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ABSTRACT

The approximation of linear time-invariant (LTI) systems by sam-
pling series is an important topic in signal processing. However, the
convergence of the approximation process is not guaranteed. In this
paper we prove that for every sampling pattern that is a complete in-
terpolating sequence there exists a universal stable LTI system such
that for every oversampling factor there exists a bandlimited input
signal such that the approximation process, which is used to approxi-
mate the output signal of the LTI system, diverges. This result shows
a fundamental limit for the digital sampling-based implementation
of systems.

Index Terms— bandlimited signal, linear time-invariant system,
complete interpolating sequence, approximation, divergence

1. INTRODUCTION

Sampling theory plays a fundamental role in modern signal and in-
formation processing, because it is the basis for today’s digital world.
In his seminal work [1] Shannon started this theory. The reconstruc-
tion of bandlimited signals from their samples is also widely used
in other applications and theoretical concepts [2, 3, 4, 5]. For an
overview of existing sampling theorems see for example [2, 6], and
(71.

Although the sampling theorems are very important on their
own, they do not reflect the actual purpose of signal processing. The
core task of signal processing is to process data. This means that,
usually, the interest is not in a reconstruction of the sampled sig-
nal itself, but in some processed version of it. This might be the
derivative, the Hilbert transform or the output of any other stable
linear system 7'. In the general case the goal is to approximate the
desired transform 7'f of a signal f by an approximation process,
which uses only finitely many, not necessarily equidistant, samples
of the signal f. Exactly as in the case of signal reconstruction, the
convergence and approximation behavior is important for practical
applications [8].

In this paper we analyze system approximation processes of the
form
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for signals f in PWL, i.e., the space of bandlimited signals with ab-
solutely integrable Fourier transform. {¢x } <z denotes the sequence
of sampling points. For the special case of equidistant sampling, (1)

reduces to
a Z (ka‘)h (t ka>7
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where @ > 1 denotes the oversampling factor and hr is the im-
pulse response of the system 7. It has already been shown that the
Hilbert transform is a universal system for which there exists for ev-
ery amount of oversampling a signal such that the peak value of (2)
diverges [9]. Here we analyze whether the additional degree of free-
dom that is introduced by the non-equidistant sampling can be used
to circumvent this divergence.

In [10] it was conjectured that (1) is not always stable, i.e, that
there exist stable LTI systems 7" and bandlimited signals f such that
(1) diverges, regardless of oversampling. Our result in Section 4
proves this conjecture.

2. NOTATION

Let f denote the Fourier transform of a function f, where f is to be
understood in the distributional sense. LP(R), 1 < p < oo, is the
space of all to the pth power Lebesgue integrable functions on R,
with the usual norm || - ||, and L*°(R) the space of all functions for
which the essential supremum norm || - || is finite. C[a, b] denotes
the space of all continuous functions on [a, b]. Further, I?, 1 < p <
00, is the space of all sequences that are summable to the pth power.

For —00 < 01 < 02 < coand 1 < p < oo we denote
by PW? the Paley—Wiener space of functions f with a rep-

[o1,02] ;
resentation f(z) = 1/(27) fjl g(w)e*” dw, z € C, for some
g € LP[o1,02]. The norm for P)/VZ[;1 o]’ 1 < p < oo, is given
by [fllpwe = (1/(27) S22 @)IP dw)'/P. For PWP_ .,
0 < o < oo, we use the abbreviation PWZ.

We briefly review some definitions and facts about stable linear
time-invariant (LTI) systems. A linear system 7" : PW% — PW?E,
1 < p < o0, is called stable if the operator 1" is bounded, i.e., if

T = SuPHfHPWpSIHTfHPWfr < oo. Furthermore, it is called
time-invariant if (T}r‘( - —a))(t) = (Tf)(t—a)forall f € PWE
and t, a € R. For every stable LTI system T : PWL — PW?L there
exists exactly one function hy € L°°[—m, ] such that

(TH) () = —

=5 fwhr(w)e™ dw, teR,
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for all f € PWL. Conversely, every function hr € L°[—n, ]
defines a stable LTI system T : PWL — PWZ. The operator norm
of a stable LTI system 7" is given by ||T'|| = ||i|| Loo[—x,~]- Note that

hr € L®[—m, 7] C L?[—n, ], and consequently by € PW?2.



3. BASICS OF NON-EQUIDISTANT SAMPLING

In classical non-equidistant sampling, the goal is to reconstruct a
bandlimited signal f from its non-equidistant samples { f (tx) }rez,
where {1 }rcz is the sequence of sampling points. One possibility
to do the reconstruction is to use the sampling series
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where the ¢, k € Z, are certain reconstruction functions, to be
specified later.

In this paper we consider sampling point sequences {¢x } kez that
are real and a complete interpolating sequence for PWW=.

Definition 1. We say that {¢j }rez is a complete interpolating se-
quence for PW?2 if the interpolation problem f(t) = cx, k € Z,
has exactly one solution f € PW?2 for every sequence {c }rez €
2.

We further assume that the sequence of sampling points {¢x }rez
is ordered strictly increasingly, and, without loss of generality, we
assume that to = 0. Then, it follows that the product

¢(z) =z lim

N — oo
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converges uniformly on |z| < R for all R < oo, and ¢ is an entire
function of exponential type 7 [11]. It can be seen from (5) that
¢, which is often called generating function, has the zeros {tx }kez.
Moreover, it follows that

Bult) = o ‘f“) ®)
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is the unique function in PW?2 that solves the interpolation problem
@r(t1) = Ok, where 9y = 1if k = [, and dx; = 0 otherwise.

Remark 1. Equidistant sampling with t, = k, k € Z, is a special
case of the more general non-equidistant setting that is considered in
this paper. For equidistant sampling we have ¢ (¢) = sinc(t — k),
k € Z, and (4) reduces to the ordinary Shannon sampling series.

We also need the concept of a Riesz basis.

Definition 2. A system of vectors {¢x }rez in a separable Hilbert
space H is called Riesz basis if { ¢ } kez is complete in H, and there
exist positive constants A and B such that for all M, N € N and
arbitrary scalars c; we have

N
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It is well-known [12, p. 143] that the system {e™’*},cz is a
Riesz basis for L?[—, 7] if and only if {¢ } xez is a complete inter-
polating sequence for PW?2. From this fact it follows immediately
that {¢x } ez, as defined in (6), is a Riesz basis for PW?2 if {ts, }rez
is a complete interpolating sequence for PW2.
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4. NO-GO RESULT FOR SAMPLING-BASED SIGNAL
APPROXIMATION

Next, we treat the system approximation problem and analyze sys-
tem approximation process (1).

Theorem 1. Let {tk} ez C R be an ordered complete interpolating
sequence for PW?2, ¢, as defined in (6), and t € R. Then there
exists a stable LTI system Ty : PWL — PWL such that for every
0 < 0 < T there exists a signal f. € PW. such that

limsup | > fo(te)(Tu) (t)| = oo ®)

N—oo k—_N

Theorem 1 shows that a sampling-based implementation of sta-
ble LTI systems is not always possible for the signal space PWL.
This result illustrates the limits of a general sampling-based tech-
nology.

It is interesting to note that the system 7% in Theorem 1 is uni-
versal in the sense that it does not depend on o, i.e., the amount of
oversampling. In other words, we can find a stable LTI system 7%
such that regardless of the oversampling factor 1 < o < oo there
exists a signal f. € PW: /o for which the system approximation
process diverges as in (8).

Theorem 1 is an abstract existence result, which states the exis-
tence of a stable LTI system 7 and a signal f.. However, we would
like to mention that, using a technique from [9], it is possible to ex-
plicitly construct a divergence creating system 7 and signal f.

Here we analyzed the behavior of the system approximation pro-
cess for fixed t € R. If instead the peak value is considered, it was
shown in [9] that, for the special case of equidistant sampling, the
Hilbert transform is a divergence creating system.

Remark 2. Since {¢x}rez is a Riesz basis for PW?2, it follows
that the projections of {¢x } xez onto PW?2 form a frame for PW?Z,
0 < o < 7 [13, p. 231]. However, even though the projections of
{¢ } ez onto PW2 form a frame for PW2,0 < o < T, we have
the divergence that was observed in Theorem 1.

The result of Theorem 1 is also true for bandpass signals. How-
ever, in this case the stable LTI system 7% is no longer universal
but depends on the actual frequency support of the signal space, as
shown by the next theorem.

Theorem 2. Let {t;}rez C R be an ordered complete interpolating
sequence for PW2, ¢y, as defined in (6), t € R, and 0 < 01 < 02 <
. Then there exist a stable LTI system Ty : PWL — PWL and a
signal f. € PW[I(,M,Z] such that

lim sup Z (i) (Ti i) (8)| = o0.

N —o0 ke — N

For the proofs of Theorems 1 and 2, we need two lemmas,
Lemma 1 and Lemma 4.

Lemma 1. Let {tk}kEZ C R be an ordered complete interpolating
sequence for PW?2 and ¢y, as defined in (6). Then there exists a
positive constant Cy such that for all w € [—7, 7| and all N € N
we have

1 us
max —
1<M<N 27
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dwl 2 Cl log(N) (9)




For the proof of Lemma 1 we need Lemmas 2 and 3 from
Szarek’s paper [14]. For completeness and convenience, we state
them next in a slightly simplified version, which is sufficient for our
purposes.

Lemma 2 (Szarek). Let f be a nonnegative measurable function,
C3 a positive constant, and n a natural number such that
L [Tz ar<c (10)
— n
2 J_ . =2
1 T 1/4

and o 7ﬂ(f(t))5/4 at>"

an

Then there exists a number o = (C2), 0 < a < 273 and a natural
number s such that

1
— fydt< =
21 Jfre(ommlif (0> 25 2
and 1 f(t) dt > sa.
2™ Jprelm ol aSp < pry<atny

Lemma 3 (Szarek). Let 0 < o < 272 and {F},}5_, be a sequence
of measurable functions. Further, define Fy, p := Fiyn — Fj. As-
sume that for all k,n satisfying 1 < k,nand1 < k+n < N there
exists a natural number s = s(k,n) such that

1

5 (Fn(0)] dt <

{tel—mal Py n(0)]> 25 } >

1
and  — |Fin (t)| dt > sa.

27 J frelomm): 4R <| By (D)< 250 )
Then there exists a positive constant C's = Cs(«) such that

|Fk( )| dt = Cs(@) log(N).

max
1<k<N 27
Now we are in the position to prove Lemma 1.

Proof of Lemma 1. Let {t;}rez C R be an arbitrary but fixed or-
dered complete interpolating sequence for PW?2 and ¢y, as defined
in (6). Further, let w € [—m, 7] be arbitrary but fixed. For w; €
[—m, m] consider the functions G (w1, w) = Zf:_k et gy (wr),
and

Grn(w1,w) := Grgn (w1, w) — Gr(wi,w)

= Z ei‘”t" él (wl).

k<|l|<k+n

We will show that |G n(w1,w)]| satisfies the conditions (10) and
(11) of Lemma 2. We have

1 s oo o
o |G (w1, w)]? dwr :/ z et gy(t)| dt
TS —m T k< |l|<k+n
<B Y 1=Bm, (12)

k<|l|<k+n

where we used the fact that {; }rez is a Riesz basis for PW2. Next,
we analyze the expression

1 T
o |G (w1, w)|” dwr =

d
2w w1

Z ezwtl (z)l wl
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for1 < p < 2. We set G, n(w1,w) = 0 for |wi| > 7 and consider
the Fourier transform

(FGrn(-,w / Gron(wi,w)e” ™1 duw.

We have (FGp,n(-,w))(t) = 2wgi,n(—t,w), where gi »(t,w) ==
> k<t <kin e ¢;(t). Let q be the conjugate of p, ie., 1/p +
1/q = 1, then the Hausdorff-Young inequality [15],[6, p. 19] shows
that there exists a constant Cy = Cy(p) such that

i " P (27")1771 /OO q ‘
o | lenorwPan = G ([ laaitar
13)

Note that the constant C4(p) is independent of w. We analyze the
integral on the right-hand side of (13). We have gi..(-,w) € BZ.
Since {ty }rez is a complete interpolating sequence for PW?2, we
have [16] infxez(tk+1 — tx) > 0, and it is known [17, p. 101] that
there exists a positive constant Cs (¢) that is independent of k, n, and
w such that

1 1

[e'e} E q

(/ \gk,nu,mwdt) > Cilg (me, ) .
e l=—o0

Since 3572 [gr,n (t1,w)|T = 3oy jyj<nik 1 = 21, we obtain

(/jolgk,n(t,w)lq dt)é > Cs(q)(2n) 7. (14)

Combining (13) and (14) gives

L o dun > C @)
271_ _W|Gk1n( 1, )| d 12 ( (p))p (2 )

and for p = 5/4 we obtain

@N

ni.  (15)

Choosing C> = max {232, (04(3))%/((4@%(05(5))%)} , we
see from (12) and (15) that the function |G, (w1, w)| satisfies con-
ditions (10) and (11), that is the assumptions of Lemma 2. Hence, as
a result of Lemma 2, |G (w1, w)| also satisfies the assumptions of
Lemma 3, and application of Lemma 3 completes the proof. O

Next, we state the second lemma which we need for the proofs.
We will use it to analyze the influence of the transfer function h7 on
the approximation process.

Lemma 4. Ler {tx }rez C R be an ordered complete interpolating
sequence for PW?2 and ¢y, as defined in (6). For all w € [—7, ),
allt € R, and all N € N we have

N

iw 1 7r “ n iw

sup et o [ goduen) e dun

190 oo {—m,m) <1 |5 SN TS
gEC|—7,7]
1 N

_ iwty 7
=5 ] k_E_Ne or(w1)| dwi.




Proof of Lemma 4. Let {t }rez C R be an ordered complete inter-
polating sequence for PWI we [-m,7],t € R,and N € N, all

be arbitrary but fixed. Further, let ¢, be defined as in (6). For

e C (S weE ) )

k=—N
we have

N 1 ™ )

Z etk %/_,r §(w1)dr(wr) et duwy

k=—N

1S
:% . e“"t’f ¢k(w1) dwl. (16)
k=—N

Further, as a consequence of Lusin’s theorem [18, p. 56], there ex-
ists a sequence of functions {gn }nen with g, € C[—m7, 7] and
|gnll oo [—n,x] < 1, such that limy, o §n(w1) = G(w1) almost ev-
erywhere. It follows from Lebesgue’s dominated convergence theo-
rem and (16) that

N s
nl;rréo Z etr %/ﬁgn(wl)gf;k(m)e“’” dws
N 1o
= Z eiwtn %/ ﬁ(w1)¢gk(w1)ew1t dwn
k=—N -7
[ e AR R
= g/ Z e“’t’“ ¢k(w1) dwl.
T |k=—N

Hence, taking the limit n — co on both sides of

N

. 1 T R ~ ;i
sup e T/ §(wr)pr(wi) e dwr
19l oo (- m <1 | N TS
geCl—m,7]

N

Z eiwtk. %/

k=—N -

™

> gn(wl)(lgk(wl) et duw

O

completes the proof.

Proof of Theorem 1. Let {t}rez C R be an arbitrary but fixed or-
dered complete interpolating sequence for PW2 and ¢, as defined
in (6). Further, let t € R be arbitrary but fixed.

From Lemma 1 we see that

T N R N
1 > et y(wn)

k=—N
forall w € [—, 7]. Due to Lemma 4 this implies that

sup dw; =

NeN

N
sup ( sup el %
NEN\|IhrllLooi—r,m S1k=—N
fLTGC[—ﬂ',W]
1 s In iwyt _
X — hT(wl)qﬁk(wl) € dw1 =0
2 J_ .

for all w € [—m,w]. Thus, according to the Banach—Steinhaus
theorem [18, p. 98], for all w € [—m, 7] there exists a function

hr,, € C[—=, 7] such that
) .

(

lim sup
N —oc0

N U
E e“"t" i / i’LT (W1)(]A5k (LJ1) eiwlt dw1
27 “
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Further, since iz, € C[—m, 7] C L>[—, 7], and since there is the
bijection (3) between L°°[—m, 7] and the set of stable LTI systems
T.: PWL — PWL, it follows that for all w € [—, 7] there exists
a stable LTI system 7, such that

N

S (T (1)

k=—N

lim sup
N—oco

= OQ.

In particular, for w = 0 there exists a stable LTI system 7% = T

such that
N

D7 (Tugr)(t)

k=—N

lim sup
N —o0

= Q.

a7

T is the desired stable LTI system 7.
Next, let 0 < o < m be arbitrary but fixed. For f € PW?. and
N € N we have

> FER)(Tegr)(t) = % jf(wl) D e (Tugy)(t) duwn.

k=—N k=-N

Hence, it follows that

S FE)( T (®)

sup
[FY PRV Py ¥
N N
= max | > e“UN(Tugp)(t)| = | Y (Tugr)(t)].
w1 €[—0o,0] TN N

Consequently, from (17) we obtain that

= OQ.

S F)(Tbi)(t)
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lim sup
N— oo

sup
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Thus, the Banach—Steinhaus theorem [18, p. 98] implies that there
exists a signal f. € PWY such that

N
Z Jo () (T i) (1) O

k=—N

lim sup
N —oo

= Q.

Proof of Theorem 2. The proof of Theorem 2 is identical to the
proof of Theorem 1, except that we choose w € [01, o2] instead of
w = 0. Since the divergence creating stable LTI system 7% depends
on the actual choice of w, we see that 7% is no longer universal in
the sense that it is independent of o1 and o2. O

5. RELATION TO PRIOR WORK

The approximation of LTI systems by sampling series has been stud-
ied for a long time [19, 20, 21, 22, 23, 8], but usually only for spe-
cific systems, e.g., the Hilbert transform or the differential operator
[21, 8] or for the space PW? [19, 20]. In [23], Habib derives a sam-
pling representation for certain bounded linear systems operating on
the Zakai space. However, the class of systems for which this sam-
pling representation holds is very restricted [24]. Sampling theorems
for the signal space PW?2 were first studied in [25]. In this paper we
study the system approximation problem for the space PW% and
show that the approximation is not necessarily stable. This proves a
conjecture from [10].
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