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ABSTRACT

This paper introduces a novel distributed particle filtering
algorithms for the blind equalization of frequency-selective
channels in a setup where a single transmitter broadcasts to
multiple remote receivers. The algorithm computes particle-
independent non-parametric approximations of some pos-
terior probability functions, which are propagated between
nodes via minimum-consensus iterations. We verify via nu-
merical simulations that the proposed algorithms exhibit bit
error rate (BER) performances markedly superior to that of
particle-filtering-based isolated receivers with communica-
tion requirements far inferior to that of previous distributed
algorithms.

Index Terms— Distributed Algorithms, Particle Filters,
Blind Equalization.

1. INTRODUCTION

Distributed estimation has attracted much interest due to the
widespread availability of computing devices capable of sens-
ing and communicating. We tackle in this paper a distributed
blind equalization problem, in which a network of remote sen-
sors cooperate to detect a sequence of discrete-valued sym-
bols broadcast by a single transmitter through independent
frequency-selective channels. Our proposed method drops the
need for a fusion center, since the different nodes process their
local observations independently and cooperate to evaluate an
approximation to the joint optimal estimate of the transmitted
data given all observations in the network.

Recently, a multitude of distributed particle filtering meth-
ods was developed (see [1] for a review). These methods cir-
cumvent restrictions on the signal model imposed by linear
estimation techniques such as the Kalman [2] or adaptive [3]
filters at the cost of increased computational and communi-
cation complexity. However, they generally lead to superior
estimation results for nonlinear or nongaussian models.

Distributed particle filters must deal with the fact that
particle-dependent quantities must be propagated across
nodes [4] unless additional approximations the empirical
posterior densities are made. Due to the generally large
number of particles required for proper operation of these
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methods, this is an undesirable feature in many scenarios
with communication or power constraints.

In this paper we introduce a new distributed particle filter-
ing algorithm that evaluates non-parametric approximations
to some node dependent probabilities across the receiver
network. The algorithm has a communication complexity
an order of magnitude smaller than that of previous meth-
ods [5], comparable to that of methods based on parametric
approximations [6]. This complexity can be further alleviated
by replacing broadcast-dependent quantities with minimum-
consensus derived ones [5], which drops the need for one
node to communicate beyond its neighborhood.

The remaining text is organized as follows: in Sec. 2 we
describe the problem setup, introducing in Sec. 3 a central-
ized particle filter approach to its solution. In Sec. 4 we de-
scribe a distributed solution based on parametric approxima-
tions and, later, in Sec. 5, we introduce the new reduced com-
plexity method, whose is performance assessed in Sec. 6. Our
conclusions are summarized in Sec. 7.

2. PROBLEM SETUP

Denote by {b,, } an independent, identically distributed (i.i.d.)
binary bit sequence and by {z,}, ©, € {£1}, the corre-
sponding differentially encoded symbols. We assume that the
observations Y. o:n, £ {Yr0s---,Yrn} at the r—th node of a
network of R receivers are obtained as the output of the ad-
ditive noise frequency-selective finite impulse response (FIR)
channel

Yrn = hzxn + U, (1)

where h, € RYX1 is a vector with the (time-invariant) chan-
nel impulse response terms, X,, = [, . .. Ty, L+1]T, and vy,
represents an i.i.d. zero-mean Gaussian random process of
known variance o2,

The unknown, random parameters h,., 1 < r < R, are
assumed to be independent for  # s, and distributed a priori
as h, ~ Np(h,|0; /%), where N, denotes an L—variate
Gaussian p.d.f., and ¢ is the model’s hyper-parameter.

Under these hypotheses, we aim at developing a recursive

method for obtaining MAP estimates b, = arg maxy,, p(bn|
yl:R,O:n)a where Y1:R,0:n = {yl,O:n .- -yR,O:n}-
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3. CENTRALIZED SOLUTION VIA PARTICLE
FILTERS

Particle filters allow one to approximate the posterior proba-
bility mass function (p.m.f.) of the transmitted bits as

Q
(@) @
;wnq I{bn bl } , )

where Z{-} denotes the indicator function, () the num-
b(Q)

p(bn ‘yl:R,O:n> ~

sampled from the importance func-

tion w(xn |x0n 1 Y1:R,0:n), and w(Q) are the importance
weights. For simplicity, we employ the prior importance
function, so that 7(x\” x| y1rom) 2 p(xPx!? ).
The resulting importance weights’ update expression is then

given by

ber of particles

wl® o wﬁf)l p(yl:R7n|X(()?,)myl:R,o:n—l)- 3)

From the a priori independence of the unknown parameters
for each receiver’s channel, it can be easily shown that the
quantity on the right-hand side (r.h.s.) of (3) can be factored

as
R

H Ar n(xg)qv)z) 4

r=1

p(ylzR7n|X§)?7)myl:R,O:nfl) X

where /\,«,n(xgq,)l) P(Yr.0: n|X0 o Ur0m—1)-

Under the assumptions of Sec. 2, one can verify from Kalman
filter theory that

p(yr,O:n |X(()(;1317 yr’,O:n—l) ==

= /L p(yr,O:na hr|X(()?7)Lv yr,O:n—l) dh, (5)
R

/L p(yr,n|hrv Xq(mq) )p(hr|x((){;17)171» yr,O:nfl) dhr (6)
R

= N (gl BT X2 9(2)) )
where fliqr)zl and 7% can be computed via the Kalman filter
recursions
YD £ o7+ xR x( ®)
e 2 yrn — DT ©
B{%) =By + B0 xPeld) (10)
B0 =20 - B0 xOx0TED 0. an

with fl@_l =0and z:,(ffll =Ie2
The weight update rule can be derived by replacing (4)
into (3), so that

R
wl® o w'?, H Arn (x50, (12)
r=1

4. PARAMETRIC APPROXIMATIONS

The exact distributed computation of (12) requires that each
node broadcasts () real numbers to all remaining nodes,
which may be undesirable in many scenarios. To reduce this
communication burden, the r—th node may employ paramet-

ric approximations to Ag n(xé 1)1) Vs # r. In the sequel, we
describe a version of the algorithm introduced in [6], adapted
for the signal model at hand, that performs such approxima-
tions.

First, note that (10) implies that

p(hs |X0n 1:Ys,0m—1) = N (hs|ﬁg271izglf¢)«ﬁl)’ (13)
so that

p(hs|yr,0:n—1) = Z p(hslxo:n—hys,O:n—l)'

X0:n—1

'p(XO:n—1|ys,O:n 1 ngq)l 110 h |X£]?2L_17ys,0:n—l)~

(14)
A parametric approximation to )\syn(xéqgl) can be deter-
mined by replacing the rightmost density in (6) with

p(hs|ys,01n71) ~ NL (hs|fls,n71; is,nfl) ) (15)

where the parameters fls’n and flsm are determined so as to
match the moments of the gaussian mixture on the left-hand
side (Lh.s.) of (14). After evaluating the integral in (6) using
(15), we get that

Nen(oi) = N (vl BT, 350) . (16)
where v(q) 202+ (x (‘”)Tis,n,lx;q), and x'? are particles
of the r—th node, which need not be synchronized [4] with
the particles of the remaining nodes.

The inherent phase ambiguity that affects the blind equal-
ization problem causes x) and fli‘f,)kl to be affected by ran-
dom multiplication terms £1. To circumvent this problem,

which otherwise was experimentally verified to lead to poor
performance, we introduce a phase insensitive approximation

~ 1
/\s,n(an)) = 2N (ys n|hsn 1X$zq)a7£ r)L) +
+§N< 5,17 _BTn 1X(z)77£qr)z>7 (17)

whose parameters are estimated, by the s—th node, according
to the modified moment matching expressions

he, = > wl aldhl) (18)
q
Ss n - ngq)l (2(9(1” + (flg,n — Ol(gqnflgqn)
q
- (B — alRO)T) (19)
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where agq% € {+£1} are constants dependent on x@

determined so that a(Q) = agqn) if {9 — xﬁﬁ/).

In summary, the proposed parametric algorithm propa-
gates the particles weights at the r—th node as

:X’

(20)

Each remote node s must then broadcast at each time step
Ar, (xn ), Vx(9), a total of 2¥ real numbers.

5. NON-PARAMETRIC APPROXIMATIONS

We introduce here a novel algorithm that approximates (3) at
the r—th node as

R
q ()
wv(xn & Wy 1p(y7“71‘x0nay7“0n 1) H

s=1
SFET

, 21

where A, n(x (q)) < p(ys, n|xn ,Y1:R,0:n—1). The proposed
approximation leads to a communication complexity smaller
than that of the optimal solution, e.g. Eq. (12), because
Xe.n(x$2) only depends on x'¢, which can assume 2L < Q
states.

To evaluate the terms on the right-hand side (r.h.s.) of
(21), first note that

(ys n,x;)|y1 :R,0:n— 1)

Ao (x(0) = (22)
( (q)|y1 R,0:n— 1)
The denominator of (22) evaluates to
Z p(x %Q),XOn l‘ylzR70:n71)
X0:n—1
= Z p(x(q)lx&nfhyl:R,O:nfl)p(XO:nfl|y1:R,0:n71)
X0:n—1
ZP(X q)|x )wgr)hl )
P
(23)

since the weights wép )| (and particles x{) ) are a Monte

Carlo representation to p(xg.,—1 |y1;R,0:n—1).
To compute the numerator of (22), first observe that

p(ys ny X(q) |X0'n717 yl:R,O:nfl) =

_p( ’El)aXOn 1, Y1:R,0:n— l)p(XSLq)‘XO:n—lvyl:R,O:n—l)
_p( () ; X0:n—15Ys,0:n— 1)p(XS§)|Xn71)» (24’)

since, due to the underlying assumptions, v,y is condition-
ally independent of the other nodes’ past observations given
its own past observations and the state sequence; see also [6,

App. B]. Therefore,

p(ys,na ngq) ‘yl:R,O:n—l)
= Z p(ys,n7xgq)7XO:n—1|y1:R,O:n—1) =

X0:n—1

= Z p(ys,nv x7(1q) |x0:n717 yl:R,O:nfl)p(XO:nfl |y1:R,0:n71)

X0:in—1

NZP 57n|X’ELQ)7XOTL 15 Ys,0:n—1)P (X%Q)‘ngp—)l)wg)n—l'

(25
Plugging back (23) and (25) into (22), we get that
B 9 =
S Psnlxin 1 3 s 0in 1 )p (Pl Jul
DR ICE |
(26)

The proposed algorithm propagates the weights wﬁqfl sim-

ilarly to (20); each node s broadcasts )\T n (xgl )) at each time
step, for each possible state, the same communication require-
ments of the parametric algorithm of Sec. 4.

5.1. Communication Complexity Reduction via Minimum-
Consensus

It was verified in [5] that the centralized weight update ex-
pression (12) can be approximated via

w'? o wibq_)

1 me )‘T,n(xg;lv)z)7 27)
without incurring in large performance penalties. This is ad-
vantageous because (27) can be evaluated via the minimum-
consensus [7] algorithm, which is guaranteed to converge in
a finite, topology-dependent number of iterations and only re-
quires that each node be able to communicate with its im-
mediate neighbors. When )\T,n(xngl) are equal variance in-
dependent gaussian densities, as in [5], the approximation in
(27) is tantamount to replacing the L-2 norm in the expression
of the gaussians with the L — co norm.

Applying the approximation of [5] to (21) leads to

w25l min oG 0 - omin ) |
(28)

which can be evaluated via R-2” parallel minimum-consensus

iterations. Note that each node performs a distinct minimiza-

tion, for each of the 2% values of X(Q).

6. SIMULATION RESULTS

The steady state performance of the described algorithms
was assessed via simulations consisting of 2500 independent
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Mean BER

Monte Carlo runs. In each realization, we estimated the mean
bit error rate (BER) as a function of Ep /N, transmitting a
random sequence of 300 i.i.d bits, being the first 200 bits
discarded to allow for convergence.

The simulated system has R = 4 receiving nodes and the
filters employed ) = 300 particles. All algorithms perform
systematic resampling [4] at all steps.

The transmission channels h, have I = 3 coefficients,
and were obtained by sampling independently in each realiza-
tion and for each receiver from a Gaussian p.d.f. A/(0; ) and
normalized so that ||h,||? = 1. The noise variances were de-
termined as 02 = ||h,||> N/ Ep. The model hyper-parameter
was settoe = 1.

In Fig. 1, we show the performance of the proposed non-
parametric algorithm () employing minimum-consensus
(Equation 28) and of the parametric algorithm (V) (Equa-
tion 20). For comparison, we ran with the same setup the opti-
mal joint particle-filter-based algorithm that exactly computes
(4) (O) and its approximation via minimum-consensus [5]
(OJ). Fig. 1 also displays the performance of isolated receivers
(+) that do not cooperate.

10
107
% proposed
1073 =+ isolated
O optimal
O optimal min.
YV parametric
_4
10 ‘ ‘ ‘
0 5 10 15 20

SNR (dB)

Fig. 1. Mean bit error rate (BER) estimated over 2500 inde-
pendent runs.

As one may verify, the non-parametric algorithm per-
forms better than the parametric algorithm. Both algorithms
are outperformed by the optimal centralized particle filter es-
timator, but surpass the isolated receivers by a great margin.

7. CONCLUSIONS

We described in this paper a new distributed particle filtering
algorithm based on non-parametric approximations and min-
imum consensus. The algorithm determines approximations
to some required posterior probability functions that converge
within a finite number of iterations per time step. Compared

to previous parametric approaches, the proposed method at-
tains better performances with equivalent communication and
computational requirements. The method introduced in this
paper can be applied to any filtering problem with condition-
ally independent linear Gaussian observations and discrete-
valued variables.
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