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ABSTRACT

Beamformer-assisted acoustic echo cancelers have raised a lot of in-
terest lately. The same performance can be obtained with a reduced
length acoustic echo canceler (AEC) as the beamformer (BF) per-
forms spatial cancellation. Structures that jointly optimize the BF
and the AEC coefficients are preferred in order to exploit syner-
gies. Analytical models have been already derived for the behav-
ior of the direct form implementation of such systems adapted using
the constrained least-mean square (CLMS) algorithm. This work
extends the analysis to the popular generalized sidelobe canceler
(GSC) structure, while allowing for a positive definite step-size ma-
trix. Analytical models are derived for the mean and mean-square
behaviors of the adaptive coefficients. Simulation results are shown
to be in excellent agreement with the performance predicted by the
theory.

Index Terms— Acoustic echo cancellation, microphone arrays,
adaptive filtering, beamforming, statistical analysis

1. INTRODUCTION

Acoustic echoes arise when a microphone picks up the signal radi-
ated by a loudspeaker and its reflections at the borders of a reverber-
ant environment. Without a handset to provide attenuation between
loudspeaker and microphone, intelligibility and listening comfort
degrade [1,2]. Typical room reverberation times require adaptive
acoustic echo cancelers with very long responses [1,2]. Fast con-
vergence and satisfactory echo cancellation are hard to obtain under
these conditions [1-4].

The desired speech signal is usually corrupted by speech from
other talkers, noise and echoes in an acoustic environment. Spa-
tial filtering (beamforming) can help attenuate interfering signals in
directions other than the direction of arrival (DOA) of the desired
speaker. Beamformers (BF) have limited echo suppression capacity
due to limits in the array directivity [5] and the large number of mi-
crophones necessary to suppress all reflections outside the desired
DOA [6].

Acoustic echo cancellation solutions in which BFs and acoustic
echo cancelers (AECs) have complementary functions have raised a
lot of interest recently [7-15]. BFs and AECs contribute by different
means to reduce the residual echo. Hence, using both techniques in
a synergistic way can improve the acoustic echo cancellation perfor-
mance. BFs an AECs are usually combined by means of two basic
structures [7]. The AEC first structure (AEC-BF) employs one AEC
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per microphone [15]. The BF then processes the AEC outputs for
spatial filtering. It requires several long AECs, leading to very high
computational costs [15]. Moreover, signals not in the desired DOA
must be treated as double talk, complicating the design. The BF first
(BF-AEC) structure does the spatial filtering first, leaving basically
the echo in the desired DOA to be canceled by a single AEC [13,14].

Despite the possibilities of combined BF and AEC acoustic echo
cancellation systems, we find only few analyses of their transient be-
havior in the literature. The AEC-BF structure has been studied for
the acoustic echo cancellation problem in [15] and for the acoustic
feedback cancellation in [16]. A stochastic model has been derived
using the power transfer function method for the case of a fixed BF,
where just the AEC is adapted. More recently [13, 14], the perfor-
mance of a system where BF and AEC are jointly adapted using
equal and fixed step-sizes was analyzed. The analysis in [13,14] con-
sidered a beamformer implemented in the direct form. The derived
analytical model was shown to accurately predict the adaptive sys-
tem behavior and corroborated previous experimental findings that
the same cancellation performance of a single-microphone AEC can
be achieved with a shorter AEC when the possibility of spatial fil-
tering is available [14, 17]. The model, based on the equivalence
to a conventional LCMV optimization, allows the use of previous
analytical results [18, 19]. Another very popular beamformer imple-
mentation employs the generalized sidelobe canceler (GSC) struc-
ture [8, 10, 12], which in certain situations leads to implementations
with lower computational complexity than the direct form.

This work extends the analysis in [13,14] to the study of the tran-
sient behavior of the jointly optimized BF-AEC structure in the GSC
form. We formulate the joint optimization as a single constrained
optimization problem, what simplifies the statistical analysis. More-
over, the analysis is extended to the case of a positive-definite step-
size matrix [20-22]. The incorporation of this extra flexibility to
the model is particularly interesting for BF-assisted echo cancelers,
as their AEC adaptation control logic stops AEC adaptation during
double-talk periods, while the BF continues adapting. In [22] it is
shown that, in the absence of noise perturbations, a LMS algorithm
with matrix step-size is equivalent to a single step LMS on a trans-
formed space. The same idea is used in our convergence analysis.

In this paper, plain lowercase or uppercase letters denote scalars,
lowercase boldface letters denote column vectors and uppercase
boldface letters denote matrices.

2. PROBLEM STATEMENT

Fig. 1 shows the BF-AEC structure, with M echo impulse response
vectors h,,, of length Ny, M microphone signals ., [n], one adap-
tive wideband beamformer composed of M filters b, [n] of length
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Nagr and an adaptive AEC filter h[n] of length Nagc. We assume
responses h,,, constant for mathematical tractability.
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Fig. 1. BF-AEC system in the direct form structure [13].

2.1. Signal Model

The mth microphone signal z,,[n] is the sum of a near-end sig-
nal r»[n] and an echo en[n]: zm[n] = em[n] + rm[n]. Each
signal 7, [n] is composed of local speech, local interferences and
random noise. The echo ey, [n] results from the filtering of w[n]
by h,,. We define the microphone array snapshot x;[n] at time n
as x[n] = [zo[n] xi[n] zar—1[n]]” and the combined
beamformer input regressor as [18]

zy[n] = [:z:?[n] xln—1] - aln— (Ner — 1)]]T. (1)

Defining the vector by, [n] of the ¢th components of all vectors
m[n],m=0,...,M — 1, at time n as

by, [n] =[bo, [n] by In] - bM,l,z[n]]T, 0=0,... Ng—1

we write the beamformer output y[n] = 113\7__35—1 xIn — by, [n)].

Now, defining the stacked beamformer weight vector

o = [b00) 0] - BT, ] @

and using (1), we write y[n] as the linear filtering y[n] = b [n]axs[n].

Next, defining the AEC response vector

. . . T

hin] = [holn]  haln] e [0] 3)

~u[n — (Naec — 1)]]"

yields g[n] = B [n]ug[n]. The residual echo is d[n] = y[n] —

9[n]. Finally, defining the combined input and adaptive coefficient
~T

= [h" [n] b"[n]]",

and the AEC input vector ug[n] = [u[n]--

vectors s[n] = [—u;T[n] @ [n]]T and w(n)
respectively, we have

d[n] = —uj [n]h[n] + @ [n]b[n] = s” [n]w[n]. S

2.2. Performance Surface

The mean output power (MOP) performance surface J is defined as
the mean value of d*[n] conditioned on w[n] = w. From (4),

J = B{d*[n]jw[n] = w} = E {wTs[n]sT[n}w}
= w” Rsw. 5)

where Ry = E{s[n]s”[n]} is the input autocorrelation matrix. A
set of Ny linear constraints on the beamformer coefficients imple-
ments the spatial filtering. Usually, an M Ngg X Ny constraint ma-
trix C and an Ny x 1 response vector f jointly define the frequency
response in the desired DOA [18,23].

To formulate the linear constraints as a function of the combined
coefficient vector, we define the extended constraint matrix [10]

T

Ce=[Onpxnge  CT] . ©)

Finally, the joint optimization problem can be formulated as

Wepe = argmin wTRssw (7a)
subject to CTw= b (7b)

2.3. Implementation Using the GSC Form

In the direct form structure of Fig. 1, the solution to (7) is split into
two orthogonal components

W = Weeas + WL (8)

where weeas satisfies (7b), and w is in the complementary or-
thogonal space of C.. For instance, in [13, 18] the solutions are
set by assigning w1 = Pew and Wieas = Ce(CLC) ' f =
[01 % N ppe £T]T where

c.(clco'ch

P.= (INAEc+MNBF -

INAEC
On1. Nyp x Nagc

with P = Ipr.nge — C(CTC)'CT and € = C(CTC)7' f.
In the GSC form [24], the dashed square of Fig. 1 is replaced by
the dashed square of Fig. 2. Feasible solutions to (7) are decomposed

ONAECXM-NBF 9)

Fig. 2. BF-AEC system in the GSC configuration.

as [24]
w=gq, — Bap (10)

where g, is any feasible solution to (7b), B. is a full column-rank
(Nagc + M Ngr) x Ny-dimensional blocking matrix orthogonal
to C. (CTB. = 0), ¥ is an Ny-dimensional vector and Ny =
Nagec + M Ngr — Ny. The minimum norm solution to (7b) is q, =
C.(CTC.)™' f. Both P, and B, have the same range (orthogonal
to that of C.).
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2.3.1. Optimal Solution

As CT B, = 0, w in (10) satisfies (7b) for any ¥, and (7) becomes
an unconstrained optimization problem in 1) with solution

Pop = argmin q. Rwq, — 2" Bl Rsq. + %" Ruocp  (11)

where Ryoc = BT Ry B. denotes the blocked input autocorrelation
matrix, and from (10) wopr = g, — Be,,. Setting the gradient
of (11) in respect to 1 equal to the null vector yields

Yo = Rioe Be Rq.. (12)

3. STOCHASTIC GRADIENT ADAPTIVE SOLUTION

Applying a modified stochastic algorithm to search for the optimal
solution (11) yields the weight update equation [24]

Wn + 1] = ¥[n] + MB. s[n]d[n]. (13)

This is Eq. (30) of [24] with one important modification. We have
added a positive-definite step-size matrix M that can be used to
control the rate of convergence and the steady-state performance of
the algorithm [20-22]. The inclusion of this matrix is important be-
cause, contrary to the study in [24], the present analysis of the GSC-
based structure includes the operation of both the BF and the AEC.
In practical systems there exists a control logic that usually stops the
AEC when double-talk occurs, while the BF continues to be adapted.
Hence, BF and AEC are not always being adapted in a BF-assisted
echo canceler. By including the step-size matrix M in (13) we con-
sider the possibility of using different step-sizes for the AEC and
for the BF. Hence, the resulting model should be able to predict the
system behavior under different possible adaptation modes.

3.1. Weight Error Vector

Define the weight error vector v[n] = w[n| — wep. From (10),
v[n] = g, — Betp[n] — (qe — Bewopt) = —B.9[n] (14)

where 9[n] = 1[n] — 1), denotes the weight error vector of the
unconstrained filter conditioned on B, and g,. From (14), v[n] is
in the range of B.. Hence, v[n] is completely determined by 9¥[n]
conditioned on B.. We then study the behavior of ¥[n].
Subtracting ), from both sides of (13), using (4) with wln] =
v[n] + wop and (10) we obtain a recursive update equation for ?[n]:

In+1] =(In, — MBY s[n)s” [n] B.)9[n]

15
+ MB/ s[n]s” [n]wop. )

4. STATISTICAL ANALYSIS
4.1. Simplifying Assumptions
We now study the behavior of BF-assisted echo canceler using (13)
under the following typical simplifying assumptions:
Al s[n] is stationary, zero-mean and Gaussian;
A2 wuln] and r[n] are statistically independent;

A3 R, is positive-definite, and both C. and B, have full column
rank;

A4 Statistical dependence of B s[n]s” [n] B, and 4[n] can be ne-
glected;

AS The desired DOA does not change during adaptation.

Though not always valid in practice, these assumptions make anal-
ysis viable and frequently lead to results that retain sufficient in-
formation to serve as reliable design guidelines [4, p. 315],[8, 10].
Simulation results will confirm their reasonability for this analysis.

4.2, Mean Weight Error Vector Behavior

Taking the expected value of (15) under A4 and using (10) and (12)
leads to E{B/ s[n]s” [nJwop} = On, x1 and

E{ﬁ[n + 1]} = (INw — MRbloc)E{’l?[n}}. (16)

Hence, the mean weights converge asymptotically if all eigenvalues
of M Ry, are inside the unit circle. In the following we study the
second moment behavior of the weights [3].

4.3. Correlation Matrix of J[n]

Post-multiplying (15) by its transpose, taking the expected value,
using A1-AS5, the Gaussian moment factoring theorem [4,25], and
E{BTs[n)sT [nJwon} = O, x1 yields
Rys[n + 1] = Ryy[n] — MRyiocRy9[n] — Ryy[n]RpiocM

+ [Jmin + tr(Rpioc Ro9[n])]M Rpioe M

+ 2 M Ryioc Ry s [n] Roioc M (17)

where Ryg[n] = E{9[n]9" [n]}.

4.4. Mean Output Power

The MOP is given by J[n] = Jmin + tr(Rw[n|Rss) [13] where
R..[n] = E{v[n]vT[n]}. As Ry[n] = BeRyys[n]|BI from (14),

J[n] = Jmin + tr(Rys[n] Roioc) (18)

5. CONVERGENCE ANALYSIS

Classical convergence analysis of (17) would project Ryyg[n] into
the eigenspace of Ry and study the convergence of the diagonal
entries of the transformed matrix [3]. The presence of M however
requires a different approach, as (17) is not diagonalizable by the
same projection since M Rpioc 7# RpiocM [26, p. 558]. Never-
theless, it is still possible to diagonalize both M and Ry, through
contragradient diagonalization [26, p. 465],[27, p. 466]. As M is
positive definite, Cholesky decomposition yields M = LLT with
L non-singular. Then, we can transform the vector space into £[n] =
L7'9[n), Rmoa = LT Ryioc L, and Ree[n] = L™ Ryy[n]L~ 7.
Pre-multiplying (17) by L ™! and post-multiplying by L7 yields

Ree[n + 1] =Ree[n] — RimoaRee[n] — Ree[n] Rimoa
+ Rmod[Jmin + tr(Rﬁﬂ [n]Rbloc)]
+ 2RmodR§§ [n} Rpoq (19)

where Rmoq is symmetric and positive-definite, hence diagonalizable
as R = QAQ" with Q" Q = Iy, and

A =diag(A1, A2, ..., Any,)- (20)
Pre-multiplying (19) by QT and post-multiplying by Q results in

NRee[n + 1] = Ree[n] — ANRee[n] — Ree[n]A
+A(Jmin + tl’(mgg [n}A)) + 2A9‘i55[n]A (21)
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where Ree[n] = Q" Ree[n]Q.

Mee[n] is an autocorrelation matrix. Then MRee[n]]7; <
[mgg[n“i’i[mgg[nﬂj,]’, [%gg[n”i,i Z 0 [25, p- 251], [28], and con-
vergence of (21) can be studied observing only the diagonal elements
of Ree[n]. Let [v[n]]l; = [Ree[n]lii. ¢ = 1,..., Ny, denote the

vector of diagonal entries of Ree[n] and A = [A1, A2, ..., An,]"
be the vector of the eigenvalues of Rm.d. Then, from (21)
[win + 1]); = (vl — 27 [wlnl] + 232 [wln]):
+ XA [n] 4 A Jmin (22)
and
vin+1] = ®vn| + JuinA (23)

where tr(ARee [n]) = A v[n], @ = diag(p1, p2, ..., pn,, ) +AXT
and pr = (1 — Ax)? + A2. The solution to (23) is [29]

n—1
vin] = @"v[0] + Jmin Y ®IA. (24)
j=0

Using (24) we now study the stability conditions and the steady-state
behavior of (13).
5.1. Stability

Convergence of (24) is determined exclusively by the eigenvalues
Ag of @ [29], which are real and positive. From Gershgorin’s theo-
rem [30], a sufficient condition for all Ae < 1is

tr(Rmod) = tr(MRoor) < % 25)

5.2. Steady State Behavior

When (25) holds, (23) will converge such that lim,, o v[n + 1] =
lim,— o0 ¥[n] = v[oo]. Doing as in [4, pp. 326-327] yields

15Ny N

2 Zi:l 1—X;
_ixNe N
1—35250 %

where \; is the ith eigenvalue in . For max{\;} < land1—\; =
1 for all 4 and (26) reduces to

J[00] = Jmin |1+ (26)

%tr(MRbloc)

J ~Juin |1+ ———F—7—|.
[OO] 1-— %U‘(MRMOC)

(27)
Further, if tr( M Ryioc) < 2, (27) yields the simpler approximation
J[OO] ~ Jmin [1 + %tr(MRbloc)} .

6. DIFFERENT BF AND AEC STEP SIZES

So far M has been required to be positive definite. One interesting
choice of M and Bk is one that permits adaptations of the BF and
the AEC using different step sizes. One may choose

TNy

ON e x (M Ngp—N)
B. = AEC BE— Ny 28
{ 00 Nypx Naee B @8
where B is an M Nar x (M Ngr — Ny) matrix such that BT C =

O(ar Nge—Np)x v, and rank(B) = M Ngr — Ny, and

PABCT N e
O(MNBF*NfVNAEC

M= { ONypex (M Ngp—Ny) } )

UBFI M NN

Then, (13) becomes
hin +1] = h[n] + papcd[n]ug[n] (30a)
wyln+ 1] = ¥, [n] + usr BT 2[n]d[n] (306)

where 1), [n] contains the last M Ngr — N elements of tp[n]. This
is a low complexity implementation that allows to study the behavior
of the system under different control logic states.

Using (28) and (29) in (25) yields

2
MAECtr(Ruﬂuﬁ) + ,U/BF‘tr(BTRxbbe) < g (€1))

where Ry, = E{ug[n]u] [n]} and Ry,x, = E{wy[n)ax; [n]}.

7. SIMULATION RESULTS

For model validation, consider a unit power first order autorregres-
sive AR1(-0.9) far-end signal u[n] = 0.9u[n — 1] + z[n], 2 mi-
crophones, ho and h; with 500 taps each, generated according to
the model in [1]. The desired DOA was assumed orthogonal to
the microphone array. The noises ro[n] and r1[n] were zero-mean
white Gaussian with variance 10~ 2. The adaptive BF was designed
with Ngr = 16, linear phase, and all-pass frequency response with
Ny = 16. The AEC used Nagc = Ny + Ngr — 1. Fig. 3 shows
the predicted and simulated transient MOP. We tested 2 scenarios:
[wapc, par] = [2.6191 x 107*,0.0262] and [uarc, upr] =
[3.9840 x 107*,0.0028]. Fig. 3 shows excellent agreement between
theory and predictions in both cases. Counterintuitively, the results
show That a larger convergence speed does not necessarily imply a
higher steady-state error.

0 T
—— MC simulation
—— model prediction
-5
810
=
=
) [MAEC, uBF] = [2.6191x 1074, 0.0262]
w 15
[LAEC, uBF]=[3.9840x107, 0.0028]
-201
PN NG NI i, LAy 28 5wt e tea|
y
-25 '

Fig. 3. Monte-Carlo simulation results for 20 runs with AR1(-0.9)
input (M = 2, Ny, = 500, Ngr = 16 Nagc = Nu + Npr — 1).

8. CONCLUSIONS

This paper has studied the performance of the adaptive GSC beam-
forming for the general case of a positive definite step size matrix.
The new analysis can be used to predict the behavior of the GSC-
based BF-AEC system in different control logic states. It permits
the study of the interesting case of using a blocking matrix proposed
in [10] and a diagonal step-size matrix, for which the BF and AEC
can use different step sizes. Simulation results have shown excellent
agreement between theory and simulations.
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