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ABSTRACT

In this work we focus on the problem of estimating time-
varying sparse signals from a sequence of under-sampled ob-
servations. We formulate this problem as estimating hidden
states in a dynamic model and exploit the underlying temporal
structure to find a more accurate solution, particularly when
the information in the observations is at scarce. We propose
an optimization procedure based on smoothing proximal gra-
dient method to estimate these hidden states. We show that
the proposed model is efficient and more robust to the noise
in the system.

Index Terms— State-space, Sparse coding, Dynamics,
Proximal methods.

1. INTRODUCTION

Recovering a sparse signal in a linear inverse problem has
attracted a lot of attention in the recent past and has improved
performance tremendously in several applications. Such
problems are now widely studied; both in statistics [1][2] and
computational neuroscience [3]. Although these methods are
very successful, in most cases they assume that the environ-
ment is static. There are several applications where there is
temporal information; like video, audio, electroencephalo-
gram (EEG), etc, and extending the sparse methods to these
could be useful. This will be the main focus of this work !
We consider the problem of recovering the sparse signal
x; € R* as causal estimation (or filtering) and assume that
the observations at any time ¢ (y; € RP) are synthesized as
a linear combination of a set of basis functions C; € RP*F
(possibly also time-varying, but known apriori) with some
sparse coefficients, called as states (x;), that are to be esti-
mated. Mathematically, we write this generative model as:

yi = Cixp+mny (D

where n; € RP is the observation noise. We are here in-
terested in the case when the system is over-complete (i.e.,
k > p) and recovering the hidden states require some reg-
ularization to find a unique solution. Since we assumed the
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states to be sparse, we regularize the solution with an #;-norm
over the state vector x;.

Now, to keep track of the changes in the states over time,
we assume that these dynamics are modeled through a state
transition equation. For simplicity and without losing any
generality, we assume the states follow some linear state tran-
sitions, taking the following form:

Xt = Axe—1+ vy (2)
where A; is a called state-transition matrix (also known apri-
ori) and v; € RF is the noise in the state predictions over
time, called as innovations. The knowledge about the state
transitions over time is very informative and can provide some
contextual information to accurately infer the sparse states
from the observations. We refer to this method of using state-
space to recover sparse causal signals as dynamic sparse cod-
ing (DSC).

Previously, many methods were proposed to explore the
possibility of using dynamics to recover the sparse, time-
varying signals. Notably, some modifications to the Kalman
filter are proposed based on selecting a constrained subset
of basis [4] or using hierarchical Bayesian sparse coding
[5]. Others addressed the problem as dynamic programming
[6], using homotopy [7] or modeling the state innovations as
Gauss-Bernoulli signal while using sampling methods [8].
To our knowledge, the closest method to our approach is
re-weighted ¢; dynamic filtering (RWLI1-DF) [9], where dy-
namics over time are used to model the weighted sparsity
prior on the states. However, it requires performing an ¢
optimization multiple times for each time instance. Also,
as we will show in our experiments (Section 3), it becomes
unstable when the noise in the observations becomes large.

2. DYNAMIC SPARSE CODING

In contrast to the methods discussed above, we directly uti-
lize the state-space equation with appropriate constraints on
the solution. Specifically, we consider the innovations over
states vy also to be sparse along with the sparsity constraint
on the states x; itself. Such constraint on the innovations is
not only consistent with the sparsity on the states, but also
leads to a more stable and sparser solution. Fig. 1 shows the
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Fig. 1: Comparison between Gaussian and sparse innovations
along with sparsity constraint on the states in a 2D space.
Shape of the combined priors on the states when (a) Gaussian
innovations and ¢; constraint and (b) sparse innovations and
{1 constraint are applied. Note that the shape of the combined
prior with Gaussian innovations is rounded around the solu-
tion x; (in black), indicating that it does not promote sparsity.
On the other hand, with the sparse innovations, the combined
prior is sharp around the solutions, which is known to pro-
mote a sparse solution. (Best viewed in color)

comparison between modeling the innovations as sparse ver-
sus “dense” (or Gaussian distribution) (similar to Kalman fil-
tering but without updating the covariance matrix over time).
Notice that the shape of the combined regularizer over the
states around the solution is sharper with sparse innovations,
indicating that it promotes better sparsity than when the inno-
vations are modeled as a Gaussian distribution.

Now, the cost function (or the negative log-likelihood) for
the state-space model with the above described constraints
can be written as:

1
L(x¢) :§||Yt—CtXtH§ + Allxe — Agxe—1 s + ylxellx
(3)

Though this cost function is convex in x;, it has two non-
smooth terms, making the optimization hard. While there
are many methods proposed to solve smooth convex func-
tions with ¢; constraint, it is not straight forward to use them
here. In this work, inspired by the method proposed in [10] for
structured sparsity, we propose a smoothing proximal gradi-
ent method that first finds a smooth approximation to the non-
smooth innovation term (second term in (3)) using Nesterov’s
smoothness property [11]. This allows us to re-formulate the
cost function £(x;) into a regular ¢; optimization problem
and can be solved with proximal methods like fast iterative
shrinkage thresholding algorithm (FISTA) [12].

2.1. Smooth approximation of sparse innovations

Firstly, we discuss the procedure to approximate the non-
smooth sparse structured innovations term in (3). To begin,
let Q(x¢) = ||e¢||1 where e; = (x¢ — A4x;—1). The idea is to
first find a smooth approximation to this function Q(x;) in e;.
Since e; is a linear function on x;, the approximation would
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also be smooth with respect to x; and finding the gradient
becomes straightforward.

Now, we can re-write 2(x;) using the dual of ¢;-norm as

Q(x;) = argmax a’e,
lerlloo <1

where a € R¥. Using the Nesterov’s smoothness property
[11], ©(x¢) can be approximated with a smooth function
fu(et), which takes the following form:

Qx) = fule) = argmax[ae - pd(a)]
o<1

“)
where d(-) = 1|3 is called a smoothing function and
i > 0 is a smoothness parameter. From Nesterov’s theorem
[11], it can be shown that f#(et) is convex and continuously
differentiable in e; and the gradient of f,(e;) with respect to
e; is given by:

®)

Tet_

Ve, fu(et) = a
where a* is the optimal solution to f,,(e;) = arg max|o
Il afloo <1
pd(a)]. This optimal solution of v in (4) can be analytically
computed as follows:

of =argmax [a’e; — BHO‘HQ}
oo <1 2
. et |2
= argimin ‘ o — —
oo <1 K

(6)

(%)
1
where S(.) is a function projecting (%‘) onto an f.-ball.
This is of the form:

x, —-1<x<1
S(x)=41, x>1
-1, z< -1

Now, by using the chain rule, f“(et) is also convex and con-
tinuously differentiable in x; and the gradient of f,,(e;) with
respect to x; also turns out to be the same.

2.2. Effect of smoothing

To visualize the effect of the above described smoothing oper-
ation, we plot the function f,,(e;) for a one-dimensional error
signal e; € R for various values of p. Note that ;o determines
the maximum value of v in (4) (™) corresponding to each
error value. Fig. 2 shows the resulting plots. As it indicates,
the sharp point in ¢1-norm around the origin is smoothed in
the approximated function f,(e;). Also note that, as the value
of u increases, the approximation, though smoother, starts to
deviate more from the ¢;-norm. In fact, one can show that,
given the desired accuracy e of the solution, following con-
vergence results from Theorem 2 in [10] suggests u = 1,
where k is the dimensions of the states, leads to the best con-
vergence rate. We refer the reader to [10] for details.
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Fig. 2: Effect of smoothing on the cost function. Plot shows
the smooth function f,(e;) versus a one dimensional error
signal e; for various values of the smoothness parameter .

2.3. Smoothing proximal gradient descent for DSC

Now, by substituting the smooth approximation of {2(x;) in
(4) into (3), we can re-write the cost function as follows:

~ 1
L(xt) = S lye = Cxll3 + Mfuler) + il (D)

Notice now that the new cost function £(x;) is a regular ¢,
optimization problem, a smooth convex function:

1
h(x:) = §|\Yt — Cx¢[l5 4+ Afuler)

regularized with an ¢1-norm. Also, the gradient of h(x;) with
respect to x; is given by:

Vh(x;) = C"(y: — Cx¢) + Aa* (®)

Using this gradient information of h(x;) in (8), we can
now infer x, that minimizes £(x;) using the fast iterative
shrinkage thresholding algorithm (FISTA) [12]. Algorithm 1
summarizes the steps involved, where L is the step-size pa-
rameter set using line-search method, as discussed by Beck
and Teboulle [12], and 7 (.) is a soft-thresholding operation
on each element, defined as:

Ta(z;) = sgn(z;) max(|z;| — )

3. EXPERIMENTS

We consider an experimental set-up similar to one used by
Charles et al. [9] with synthetic data and compare the per-
formance of the proposed dynamic sparse coding (DSC)
with other methods—sparse coding using FISTA (SC) [12],
Kalman filter [13], re-weighted ¢; dynamic filtering (RWL1-
DF) [9]. We also compare our method while considering
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Algorithm 1 Smoothing proximal gradient descent for dy-
namic sparse coding

Require: Inputs - yy, x;—1, Cy, Ay, Aand v
Desired accuracy - €.
Initialize - 8° = 0,6y = 1, z° = 3°
Compute: p = ¢
for n=0,1,2 ... until convergence do
Compute Vh(z™) using (8).
Find step-size parameter L using line search [12].
Update states: 8" = T, ,1,(z" — L Vh(z"))
Set 01 = (1+V1+46,%)/2.
Update z"*+! = g+ + (7%2;1)@”“ -B")
end for
return x;, = 8"}

R A A i S
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4

the states innovations in (3) as Gaussian (SC-L2 Innov.), as
depicted in Fig. 1.

Specifically, the experimental set-up is a follows: we sim-
ulate a state sequence with only 20 non-zero elements in a
500-dimensional state vector evolving with a permutation ma-
trix (note that this keeps the number of non-zero elements
same over time), which is different for every time instant.
This state sequence is then passed through a Gaussian scaling
matrix to generate a sequence of observations. We vary ob-
servation dimensions (p) depending on the experiment, which
will be specified later. We consider that both the permutation
and the scaling matrices are known apriori. The observation
noise is Gaussian with zero mean and variance o2 = 0.001.
We consider sparse state-transition noise, which is simulated
by choosing a subset of active elements (n) in the state vector
chosen randomly and switching each of them with a randomly
chosen element (with uniform probability over the state vec-
tor). This resemble a sparse innovation in the states with 2n
number of wrongly placed elements, one “missing” element
and one “additional” element. We use these generated obser-
vation sequences as inputs and use the apriori known param-
eters to infer the states x;. To set the hyper-parameters, we
perform a parameter sweep to find the best configuration for
each method. We compare the inferred states from different
methods with the true states in terms of relative mean squared
error (rMSE); defined as

g™t — x|

(el

Fig. 3 shows the tracking performance of different methods
— see caption for details about the model used. Also, Ta-
ble 1 shows the computation time (per time instance) for all
the methods®. We observe that the dynamic sparse coding
(DSC) is able to track the states over time more accurately
than sparse coding (SC), which does not use any dynamics.

2We perform inference on this model using FISTA [12]
3 All computations are done on 8-core Intel Xeon, 2.4 GHz processor.
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Fig. 3: Performance of dynamic sparse coding with sparse
innovation while tracking sparse states. The plot shows the
relative mean square error (rMSE) versus time and each plot
is an average over 40 runs. Experiment is performed with
p = 70, n = 3 and we set the parameters A = 10 and v = 10

in (3). Kalman filter completely failed to track the states and
is not shown here.

Table 1: Computational time of different methods on syn-
thetic data (per time sample).

Methods DSC SC-L2 SC RWLI-DF
Innov.
Time (in seconds) ‘ 0.17 0.16  0.27 0.54

The dynamic model with Gaussian innovations (SC- L2 In-
nov.), though performs better than the sparse coding model
at times, is not able to track the state accurately, re-asserting
our argument that considering sparse innovations make the
model more stable and consistent. Finally, RWL1-DF is able
to track the states as accurately as our model, but requires sev-
eral observations before reaching a steady state and is compu-
tationally more expensive. In fact, we observed that RWL1-
DF becomes very unstable when the observations have “in-
adequate” information, as a result of very noisy observation
or when the number of observation dimensions are less. We
discuss more about this in the following experiments.

Fig. 4 shows the “steady” state error (rMSE) after 50 time
instances versus with the dimensionality of the observation
sequence (p). Each point is obtained after averaging over 50
runs. We observe that DSC is able to track the true states even
for low dimensional observations, when other methods fail.
This shows that the temporal relations adopted in the model
provide contextual information necessary to track the changes
in the observation, even when the information provided by the
instantaneous observations is not sufficient. Notice also that
RWL1-DF becomes very unstable when the dimensions of the
observations are small.
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Fig. 4: Performance of the dynamic sparse coding with vary-
ing number of observation dimensions. We use similar set of
parameters as before, A = 10, vy = 10 and n = 3.
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Fig. 5: Performance of the dynamic sparse coding with vary-

ing (sparse) noise levels (n). We use similar set of parameters
as before, A = 10, v = 10 and p = 70.

Same can be extrapolated in case of noisy observation se-
quences, where the essential information in the time sequence
is at scarce. Fig. 5 shows the performance of all the methods
versus varying sparse noise levels (n). Again, we observe that
DSC outperforms other methods, particularly when the noise
levels are high. Also, notice that the RWL1-DF becomes very
unstable when the noise levels are high.

4. CONCLUSION

In this work, we proposed a smoothing proximal gradient
method for solving dynamic sparse coding problem. The
key idea of the proposed method is to approximate the non-
smooth state-innovation term using Nesterov’s smoothness.
This allowed us to re-formulate a difficult optimization prob-
lem into a simple regular ¢; optimization problem, which
we solve using FISTA. We show that the proposed model
is able to efficiently and accurately estimate the states from
time-varying signals.
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