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Abstract

Gabor-based region covariance matrix (GRCM) is an
emerging face feature descriptor, which has been shown
promising for face recognition. The GRCM lies on Tensor
manifold is inherently non-Euclidean, hence a disconnect
exists between GRCM descriptor and vector-based
classifiers, such as collaborative representation-based
classifier (CRC). CRC is a strong alternative to sparse
representation-based classifier yet enjoys high efficiency. In
this paper, we bridge GRCM and CRC with kernel learning
method. We investigate several geodesic distances on Tensor
manifold that satisfy the Mercer’s condition for kernel CRC
construction as well as for speedy computation. Apart from
that, we also devise two strategies to jointly combine the
regionalized GRCMs with Tensor kernel CRC. Extensive
experiments on the ORL and FERET datasets are conducted
to verify the efficacy of the proposed method.

Index Terms— Face Recognition, Tensor manifold,
kernel trick, collaborative representation classifier.

1. Introduction

Gabor-based region covariance matrix (GRCM) [1][2], was
introduced as a face image descriptor followed by the
popularity of regional covariance matrix (RCM) [3][4].
RCM is a powerful mean to fuse multiple correlated features
or descriptors of generic objects yet invariant to illumination,
scaling and rotation. Unlike the original RCM for generic
object tracking, GRCM embodies Gabor filters was proved
promising in face recognition [1][2].

However, GRCM does not lie on Euclidean space as a
point, instead on Tensor manifold - a special type of
differentiable Riemannian manifold [5]. The points on
Tensor manifold are not connected in straight line thus the
calculation of distance between two GRCMs, known as
geodesic distance, has to take the geometry characteristic of
the manifold into account [6]. Due to the inherent non-vector
based (non-Euclidean) representation of GRCM,
classification using well-developed vector-based classifiers
is reckoned to be suboptimal. Prior works [4][7][8]
attempted to generalize vector-based classifiers to Tensor
manifold by flattening the manifold through tangent space to
obtain a Euclidean approximation of the manifold. However
only distances between points surrounding the tangent pole
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are equal to the true geodesic distances, which may lead to
inaccurate modeling.

Sparse  representation-based classifier (SRC) [9]
proposed by Wright et al has spark a new research interest
on face recognition. SRC suggests that the /;-norm sparsity
provides good discrimination ability for the classification
task. However, the computation complexity of /-
minimization is high and time consuming. Zhang et al [10]
have demonstrated that collaborative representation (CR)
based classification with regularized least squares required
significantly less computation complexity and can even
improve the face recognition performance.

Lately, Tahir et al. [11] and Biao Wang et al [12] applied
the kernel trick to CRC in order to better group and separate
the data with non-linear mapping. The latter capitalized
KPCA and showed better performance compare to CRC and
SRC as well as the kernel CRC treatment proposed by [11].
However, all of them are inherently vector-based classifiers.

In this paper, we attempt to bridge the gap between
GRCM and vector-based CRC in order to harness the
potential from both methods, by adopting a kernel trick to
embed the Tensor manifold into the Reproducing Kernel
Hilbert Space (RKHS) [13]. The embedding relies on the
kernel function that satisfies the Mercer’s conditions. We
investigate and compare three geodesic distances on Tensor
manifold, namely Affine Invariant Riemannian Metric
(AIRM), Log-Euclidean Riemann Metric (LERM) and
Cholesky distance to induce symmetric and positive definite
kernel matrix. Due to the regionalized nature of GRCM
descriptors, which was shown positive to alleviate the
occlusion problem in face recognition [1], we devise two
strategies to jointly combine multiple GRCMs for our
Tensor kernel CRC. In a nutshell, the contribution of this
paper is three-fold: (1) we link GRCM and CRC with a
kernel method; (2) we compare the three geodesic distances
on Tensor manifold for kernel construction and note that
Cholesky distance is the best in terms of the performance
and time complexity. (3) We propose two strategies to cater
multiple regionalized GRCMs in Tensor KCRC for
classification.

Here, we highlight that RKHS embedding for Tensor
manifold data using AIRM and LERM were studied in
[13][14] very recently but the exploration on bridging the
GRCM and CRC as well as using Cholesky distance for
kernel is absent.
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2. Preliminary

This section gives a brief account for GRCM and CRC. We
refer the readers to [1], [5] and [10] for greater details
regarding these techniques.

2.1 Gabor-based Region Covariance Matrix (GRCM)

Given a gray-scale face image with size & x w, thus total
number of pixels, p=hAw. By applying d number of image
descriptors or extractors on the image, a three dimensional
array, say FER/~xd can be formed. F is then reshaped to a
matrix, Z = {z,€R?|i=1,...,p}. The covariance matrix, C can
be computed as a dxd dimension matrix as follows:

C=2 3 (z—wz—w (1)
where u is the mean of z;

Gabor kernel is the product of elliptical Gaussian and a

complex plane wave, defined as [15]:

, el )
W, (0 = Tsll e a2 (ethunt — =0%/2)  (2)
such that # and v are the scale and orientation of the Gabor
kernel. The wave vector k., is defined as k,,,, = ke, e
where k,= k... / f, and @, = mu/8.

In this paper we opt vE€ {0, ... ,4} andu€ {0 ,.., 7},
and hence 8x5 = 40 Gabor feature matrices can be sought
by convoluting the face image and Gabor kernels as depicted
in eq. (2). Together with the pixels location x and y, we
obtain FeR~wx42. A Gabor-based covariance matrix,
GeR*2X42 is then computed according to eq. (1). In order to
increase the robustness toward occlusion, each face image is
segmented into 5 different parts — whole face, left, right, half
up and half bottom, and thus correspond to five Gabor-based
covariance matrices {Gk € R42X42|k: 1,...,5}, which

collectively named as Gabor-based region covariance matrix
(GRCM).

2.2 GRCM on Tensor Manifold

Tensor manifold is a special type differentiable manifold that
accommodates symmetric positive definite (SPD) matrix.
Formally, differentiable manifold, M is a topological space
that is locally resembles Euclidean space and has a globally
defined differential structure. M allows for defining tangent
vectors and tangent spaces and have a metric on the tangent
space that allows measurements of distances, angles, etc.
Geometrically, GRCM, a type of SPD matrix can be
perceived as a point on Tensor manifold, GEM . The
geodesic distance between two points on M is defined as the
length of the shortest curve connecting the two points.

To measure the distance between any two single
GRCMs, G; € Mand G; € M, there are several geodesic
distances available [5][16]. Here, we opt for three instances
as follows:

1. Affine Invariant Riemannian  Metric ~ (AIRM)
pa(G; ,G; ) Z\/ L, n20(G; , G ) 3)

where A; are the eigenvalues that can be solved through
NG w; =Gy u,i=1,...d

2. Log-Euclidean Riemann Metric (LERM)

pL(Gi » Gj ) = || Log(G; ) — Log(G; ) |Ir “)
where Log(+) is the matrix logarithm. LERM is closely
related to AIRM and it is also a true geodesic distance.

3. Cholesky distance (CHOL)

Pc(Gi 'Gj ) = ||L; — L [lF ©)
CHOL is a re-parameterization measure that decomposes the
matrices as G; = L;LT and G = LjL]T-. CHOL is not a true
geodesic distance but it does maintain positive definite
property

2.3 Collaborative Representation-based Classifier (CRC)

Suppose a training dataset X with ¢ number of classes
having m samples in each class. Let X = [X|,...,X.] and
X; = [Xi1, 0 Xim,| ER™ where i=l,...c, p is the
dimension of image vector and N = ){_; m; is the total
number of samples in the data set. A test sample y € RP can
be coded by the following /,-minimization problem.
a = argmin, |ly — Xall3 + Allall (6)
The recognition is made in according to the class with
minimum reconstruction error:
identity(y) = argmin; {lly — X;8; @|Il/I16; @I}  (7)
i is the label associate with i class and &;(@) is the
coefficient vector of X that related to class i.

3. Kernel Collaborative representation-based
Classifier on Tensor Manifold

Kernel leaning methods have been widely studied and
proved versatile in machine learning and computer vision to
explore non-linear structure of data. The key idea of kernel
methods is to map the input data to a high dimensional
feature space to harness a richer representation of the data
distribution.

This idea can be generalized to differentiable manifolds
such as Tensor manifold [13], Grassmann manifold [17] etc
as follows: Each point xe M on manifold is mapped to a

feature vector @(x) in a Hilbert space. A kernel function £ :

(MxM) - Ris used to define the inner product on Hilbert
space, thus forming a Reproducing Kernel Hilbert Space
(RKHS). According to Mercer’s theorem, however, only
positive definite and symmetric kernels delineate valid
RKHS.

For GRCM on Tensor manifold, a positive definite and
symmetric kernel function can be induced through [13]:

k(Gian) = exp(—y_lp(G,-,Gj)z) (®
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Fig. 1: Joint Tensor kernel Collaborative Representation Classification based on strategy 2

where G;,G;GEM , y >0 and p(,) is a distance measure
defined in eq. (3) (4) or (5). In [13], the LERM and CHOL
were proved to generate positive definite Gaussian Kernels
while AIRM is regarded as a pseudo-kernel due to its
defiance to satisfy the Mercer’s condition [14]. However, the
experimental result shows AIRM can be nevertheless useful.

By and large, a major advantage of being able to
compute positive definite kernels on the Tensor Manifold is
that it permits to utilize the vector-based classifiers, while
still accounting for the geometry of manifolds.

We now show the use of CRC for GRCM classification

on Tensor manifold via kernel method. By applying the
mapping function into GRCM for CRC with eq. (6), we
have:
a = argmin, [1$(G,) — ¢(G)all3 + Allall3 ©)
where G=[G'},...,G'.JEM and G'; = [Gi‘l, ...,G,-,mi]EM are
the training set with ¢ classes and having m samples in each
class and N = Y;{_; m; total training samples while G, EM is
a testing sample.

Unfortunately, eq. (9) cannot be solved directly due to
the unknown mapping function ¢(-). As suggested by [12],
the optimization problem in eq. (9) can be solved by
resorting to kernel based dimensionality reduction methods,
such as kernel principle component analysis (KPCA) [18].
¢(G,) = d(G)ais the L-norm regularized solution to Eq.
(9). Since kernel feature space F € R? tends to be high and
even infinity in dimension, we take a projection matrix,
P=[py, ....p,] € R?" where ¢>>r and project the sample
points in F into a lower dimension subspace with dimension
r.

In KPCA, projection vector p; is the linear combination
of samples in F such that
pi= $(GB; (10)
where each B; ERN,i=1,..,r (r < N) is a normalized
eigenvector corresponds to the first » largest non-zero
eigenvalues. Denote B = [B; ... ;] € R™¥ | then eq. (10)
can be expressed as P = ¢(§)B. With similar algebraic
manipulation as shown in [12], we have:

BTk(,,G,) = B"Ka (11)
where K is a kernel gram matrix with the elements k; =
k(G,-,Gj) as defined in eq. () and

k(,G.) = [k(Gy,Gy), ..., k(Gy, G,)]. Note that eq. (11) is a
typical generalized eigenvalues problem and can be solved
easily. Hence, Eq. (9) can be rewritten as:

a = argmin, ||BTk(, G.) — BTKa||? + 1|la|3 (12)
and can be solved analytically as follows [10]:
a=(B"K)T(B'K)+ AD"'-(B'K)(BTk(,G,)) (13)
The residue of test image is then computed as:
r, = IBTkC, G,) — (BTK)8,@)l,/ 116, @I, (14)

is determined using identity(G;) =

Identity of G,
argmin; 1;(G,) .

4. MULTIPLE REGIONALIZED GRCM

Since five GRCMs, {G'€ M |k=1,...,5} are used to
represent a face image, we propose two strategies to joinly
combine five GRCMs for Tensor KCRC. First strategy is by
fusing the distance measures that described in eq. (3), (4) or
(5) in equal weights manner as follows [1]:

5
D(Gl,6) =) p(Gh Gl ) (19
eq.(8) is then used to induce kernel value for subsequent
computation. Second strategy, which was inspired by [19],
combines five coefficient vectors into a single Super
Collaborative Coefficient Vector (S-CCV), as shown in
Figure 1. S-CCV is computed as 8 = Y5_, @, where & is the
index of GRCM. Let the § of G, denoted as S.(i,j) where
i €[1,c], ¢ is the number of classes and j € [1, mj],mj is
the number of images per class. A function is defined as:
wi(Ge) = 277, 8:(0.)) /my (16)
which returns the normalized summation of /, coefficients
within the same class. Then the identity is assigned by
identity(G,) = argmax; w;(G;).

— maxy (p(G{‘, G]’-‘

5. EXPERIMENTS AND DISCUSSION

The experiments are conducted on two face databases:
AT&T([20] and FERET[21]. We use the full set of data in
AT&T, ie. 40 subjects and 10 samples of each subject, and
randomly select 292 subjects with 11 samples per subject for
FERET. Regularized parameter A (eq.(13)) is set as 1le™*
and =N, number of training images (eq.(10)). The
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parameters of Gabor kernel are set as k,,,, = /2, f, = V2 and
6 =2n [15]. AT&T images are convoluted with size 21 X 21
Gabor kernel while 25 X 25 size of Gabor kernel is used for
FERET. We use y = 100 and y = 10 for Strategy 1 and
Strategy 2, respectively (eq. (8)). Both databases are
partitioned into 2 distinct sets: training and testing set.
Training image is randomly selected from size of 1 to 5 and
multiple-fold cross-validation is performed and the average
of correct recognition rate (CRR) is taken. Total
computation time is also recorded.

The proposed methods are compared with vector-based
CRC [10] and KCRC [12]. We follow the exact account
given in [10] and [12], respectively. However, the best
parameters are chosen based on the AT&T and FERET
databases adopted in this paper. We also include a kernel
that based on Frobenius distance (FROB), pF(Gi , G; ) =
[IG; — G; ||r for comparison. Note that this kernel is not
catered for Tensor manifold, instead assume that the GRCM
resides on Euclidean space.

Number of training samples

AT&T 1 2 3 4 5
CRCJ10] 64.66 78.75 8731 91.76 94.01
KCRC[12]. 74.25 86.19 91.12 93.87 95.44
Strategy 1
FROB 69.13 83.25 89.72 93.15 95.11
CHOL 83.27 92.52 96.24 98.02 98.09
AIRM 84.57 93.13 96.36 97.90 98.52
LERM 84.75 93.12 96.21 97.72 98.48
Strategy 2
FROB 69.22 82.25 88.94 92.67 95.00
CHOL 85.19 93.09 96.35 97.93 98.40
AIRM 85.61 93.26 96.38 97.71 98.64
LERM 84.72 92.93 96.00 97.60 98.40
FERET 1 2 3 4 5
CRC[10] 39.37 61.99 74.74 82.15 87.17
KCRCJ12]. 45.00 63.34 73.43 79.99 84.55
Strategy 1
FROB 65.23 79.23 96.06 89.94 92.43
CHOL 76.46 88.18 92.88 95.24 96.62
AIRM 77.26 88.18 92.69 95.00 96.39
LERM 79.01 90.03 93.86 96.43 97.22
Strategy 2
FROB 63.97 78.65 85.58 89.55 92.21
CHOL 79.15 90.28 94.30 96.26 97.39
AIRM 78.49 89.36 93.35 95.55 96.80
LERM 78.40 90.40 93.80 96.30 97.00

Table 1: CRR (%) for AT&T and FERRET

From Table 1, we observe that Tensor KCRC
outperform consistently vector-based CRC and KCRC. This
is especially glaring when small training size is used. The
increment of the training samples improve the overall CRR
as anticipated. This could be attributed to the use of GRCM
descriptor and its dedicated classifier using Tensor KCRC. It
is interesting to notice that the performance of FROB is
inferior compare with that of geodesic distances explicit for
Tensor manifold. This attests GRCM does not reside on
Euclidean space.

We also observe that different geodesic distances on
Tensor manifold do not bring significant impact to Tensor
KCRC. LERM performs slightly better than that of CHOL

and AIRM with less than 1% difference. As noted in section
2.2 and section 3 in which CHOL is not a true geodesic
distance [13] while AIRM is a pseudo-kernel [14], they do
perform well in Tensor KCRC nevertheless. In addition,
despite [13] favors LERM for Tensor manifold kernel
learning, it is impractical due to prohibitively high
computational cost spent on logarithm matrix calculation, as
shown in Fig. 2. Among the three geodesic distances
considered in this paper, CHOL stands out to be the best
candidate for Tensor kernel CRC in terms of accuracy
performance and computation time, thanks to its efficient
Cholesky decomposition algorithm.

Strategy 2, however has better CRR than strategy 1 in
general with a few exception cases. Strategy 1 was devised
based on the intuitive to discard the distance in eq. (15) that
corresponded to the most unreliable region due to occlusion,
illumination variation etc. This may affect classification
ability of KCRC as CRC works jointly across face regions to
identify an individual. On the other hand, Strategy 2 allows
KCRC to collaboratively represent each face region, and
thus face region that corrupted simply reduce its contribution
to S-CCV.

Computation time for different methods

00 768.76 768.31

IS+ TOHD
1S+ WV
TS+ TOHD
T8+ WV
TS + WH'T
S+ dodd

z oz

Fig. 2: Computation time(s) on AT&T database with 3
training image

6. CONCLUSION

In this paper, we bridge the gap between GRCM descriptor
and the vector-based CRC using Tensor kernel method for
face recognition. We also proposed two strategies to handle
different regions of faces and combining coefficient vectors
of Tensor Kernel CRC. We showed that the proposed
method outperformed the conventional vector-based CRC
and KCRC significantly on two benchmark datasets. For
future works, we shall investigate into more geodesic
distances on Tensor manifold towards better discriminant
applications.
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