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ABSTRACT 
This paper presents a novel marker encoded fringe 
projection profilometry (FPP) scheme for efficient 3-
dimensional (3D) model reconstruction. Traditional FPP 
schemes often have large error when reconstructing 3D 
model of objects with abruptly changing height profile. In 
the proposed scheme, markers are encoded in the projected 
fringe pattern to resolve the ambiguities in the fringe images 
due to that problem. Using the analytic complex wavelet, 
the marker cue information can be extracted from the fringe 
image, and is used to restore the order of the fringes. A 
series of simulations and experiments have been carried out 
to verify the proposed scheme. Experimental results show 
that the proposed method can accurately reconstruct the 3D 
model of objects with abruptly changing height profile. It is 
superior to the traditional FPP methods and facilitates real 
time 3D measurement for color object using only a single 
fringe image. 

Index Terms— Fringe projection profilometry, 3D 
model reconstruction. 
 

1. INTRODUCTION 
Due to the relatively low cost and high efficiency, 

structured light systems (SLS) are popularly used nowadays 
in applications that require the reconstruction of the 3-
dimensional (3D) model of objects. In such systems, light 
patterns are projected onto the target object and the 3D 
model of the object can be reconstructed based on the 
displacement of the patterns as shown on the object surface. 
One of the popular approaches is the fringe projection 
profilometry (FPP). For FPP, the deformed fringe pattern as 
shown on the object surface can be mathematically modeled 
as follows: 

( , ) ( , ) ( , )cos ( )yg x y a x y b x y xϕ⎡ ⎤= + ⎣ ⎦  (1) 
where 0( ) 2 ( )y yx f x xϕ π φ= + ; ),( yxa  is the bias caused by 
the surface illumination of the object in x  and y  directions; 

),( yxb  and 0f  are the local amplitude and the carrier 
frequency of the fringe pattern, respectively. In (1), ( )y xφ is 
an important parameter that has a direct relationship with 
the object height. If ( )y xφ  is known, the 3D model of the 
object can be readily reconstructed. 

To extract ( )y xφ  from the fringe image g(x,y), two 
classes of approaches are commonly employed: temporal 
phase shifting [1-6] and frequency multiplexing [7-11].  The 
phase shifting approaches use several shifted fringe patterns 
to cancel out the effects of the ambient light and reflection 
of the background before reconstructing the 3D model of the 
object. Such approaches are also called the phase shifted 
profilometry (PSP). While PSP can give good performance, 
problem arises if the target object is moving during the 
reconstruction process. Indeed any slight movement of the 
object during the process can lead to disastrous effect to the 
reconstructed 3D model. In contrast, the frequency 
multiplexing approaches can isolate the phase information 
in the frequency domain using only a single fringe pattern. 
Examples of such approaches include Fourier transform 
profilometry (FTP) [7], wavelet transform profilometry [12-
13], FTP using the dual tree complex wavelet transform 
(DTCWT) [11], and FTP with color code[14-15].  

However for a typical fringe analysis process using 
either class of approaches, the desired φ  often cannot be 
obtained. Due to the ambiguity in (1) that the cosine 
function will give the same value for all phase angles ϕ 
separated by a multiple of 2π , current fringe analysis 
processes can only give the wrapped phase ϕ̂  with value 
limited from -π to π, where, 

ˆ( ) ( ) ( )2y y yx x k xϕ ϕ π= +  (2) 
In (2), ( )yk x  is the so-called phase order that determines the 
number of 2π jumps required to unwrap the wrapped phase. 
Assuming that all wrapped phase information is available 
and there is no phase jump in ϕ (i.e. phase change larger 
than 2π), the desired phase ϕ can be recovered using 
different phase unwrapping methods (e.g. [16]). They 
indeed have been a de facto procedure in existing FPP 
systems. However, it is noticed that when working in 
practical environments, the acquired fringe images often 
have phase jumps (caused by sharp changes in object 
height) or some of the wrapped phase information is missing 
(caused by noise or other artifacts in the fringe image). Most 
phase unwrapping algorithms fail in this case to produce 
satisfactory result. 

In this paper, we propose a new marker coding and 
detection algorithm. First, we embed markers that indicate 
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the sequence number of each cosine period into the fringe 
pattern and project the fringe pattern onto an object. A 
snapshot of the fringe pattern with markers is shown in 
Fig.2. Second, the fringe image is captured and, using the 
Dual Tree Complex Wavelet Transform (DTCWT)[17], the 
markers are detected and extracted from the fringe image. 
Finally the phase order is estimated from the detected 
markers and is applied to the phase unwrapping process to 
obtain the absolute phase information. We can then make 
use of the phase information to reconstruct the 3D model of 
the object. A series of simulations and experiments using 
real objects are carried out to evaluate the proposed 
algorithm. For simple objects, the proposed algorithm can 
reconstruct 3D model with a similar quality as the 
traditional methods but at a much higher speed. It is due to 
the simplified phase unwrapping process resulted from the 
introduction of markers in the fringe pattern. For objects that 
have sharp changes in height, the proposed algorithm can 
accurately reconstruct the object height while the traditional 
approaches will fail since they use the conventional phase 
unwrapping methods. 

2. PROPOSED MARKER CODING SCHEME 
As mentioned in Section I, the process of FPP is to 

estimate the phase information φ from a fringe image g as 
defined in (1). Based on φ, the 3D model of the object can 
be readily reconstructed. To obtain φ, it is shown in (1) that 
we need to obtain ϕ first. However traditional fringe 
analysis processes only return the wrapped phase ϕ̂  with 
value lies on ],( ππ− . The method for retrieving ϕ  from ϕ̂  
has been well studied [18]. Many existing solutions for 
phase unwrapping are based on Itoh’s analysis [21], which 
indicates that the desired phase ϕ  can be recovered by 
integrating the wrapped phase differences. When applying 
to FPP, the unwrapping process can be written as follows:  

1
ˆ ˆ( ) (0) ( )m

y y yx
n xϕ ϕ ϕ

=
= + Δ∑  (3) 

where ( )y nϕ  is the estimated absolute phase at position n,  
ˆ ˆ ˆ( ) ( ) ( 1)y y yx x xϕ ϕ ϕΔ = − −  and ˆ ( )y xπ ϕ π− < Δ ≤ . However, 

(3) is valid only if ˆ ( )y xϕΔ  for all x is available. If for a 
particular point x’ such that ˆ ( ')y xϕΔ  is missing or obtained 

with error, the unwrapped ( )y xϕ will have error for all x ≥ x’. 
Such situation is common in typical FPP setup.  

In fact even if some of the ˆ ( )y xϕ  are missing, we would 
still be able to retrieve ( )y xϕ from the remaining ˆ ( )y xϕ  by 
using (2) if the phase order ( )yk x is known. In the proposed 
algorithm, markers are embedded into the projected fringe 
pattern in order to facilitate the estimation of the phase order 
from the fringe image. Given ( ) ( , )yg x g x y≡  for a specific 
y, the fringe image with marker embedded is defined as  

( ) ( ) ( )y y yp x g x m x= +  (4) 
where ( )ym x  is the marker sequence embedded into the 
fringe image. An example is shown in Fig.1. In the figure, 
the original sinusoidal fringe pattern (solid line) is added 
with impulses (dotted line) at different x. These impulses are 
the markers ( )ym x  and their positions with respect to the 
sinusoidal function indicate the sequence number of each 
sinusoidal period. Assume that every sinusoidal period has a 
size of To pixels, where To = 36 in our experiment. Assume 
also that every marker has a size of Tm pixels, where Tm = 4 
in our experiment. Then we can have at most /m o mN T T=  
unique markers, assumed that To is an integer multiple of 
Tm. In our experiment, 9 unique markers are inserted into 
every 9 sinusoidal periods respectively. It means that the 
proposed encoding scheme can resolve the ambiguity due to 
the missing of at most 8 sinusoidal periods. To improve the 
performance in detection, particularly when the fringe image 
is noisy, the distance between any two neighboring markers 
should be maximized. More specifically, the marker 
sequence ( )ym x  is constructed using the following method. 
Assume that initially ( ) 0ym x =  for all x, and Nm is an odd 
number. Then,  

( )
( )

( ')  ( ') ( ')   

mod ,
              if  mod , 0

2 / 1

y y

o
o

m m

m x x m x x f x

x x T
x T

N N

+ ⇐ + +

⎛ ⎞⎛ ⎞−
− =⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟+⎝ ⎠⎝ ⎠

 
(5) 

for all x. In (5), f is the marker function, which is indeed 
the differentiation of a delta function. The index 

{ }' 0,1, , 1mx T∈ −" . The resulting marker encoded fringe 
pattern can be seen as in Fig. 2. In the figure, the thick black 
and white columns are the sinusoidal fringe pattern. The 
sharp black and white lines are the markers added to the 
fringe pattern. It should be noted that the positions of the 
markers with respect to the sinusoidal function are different. 
For every nine sinusoidal periods, markers are added, based 
on (5), at phase angles  { }0,5 ,1 ,6 ,2 ,7 ,3 ,8 ,4θ θ θ θ θ θ θ θ , 

 
Fig. 2.  A fringe pattern with markers located at different positions 
of different periods. 

 
Fig. 1.  The original sinusoidal fringe pattern and the marker 
codes (top). Marker encoded fringe pattern with eight periods and 
eight markers placed at different phase angles of each period 
(bottom). 
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respectively, where 2 / 9θ π= . It is seen that for any 2 
neighboring markers, they are separated by at least 4θ. 
Maximizing the distance of neighboring markers is 
important to the later marker detection process. 

3. PROPOSED PHASE ORDER DETECTION 
ALGORITHM 

The proposed marker detection algorithm is depicted as 
in Fig.3. In this paper, we focus on the Period Order 
Estimation block, which is responsible for detecting the 
markers from the fringe image and using them in the 
estimation of the phase order. Following the approach in 
[19], the DTCWT is used for removing the bias in the fringe 
image. At the same time, the 1st and 2nd level DTCWT 
coefficients that contain the marker information are fed to 
the Period Order Estimation block. The marker cue 
information Q is then obtained based on the DTCWT 
coefficients using the following formulation: 

o o o o

2

{45 , 75 , 105 , 135 }

| ( , ) |j
j

j i m

Q d j m
β

α
= =

⎛ ⎞⎡ ⎤⎜ ⎟= Γ ⎢ ⎥
⎜ ⎟⎢ ⎥⎣ ⎦⎝ ⎠

∑ ∑  (6) 

where ( , )d j m is the magnitude of the complex wavelet 
coefficients at level j and orientation subband m; parameter 
α and β are used to control the contribution of wavelet 
coefficients to the marker cue function; and ( )jΓ ⋅ is the 
interpolation function (e.g., bilinear interpolation) applied to 
the accumulation results of each level such that they have 
the same size as the original fringe image. Note that only 
some of the subbands are selected in the accumulation 
process since not all subbands contain significant marker 
information. Due to the shift invariance property of the 
DTCWT, the markers, which are indeed the discontinuities 
in the fringe image, will generate strong wavelet coefficients 
at the corresponding positions in the transform domain. 
Hence basically the positions of the maxima in Q are the 
positions of the markers in the fringe image. However, due 
to noise and other artifacts of the fringe image, many of the 
maxima of Q are not due to the markers. To remove the 
outlier, we use a 2-D rectangular mask centered at every 
maximum of Q and compute the variance σ of all 

coefficients of Q covered by this mask. Then a maximum is 
considered as introducing by a marker if the corresponding 
variance σ is greater than a threshold. A marker map is thus 
generated that indicates the position of the markers in the 
fringe image. Fig. 4 shows an example of the marker map 
(red lines or dots). It is seen that in Fig. 4a that the marker 
map using directly the maxima in Q has a lot of outliers. 
After the refinement process as mentioned above, a more 
accurate marker map can be obtained as shown in Fig. 4b.    

We then make use of the detected markers to assist the 
phase unwrapping process. First, the flood fill algorithm 
[16] is used to find the regions in the fringe image in which 
the phase difference is bounded by 2π, i.e. in our case, one 
sinusoidal period. Let jR be such region and j is the region 
index. Note that within the region Rj, there should be no 
phase wrapping hence it has the same phase order number 
kj. As mentioned above,  { }1j mk N∈ …  which means that 
there can only be Nm possible values for k. An exhaustive 
search is thus carried out to determine kj based on the 
markers detected in the region Rj as follows: 

 ( ) ( )( )1min j
j y m refi yj

k x i
N

ϕ ϕ= −∑  (7) 

In (7),  ( )j
y mxϕ  is the phase angle at position { },j

mx y  where 

a marker of this region Rj on row y is found. refϕ  are the Nm 
possible phase angles; and Nj is the total number of markers 
that can be detected in region Rj. (7) allows the estimation of 
the phase order k even when some of the markers are 
missing in a particular region, as can be seen in Fig. 4, due 
to sharp change in object height, noise or other artifacts in 
the fringe image, etc. Based on the phase order k, phase 
unwrapping can be easily achieved using (2). And the 3-D 
model of the object can be readily reconstructed. 

4. SIMULATIONS AND EXPERIMENT RESULTS 
 A series of simulation and experiments were performed 

to evaluate the accuracy and the computation efficiency of 
the proposal algorithm. The first simulation was performed 
by applying the proposed algorithm to a computer generated 
fringe image of a cone shape object, which serves as the 
ground truth to facilitate the evaluation process. Fig 5a and 
5b shows the cone shape object and the fringe image with 
markers respectively. To mimic the practical working 
environment, white Gaussian noise with noise variance σ= 
1.0 is added to the fringe image. The simulation was 

Fig. 3.  Proposed Algorithm with DTCWT composition 
  

  
(a)                                        (b) 

Fig. 4.  Marker detection using the maxima of the complex 
wavelet coefficients only (a) and after refinement (b) 

 
                           (a)                                     (b) 
Fig. 5. The object used in simulation, (a) A 3D cone (ground 
truth), (b) The deformed fringe image with markers added 
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realized by MATLAB and executed with a PC running at 
3.4 GHz. The test fringe image has a resolution of 
2048×2048. We compare the proposed algorithm with a 
traditional approach, the Window Fourier Filtering (WFF) 
method [20] with the Goldstein phase unwrapping algorithm 
[16] implemented also by MATLAB. Table 1 shows the 
comparison results in terms of execution speed and SNR. As 
shown in the table, the proposed algorithm is faster by 
approximately 10 times than the WFF+Goldstein method 
with similar, if not better, SNR. The result shows that for 
normal objects (without sharp change in height), the 
proposed algorithm can reduce the computational 
complexity while achieving a similar quality. It is due to the 
new marker map which greatly simplifies the phase 
unwrapping process. 

To understand the actual performance of the proposed 
algorithm in practical applications, we implemented the 
proposed algorithm with an FPP hardware setup, which 
contains a DLP projector and a digital SLR camera (Canon 
D400). The camera has a 22.2 x 14.8mm CMOS sensor and 
a 17-50mm lens. It is connected to a conventional computer 
with a 3.4GHz CPU and 16GB RAM for image processing. 
The contrast ratio of the projector is 2000:1 and it can give a 
light output of 3300ANSI lumens. Both devices are placed 
700mm – 1200mm from the target object.  

 In our experiment, a marker encoded fringe pattern with 
resolution of 1024×1280 is generated and projected onto the 
target objects including a paper plane, boxes and a book 
(Fig. 6a and 6b). The fringe pattern consists of 40 sinusoids 
in x-direction; each has a length of 36 pixels. A marker is 
embedded to each sinusoid with 4 pixels width. There are 9 
unique markers and repeated in every 9 sinusoids. We 
compare the proposed algorithm with the conventional 
unwrapping method, the Goldstein algorithm [16], 
particularly in the situation that there are phase jumps in the 
fringe image. As shown in Fig. 6a and 6b, we use objects 
with sharp change in height (two small boxes in Fig. 6a and 
the book in Fig. 6b). These objects will introduce phase 
jumps in the fringe image. The comparison results are 
depicted in Fig. 6e to Fig. 6h. While the paper plane is 
correctly reconstructed using both approaches, the 
conventional method incorrectly reconstructs the boxes and 
the book. The proposed method does not suffer from the 
same problem because the phase order information is 
obtained from the detected marker map. 

 
5. CONCLUSION 

This paper proposed a new Fringe Projection 
Profilometry (FPP) scheme using a novel marker encoded 
fringe pattern for phase order estimation. The markers are 
indeed impulses embedded in the fringe pattern which can 
be extracted using the wavelet transform. With the markers, 
the phase order information can be estimated accurately and 
parsimoniously. Our simulation results show that the 
proposed algorithm can simplify the phase unwrapping 
process. Besides, the proposed algorithm can recover the 
height information correctly for objects with sharp change in 
height. 
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(a) (b) 

                
(c)  (d) 

 
(e) (f) 

 
   (g) (h) 
Fig. 6. Comparison of the proposed algorithm and the traditional 
phase unwrapping method. (a)-(b) Texture images; (c)-(d) fringe 
images; (e)-(f) results of the proposed algorithm; and (g)-(h) 
results of the traditional Goldstein method.  

Table 1. Simulation results comparing with WFF+Goldstein in 
terms of execution time and SNR 

Methods window size Time (sec) SNR (db) 

WFF+Goldstein 8  59.197      31.247 
WFF+Goldstein 16  61.398      31.803 
WFF+Goldstein 32  77.426      31.881 
WFF+Goldstein 64  77.714      22.123 
Proposed algorithm -    5.644      32.175 
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