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ABSTRACT

In this work, we address the recovery of block sparse vectors with
intra-block correlation, i.e., the recovery of vectors in which the
correlated nonzero entries are constrained to lie in a few clusters,
from noisy underdetermined linear measurements. Among Bayesian
sparse recovery techniques, the cluster Sparse Bayesian Learning
(SBL) is an efficient tool for block-sparse vector recovery, with intra-
block correlation. However, this technique uses a heuristic method
to estimate the intra-block correlation. In this paper, we propose
the Nested SBL (NSBL) algorithm, which we derive using a novel
Bayesian formulation that facilitates the use of the monotonically
convergent nested Expectation Maximization (EM) and a Kalman
filtering based learning framework. Unlike the cluster-SBL algo-
rithm, this formulation leads to closed-form EM updates for estimat-
ing the correlation coefficient. We demonstrate the efficacy of the
proposed NSBL algorithm using Monte Carlo simulations.

1. INTRODUCTION

In recent literature, techniques such as Compressed Sensing(CS) [1]
and Bayesian methods [2-5] have been proposed for efficiently
reconstructing sparse signals from an underdetermined system of
linear equations. In this paper, we consider the recovery of sparse
signals which exhibit additional structure, wherein, the nonzero
entries are constrained to occur in a few clusters, i.e., signals are
block-sparse, and the entries within a nonzero block are correlated
with each other. There are several applications where block-sparsity
and intra-block correlation arise naturally (see [6] and references
therein). In particular, strong intra-block correlation has been ob-
served in EEG, ECG and several physiological signals [7]. Pop-
ular CS based approaches exploit block-sparsity in linear models
using mixed penalty, such as the ¢; — ¢ and {1 — (o [8-10],
block matching pursuit, block orthogonal matching pursuit [9], and
block-CoSamp [11]. However, none of the techniques based on
CS exploit the intra-block correlation in the block-sparse signal.
In the Bayesian framework, a block-sparse vector recovery algo-
rithm known as the cluster-SBL algorithm [12, 13] is proposed,
which, in addition to incorporating the block-sparse structure into
the prior probability density function (pdf), also exploits the intra-
block correlation. However, when the intra-block correlation is not
known, the cluster-SBL framework uses an approximate heuristic to
compute this intra-block correlation.
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In the context of Bayesian estimation, it is known that adding
hidden variables to the problem space can lead to enhanced inter-
action between the observed and hidden variables, and, in turn, sim-
plify the problem [14]. In this work, we reformulate the block-sparse
recovery problem in the Bayesian framework. Typically, the SBL
family of algorithms consider the unknown sparse vector as the hid-
den variable. Here, we introduce a set of hidden variables in order
decompose the block-sparse vector recovery problem into a set of
low-dimensional sparse vector recovery problems and explicitly im-
pose the block-sparse structure of the signal. We propose a Nested
SBL (NSBL) algorithm for block-sparse vector recovery, by employ-
ing the Nested Expectation Maximization (EM) [15] approach and a
Kalman filtering based framework [16] for learning the intra-block
correlation. In essence, NSBL is based on a divide and conquer ap-
proach: the problem of estimating a high-dimensional block sparse
vector is reformulated as a set of smaller problems each involving
the estimation of low-dimensional correlated group-sparse vectors.

2. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a BM-length block-sparse vector x consisting of B
blocks denoted by by, ..., bg, and arranged as follows:

X = [:611,3;'12,. ey L1M5---3TB1,TB2, ... ,mBM}. (1)

b{ by eRM x1 bL:bpeRMx1
The M entries of each block b; are constrained to be either all-
zero or all-nonzero. In the cluster-SBL framework, the block-sparse
structure is exploited by modeling b; ~ N(0,7;B;), where ; is
an unknown hyperparameter such that when ; = 0, the i™ block
of x is zero [12]. Here, B; € RM*M jsa positive-definite covari-
ance matrix that captures the intra-block correlation of the "™ block,
which is also unknown. Moreover, different blocks are mutually un-
correlated, and hence, the block-sparse vector x ~ A(0, o), where
3o is a block-diagonal matrix with principal blocks given by v;B;,
1<i<B.

The noisy observations y € are obtained as a weighted
combination of the columns of a measurement matrix ® € RV*MEB
as follows:

RNXI

y=®x+n, @)

where the components of the additive noise n € R™*? are indepen-

dent, zero mean, and Gaussian distributed: n ~ N(0, 7*In).

Restructuring the block-sparse vector x, the problem of recover-
ing x from y is equivalent to finding the vectors x1,...,Xar, as
depicted in Fig. 1. Since b; ~ N(0,7:B;) for 1 < i < B,
x; ~ N(0,T) where I' = diag(y(1),...,7(B)),ie.,X1,...,Xm
represent group-sparse vectors.
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Fig. 1. Restructuring the block-sparse recovery problem such that
the B length vectors X1, ..., X\ are group-sparse vectors.

By rearranging the columns of @, the system model in (2) can
be equivalently written as

M
y = Z tm, Wwhere t,, £ P XNy, 1<m<M. 3)

m=1

In (3), ®,, € RV*E consists of the columns of @ such that the co-
efficients corresponding to its columns are given by X,,. Although
n,, cannot be explicitly obtained, we note that its covariance can
be written as n,, ~ N(0, Bmo?In) where, 0 < B, < 1 and
Zile Bm = 1. If t,,, is known, recovering X, from t,, is a mul-
tiple measurement vector based group-sparse recovery problem [17]
in a lower dimensional space (B), as compared to the dimension of
the original problem (M B). In this work, we focus on recovering
the block-sparse vector by recovering its group-sparse components
X1,...,XM, using the restructured problem given by (3).

In the following section, we propose two algorithms which re-
cover X when By = ... = By, = B. In the first case, B = I3,
while in the second case, B need not be a scaled identity matrix.

3. PROPOSED ALGORITHMS

In this section, we propose two algorithms for block-sparse vector
recovery: (a) Parallel Cluster-SBL (PC-SBL) algorithm when the
entries within a block are not correlated (B = 1Ig), (b) NSBL al-
gorithm when there is nonzero intra-block correlation (B need not
equal Ip).

The conventional SBL framework treats (y, x) in (2) as the com-
plete data, and x as the hidden variable. However, for the reformu-
lated system model in (3), it is necessary to augment the set of hidden
variables x with t = [t{ ,...,t3;]” since t is also hidden [18]. Ac-
cordingly, the complete information is given by (y, t,x), and (t, x)
constitute the hidden variables. Since closed-form expressions for
the maximum likelihood estimates of the unknown parameter =y can-
not be obtained, we adopt the iterative EM algorithm for estimating
~, as follows:

E-step : Q <7|7<T>) = me‘y;q(r) [log p(y, t, x;)]

M-step : v = arg max Q ('yh(r)) NG

Bx1
YERY

The E-step in (4) requires the computation of p(t, x|y; (")), which
is given by
Pt xly; v"7) = p(x[t, yi v )p(tly; v )
= p(x[t; v )p(tly; ). )
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Hence, the E-step can be rewritten as

E—step : Q (’Y|7<T>) = Et\y;‘y“‘) Ex‘t;q(ﬂ [10gp(y7t7 X3 7)} (6)
—_—————
Ey Ey

To compute Q(~|v(™), we first compute the posterior distribution
p(t]y; ")) using the likelihood p(tm [Xm ) = N (®mXom, Bmo?In)
for 1 < m < M, and the prior p(x;y) = N(0,I's). Given
H = 1y ® Iy, where 15 is a M length vector of ones, and
y = Ht, we have p(t|y; ~(My = N (e, 3¢), where

ue=(R+®sTp®5)H (HR+ ®pTs®5)H") 'y
3 =(R+®3I'p®5) — (R+ ®pI's®5)H”
(HR + &I p@5)HT) "HR + ®50395). (7)

Here, &5 € RVM*BM g4 block diagonal matrix with @1, ..., ® s
along the diagonal, and I'p = B®T", where I' = diag(~y). The diag-

onal matrix R has m™ diagonal entry R, = B, I . Note that the
posterior mean p; € RMN*T consists of M vectors, Htyse oy By,

such that Hyy = y,ie.,y = an{:l M, . Further, the posterior
distribution p(x|t; ’y(”) depends on the correlation between the
vectors Xi,...,Xa. In the following subsection, we provide an

algorithm for block-sparse vector recovery when B = Ip.

3.1. Parallel Cluster-SBL: B = I

In the literature on block-sparse vector recovery, past work has
mainly focused on the case where the sparse vectors are uncorre-
lated, i.e., B = Ip [8,9]. The PC-SBL algorithm proposed in this
subsection is also designed to handle such a scenario.

When xi,...,xa are uncorrelated, we have p(x|t;y) =
Hff:l P(Xm|tm;7y). This decomposes the block-sparse recovery
problem in (2) into a multiple measurement vector problem [17],
where the goal is recovering group-sparse vectors X1, . .., X from
multiple measurements ftt,, ..., tt,,. The posterior distribution

of X, is given by p(Xm|tm;¥™) = N(x,,,Ex,, ). where
T _ —1
Py = B 0> B, Bty and B, = (‘1’ LI O 1) .

Bmo
Using the posterior distribution computed above, the update for -y is
obtained as follows:

~ D = arg max E; sy [logp(t,x;v)] = arg max(c’

’YGREXI ,Yefol
xTr-1x 1
- ]Et\y;’ym EX\t;'ym [ +— + 3 log IT&]) (8)

In the above expression, log|I's| simplifies as M log|T'| and
xTI'p'x = Zile x5 T7'x,,. Further, B¢y xIT7'x,,] =
Tr(T ! (Zx,, + Hx M, ). Substituting for pix,, , we obtain the
overall optimization problem in the M-step as

M
"D = arg min(c’ + Mlog ||+ 1 Z (™' x,,)
yerP*! m=1

T Tr (F—l S P R P Sxpp, )) 7 )

52,07

where R, = B¢, + pe,, ., » St,, € RY*Y is the m™ entry of
blkdiag(3+) and blkdiag(A) returns the block diagonal matrices of
A. Maximizing (9) w.r.t. vy, we get

M
1 T X r . m X
A = 23 diag (Exm + B o e B m) . (10)
m=1



The proposed PC-SBL and the cluster-SBL algorithm [12] are
mathematically equivalent for the case when B = Ip. However,
the PC-SBL approach allows for parallel implementation of the al-
gorithm, since the block-sparse vector is recovered by solving M
parallel problems. Further, from (10), we see that the overall M-step
is simply the average of the hyperparameter updates obtained from
the M parallel problems.

A drawback of the PC-SBL algorithm is that it cannot handle the
case when B # I, since the inner expectation Ex does not split as
M separate problems unless B = Ig. In the following subsection,
we derive a novel NSBL algorithm for block-sparse vector recovery
with intra-block correlation.

3.2. Nested SBL: B need not equal I

In this subsection, we model the intra-block correlation using a first-
order AR model, and propose an NSBL algorithm to learn the un-
known parameters « and the correlation coefficient p. The first or-
der AR model is a widely accepted model, and is used in a variety
of applications [19-21]. It also has the advantage that it avoids over-
fitting [13] and allows for a Kalman filtering based learning frame-
work. The evolution of the m™ group-sparse vector is modeled as

Xm = PXm—1+Um, m=1..., M, (11)
where the driving noise ., is distributed as un, (z) ~ N(0, (1 —
p3)7(i)), p € R is the AR coefficient and 0 < p < 1. Overall,
this leads to a common correlation matrix given by By = ... =
Bg = B = Toep([1, p, ..., p* 1)), where Toep(a) represents the
symmetric Toeplitz matrix defined by its first row a [13]. The state
space model for t,, and x,, is given as

tm = Prxm + Nm, (12)

Xm = PXm—1+Um, m=1,..., M. (13)

Since x1, . .., X are group-sparse, from the above model, we have

M
p(t,x1,. o xa59) = [ [ plbm|xm)p(xm|xm-1;7),  (14)
m=1

where p(x1|x0;7) £ p(x1;v). Using (14), the posterior distri-
bution of the sparse vectors p(x1, ..., Xum|t; ~()Y is computed us-
ing the recursive Kalman Filter and Smoother (KFS) equations for
1 <m < M as follows [22,23]:

form=1,...,M do

Prediction: X;(m—1 = pXm—1|m—1 (15)
Pojm—1 = p"Pr_tjm-1 + (1 — p°)T (16)
R T ([ 2 _

Filtering: G = Py 7 (a Iy + <I>um‘m_1<I>m)

(17
&m\m - )A(m|m—1 + Gm(tm - kam\m—l) (]8)
Pojm = (I — Gmtﬁm)Pm‘m_h (19)
end

for j=M,M—1,...,2do

Smoothing: )A(jfl\m = )A(j,1|j,1 + J]*l(&ﬂm - )A(j|j,1) (20)
P 1 =P 11 +Jj-1(Pjjm — Pj\j—l)']]j‘ll 20
end,
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Fig. 2. Illustration of the inner and outer EM loops, which consist of
Ex and E¢, respectively.

where J;,_1 = ij,1|j,1Pj_‘]1.71 and G, is the Kalman gain ma-

trix. The above mentioned KFS equations are initialized by set-
ting Xojo = 0, i.e., a zero vector, and Pg)o = I'. The E-step re-
quires the computation of B, ¢ () [x;x] 1] £ Pjio1jm +
)A(j|m§(?—1|m form = M,M —1,...,2,which we obtain from [22]
as follows:

P 1jom =P ;1372
+IT (P jmijm — PPj—1pj—1)Tj—2. (22)

The above recursion is initialized using P, ,n—1jpr = p(IB —
Gm®m)P,,_1)m—1. Note that x;)5; and Py, 1 < i < M repre-
sent the posterior mean and covariance of x given t, respectively.

The expectation Es involves computing p(t|y;~") using (7).
As mentioned earlier, I'g is given by I' = B ® I'. The KFS equa-
tions in (15)-(23) constitute the Ex step, after which we compute
E¢. However, due to the recursive nature of the inner E-step, Ex,
the expectation of pix,, w.r.t.the posterior density of t is a recursive
function of t,,,...,t1. As M increases, the complexity of com-
puting such a recursive expectation becomes prohibitive. In order to
circumvent this problem, we employ an alternate technique, known
as the Nested EM approach [15]. This monotonically convergent
approach allows us to simplify the overall algorithm into an inner
and outer EM loop, while the unknown parameter =y is the common
factor between the two loops. We call this algorithm as the NSBL
algorithm, where the nested E- and M-steps are given as

T & T
E-step: @ (vl %),

= Etjyiy []Exl,m,www% log p(y, t, %1, ..., X3 7)1}
k
M-step : 7" %) = argmax Q (7\7(”%)77”)) : (23)
’YGREXl

The inner EM loop is initialized by 'y(”%) = ~(. Note that,
when = is updated in every iteration, only the inner E-step (Ex =
E ) is updated. The overall NSBL algorithm is

xl,m,x]u|t;'y(r+%) []
executed by nesting one EM loop within the other, as depicted in
Fig. 2. The inner EM loop consists of Ex and the corresponding
posterior distribution is given by (15)-(19). Further, the M-step for
the inner EM loop is given by [16]

M
pp (BED M. s (4,3) ..
AR () = L (Z%+M1|M(z,z)> (24)
j=2

for1 < i < B,where Mj|as 2 P +)A(j|]\/1§(?‘1u+p2(Pj—l\AI+

~ AT s 5T Ay
Xj—1mXj_1n) — 20(Pjj—1ar + XjmX;j_q ) and My =
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Fig. 3. MSE of the proposed algorithm as compared to cluster-SBL
(CSBL), least-squares (Oracle estimator) and SBL, with M = 8§,
B =32and p = 0.8.

Py + X MfclTl M- After K iterations of the inner EM loop, we

obtain ’y”% = ~"T1 which affects the posterior distribution of t.
The outer EM loop consists of updating the posterior distribution of
t given in (7).

An update step for the unknown correlation coefficient p can
also be incorporated into the M-step of the NSBL algorithm. The

correlation coefficient p"* %) in the (r + ﬁk;—”)”‘ iteration is
obtained as a solution to the cubic equation

(2B(M —1))p® + Tr {T2 4+ T3} p* — Tr {T2 + T3}

—2B(M —1) = 2Tr{T1 + T4)}|lp =0, (25)

where the matrices T'; through T4 are defined as
Ti =T S0Py + %% ) (26)
To =T 0L [P o aiar + XX adls @7
Ty;=0"" Z;viQ[Pj,j,llM + gj,l‘M&jTlM], (28)
T,=T"" zj{z[Pj_uM + X1 M X, - (29)

Among the possible solutions of the above cubic equation, we pick
the p € R that satisfies 0 < p < 1.

Using a flop-count analysis [24], we note that the computations
in cluster-SBL are dominated by the E-step, which incurs a computa-
tional complexity of O(N?M B). On the other hand, NSBL consists
of two EM loops, where the maximum complexity of the outer and
inner EM loop are O(N?M B) and O(M B?), respectively. Typi-
cally, in the nested EM approach, the number of inner EM iterations
are fixed, so that the outer EM loop is guaranteed to converge, and
the inner EM loop ensures likelihood increase [15]. Consequently,
the complexity of the NSBL algorithm is dominated by O(N?M B).
However, since the number of outer EM iterations are far lower than
that of cluster-SBL, the NSBL entails a lower computational com-
plexity than the cluster-SBL approach.

In the following section, we demonstrate the efficacy of the pro-
posed algorithms using Monte Carlo simulations.

4. SIMULATION RESULTS

The experimental set-up used to evaluate the Mean Square Error
(MSE) and the support recovery performance of the proposed al-
gorithms is as follows. We consider a block-sparse vector of length
256 consisting of B = 32 blocks of length M = 8 each, with 5
nonzero blocks. We set the value of 3,, = 1/M. In each trial, the
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Fig. 4. Success rates of the NSBL and CSBL algorithms, with M =
8, B =32 and p = 0.99 (left) and 0.8 (right).

matrix ® is generated as a random underdetermined (N < M B)
measurement matrix, whose entries are i.i.d. and standard Bernoulli
({+1, —1}) distributed. For fair comparison, we fix the number of
iterations of the cluster-SBL [12] to 125, and the number of inner
and outer EM loop iterations of the NSBL algorithm to 5 and 25,
respectively. The outcome of the experiment is averaged over 1, 000
trials.

In Fig. 3, we compare the MSE performance of the proposed
NSBL algorithm with the cluster-SBL [12], SBL and the oracle
least-squares estimator, i.e., the least squares estimator which is
aware of the support of x. We see that the MSE performance of
NSBL algorithm is 2 dB better than the CSBL algorithm, while
being very close to the MSE performance of the oracle estimator. A
similar trend is observed at different Signal to Noise Ratios (SNR)
and N. The SBL algorithm fails to recover the block-sparse vector
for small values of N and SNR, which demonstrates the advantage
of exploiting the block-sparse structure.

In Fig. 4, we plot the support recovery performance of the NSBL
algorithm and the cluster-SBL algorithm at high SNR of 80dB for
p = 0.8 and 0.99. We see that NSBL algorithm has a better sup-
port recovery performance at smaller values of NV, even with p being
learnt by the algorithm. However, as N increases, the two algo-
rithms have similar performance. In the cluster-SBL approach, we
use the heuristic algorithm to estimate p in the unknown-p case [12].
We see that the performance degradation due to the learning of p is
marginal, which makes the NSBL algorithm particularly attractive
for practical implementations.

5. CONCLUSIONS

In this work, we proposed novel algorithms for the recovery of
block-sparse vectors with intra-block correlation from underdeter-
mined noisy linear measurements. First, we reformulated the block-
sparse vector recovery problem as a group-sparse vector recovery
problem by introducing hidden variables. Using the reformulated
framework, we proposed the PC-SBL algorithm for the scenario
when the nonzero blocks of the block-sparse vector has uncorre-
lated entries. We showed that, unlike the cluster-SBL algorithm,
the proposed PC-SBL approach allows for parallel implementation.
Next, we proposed the NSBL algorithm for the case when the entries
of a non-zero block are correlated. In contrast to the cluster-SBL
approach, we were able to provide closed-form EM updates for es-
timating the correlation coefficient. Using simulations, we showed
that the NSBL algorithm offers nearly the same performance as the
oracle estimator, with respect to MSE, and an improved support
recovery performance compared to the cluster-SBL approach.
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