(Vj ⊗Ui)

=
α2

α1

(VT
j SBRVj)

(VT
j ΨVj)

(UT
i SBLUi)

(UT
i ΦUi)

(8)

=
α2

α1
γjλi. (9)

The expression in (8) follows from the mixed-product prop-
erty [14], while (9) uses the generalized Rayleigh quotient
[19]. The ‘tr(.)’ and ‘⊗’ operators needed in (7) and (8) re-
spectively are dropped as the operands are scalar values.

As summarized in Fig. 3, for a given d ≤ mn, we select
d components Yij from Y in (4) that correspond to the high-
est scores Fij in (9). Since the selected features are uncorre-
lated, they are sorted in a vector y∗d×1. As outlined in Fig. 3,
the vectorized features produced by our proposed matrix-to-
vector LDA (MVLDA) method contain the highest Fisher dis-
criminance power and do not suffer from the limitations of
N2DLDA method (ref. Fig. 2).

5. EXPERIMENTAL RESULTS

Face recognition is by far the most common application for
2DLDA methods. Therefore, we have compared MVLDA
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Fig. 3: Schematic view of the proposed MVLDA frame-
work for one-dimensional sorting of the N2DLDA features.
Darkness of the extracted features represent the correspond-
ing Fisher score value Fij in (9).
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Fig. 4: Correct classification rate for different methods, and
the effectiveness of the proposed feature ranking in MVLDA.

with existing methods using face images from the commonly
used pose, illumination, and expression (PIE) database [20]
which contains 41,368 images from 68 subjects. The facial
regions are manually cropped and aligned with a common
resolution of 32 × 32 (ref. to [21]), and undergo histogram
equalization. A subset of the data set is used that contains
20 randomly selected subjects with at least 147 images per
subject. It is known that 2DLDA solutions have the best ef-
fect when a small training set is used [22]. Therefore, only
5 images from each of the 20 subjects are randomly selected
for training, and all the remaining images are used for test-
ing. This random selection of training samples is repeated
20 times. For each selected training set, the correct classifi-
cation rate (CCR) using each feature extractor is calculated.
The CCR for each method is averaged over the 20 repetitions
and the average CCR is plotted in Fig. 4 versus the number of
extracted features.

A commonly used one-directional LDA, Direct-LDA
[23], has also been included as a benchmark, although its
training requires significantly more computations. In ad-
dition to N2DLDA and Y2DLDA, the results for Wiriy-

athammabhum’s 2DLDA (W2DLDA) [12] is also included.
The latter method provides a reordering of the column-wise
and row-wise N2DLDA directions based on Fisher score of
the features. It still results in a feature matrix.

Overall, MVLDA achieved the best average CCR of
73.76% with a standard deviation (std.) of 2.66 in Fig. 4.
The next standing method, Y2DLDA, could achieve CCR of
71.77% with std. of 2.72. Based on two-sample Student’s
t-test [24], the improvement provided by MVLDA is statis-
tically significant with p-value of 0.014. This performance
gap of Y2DLDA remains significant regardless of the se-
lected values for its intermediately reduced column and row
dimensionality. The results in Fig. 4 for Y2DLDA use an
intermediate dimensionality of 20 in each direction.

In Fig. 4, the CCR of N2DLDA and W2DLDA is sensitive
to the number of features d. Since these methods result in
matrix-variate features, for each value of d, the best number of
rows and columns (q and r) which result in the highest CCR
were selected. The apparent fluctuations can be explained by
sudden changes in the selected number of rows and columns,
and also the non-feasibility of certain d values that do not
factorize into a row and column dimensionality.

The relatively low performance of W2DLDA in this ex-
periment demonstrates that if independent row-wise and
column-wise dimension reduction is performed, an indepen-
dent sorting as suggested by N2DLDA might still outperform
a joint row-wise and column-wise Fisher score.

6. CONCLUSIONS AND FUTURE WORK

In conclusion, the proposed ranking based on Fisher score
for N2DLDA features helps to select significantly more dis-
criminant features compared to N2DLDA’s feature matrix.
This improvement is achieved by providing a unique sorting
that is missing in N2DLDA’s feature matrix. Furthermore, as
demonstrated in Fig. 2, a one-dimensional sorting is essential
in order to alleviate the shortcomings of a matrix structure in
capturing the most discriminant features. Compared to simi-
lar heuristic ranking scores, the proposed score is the first one-
dimensional sorting score that is theoretically derived based
on the Fisher score associated with each N2DLDA feature.

The additional calculations for the proposed Fisher scores
are negligible compared to the computational complexity of
the N2DLDA algorithm. Furthermore, since the N2DLDA
features are uncorrelated, the proposed ranking process in
MVLDA does not disregard any major matrix structure.

In this work, we only focused on non-iterative 2DLDA
solutions. Consistent Fisher scores for ranking the features of
iterative 2DLDA solutions [4, 8] can be derived in the future.
Furthermore, depending on the application, the column-wise
and row-wise contributions involved in the Fisher score in (9)
can be theoretically adjusted so that the column-wise or row-
wise separability is emphasized.
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