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ABSTRACT

In this paper, the problem of self-calibration for large astronomical
arrays such as the Dutch Low Frequency Array (LOFAR) is consid-
ered. We assume direction dependent gain and phase errors which
need to be estimated and calibrated out. Combining the subspace
fitting and least square approaches, the signal subspace of the re-
ceived single short-term interval ( STI ) sample data of the LOFAR
is used to build a cost function whose minimizer is a statistically ef-
ficient estimator of the unknown parameters-the gains and phases of
the telescopes. Subsequently, an iterative algorithm for finding the
minimum of the cost function is presented and the unknown calibra-
tion parameters of both the core stations and the external subarray are
separated. As a result, the computational complexity of the proposed
method is significantly reduced compared to the existing methods
based on a direct covariance fitting. Finally, the performance of the
proposed method is compared with the conventional peeling method
in computer simulation. An example for calibrating the core of the
LOFAR array on Cyg A is also provided.

Index Terms— Array Self-Calibration, Subspace Fitting, LO-
FAR, Radio Astronomy Arrays

1. INTRODUCTION

The low frequency array (LOFAR) is a low frequency radio astro-
nomical array that is currently used in The Netherlands and neigh-
bouring countries [1],[2], [3] (see www.lofar.org). It is a synthesis
radio astronomical array designed to obtain some of the faintest sig-
nals in the universe, such as the epoch of re-ionization of the universe
[4], which is only observable at low frequencies (30-240 MHz) due
to high redshift levels. Imaging with LOFAR requires to solve many
hard signal processing tasks such as calibration, imaging with di-
rection dependent beams, interference mitigation and very high dy-
namic range imaging as well as significant advances in efficient com-
putation because of the huge amounts of data [5], [6], [7], [8], [9],
[10],[11]. The self-calibration for a LOFAR-like array is an impor-
tant research problems due to the fact that current radio astronomy
self calibration algorithms cannot work in the LOFAR environment
with the requirement of direction dependent calibration[5]-[6]. The
capability of jointly estimating independent complex gain terms for
each combination of telescope sub-array and calibrating source is
required. An early candidate for a self-calibration algorithm named
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the peeling method was introduced in [5]. To overcome this prob-
lem, the imaging problem can be described as a parameter estimation
problem where the pixels in the image are parametrized using their
location (direction), power and polarization parameters as described
in [12],[13],[14],[15]. Especially, the parameter estimation problem
for the LOFAR calibration was considered in [9], and a data model
as well relevant CRLB analysis were computed using a new general
formulation. Furthermore, it was shown that the ambiguous problem
of unconstrained direction dependent calibration can be solved by
using either the physical constraints of the LOFAR array or multiple
time interval snapshots. A demix peeling calibration algorithm cor-
responding to an improvement of the conventional peeling are also
given for the case of multiple snapshots in [9]. However, the compu-
tational complexity of the nonlinear multidimensional minimization
is high and the performance of the resultant peeling method is also
seriously degraded due to the cross-source interference at the initial-
ization of the peeling method.

Calibration methods for direction independent errors have been
widely dealt in the signal processing literature, see e.g., [16], [17],
[18] [19], [20],[21]. However no generalization of these techniques
to arrays with direction dependent errors have been considered. This
is still a computationally important problem and this paper takes a
step in this direction. In this paper, the inherent direction indepen-
dent property of the central core stations in the LOFAR array is ef-
ficiently exploited to further simplify the calibration problem of full
arrays. A cost function with respect to the unknown gain and phase
parameters is proposed by using the estimated signal subspace of the
received telescopes array data. An iterative algorithm for solving the
minimization problem of the cost function is presented to give the
estimation of all unknown calibration parameters.

2. DATA MODEL AND SELF-CALIBRATION FOR LOFAR

2.1. Problem Formulation

Assume that () known bright calibrating point sources are observed
by J subarrays. For the k-th subband centered at frequency f, the
J x 1 observed array sample vector is expressed as

Q
xk(n) = akq(n)sk,qe(n) +ex(n) e

where sy 4(n) is the signal from the g-th calibrating source at time
sample n and frequency fx, ax q(n) is the array response vector for
this source. The vector £ (n) is the noise sample vector modelled



with spatially and temporally white Gaussian process, and is statis-
tically independent of the @ signal sources.

Let N be the number of time samples in a short-term integration
interval. Assume that ay 4(n) is constant over such an interval, as
a result, for the m th interval, x;(n) is wide sense stationary over
(m—1)N < n < mN —1. A single autocovariance of the observed
array vector x(n) is defined as

Rim = E{xk(n)ka(n)} = Ak,mEkAkH,m + O'ZI 2)
where

Agm [ak,1((m —1)N), - ,ar,e((m —1)N)]  (3)

Ty = diag{oi,--- 0iql} )

Where U,%’q is the power of the gth calibration source at frequency k
and o2 is the noise power. The array response matrix Ay can be
factored into the product of a phase matrix Ky, ,, due entirely to the
propagation delays associated with the array and source geometry,
and a complex calibration gain matrix Gg,,, which includes both
source direction dependent ionospheric perturbations and electronic
instrumentation gain errors[9]

Ak,m = Gk,m @Kk’,m

where g{ | and ki  are the g-th column of gain matrix G, and
phase marix Kk,m: respectively, and © denotes the Hadamard prod-
uct. In the astronomical literature, ki (¢ = 1,---,Q), are jointly
determined using the position vector for the jth array element and
the unit length vector pointing in the direction of the gth source dur-
ing STI snapshot m. In general, the position vector, the direction
of source and the source power levels are all known to high accu-
racy for tabulated calibrating sources, therefore, 3, and Ky, ., are
regarded as known quantities in the radio astronomy array(see [9]).

The problem of self-calibration in LOFAR-like radio astronomy
arrays is to estimate G, ,, given Rk,m over arange of k and m, i.e.,
all the J @) independent unknown complex gain parameters in the full
matrix Gy, must be estimated to calibrate the array for imaging or
beamforming. A 2J@Q X 1 parameter vector containing all unknown
terms is defined as

Okm = lghmli- 5187l £(&hm)i - 5 £(8F,)] (6)

Where | - | denotes the modulus of the complex gain coefficient, and
Z(-) denotes the phase of the complex gain coefficient, respectively.
For a single STI, the least squares calibration solution to the un-
known parameters vector @y, in (2) is directly given from the fol-
lowing covariance fitting problem [9]
Opm = argmén“l?{k,m — MEy 0 (©,02)||7 (7)
where ||-|| # denotes the Frobenius matrix norm, and M Ej ., (®, 02)
is called the visibility measurement equation (ME)[5]

MEjm = (Grm © Kiom )2k (Grym © Kpo)? + 001

Generally, directly solving the (7) is not computationally tractable,
therefore, a computationally efficient method for estimating all the
unknown calibration parameters 6 is highly desired. In addition, it
is shown in [9] that the unknown calibration matrix Gy ., is not
identifiable using a single ﬁk,m unless some additional constraints
on the structure over k and m, are added by exploiting the inherent
physics of the source or across a range of time-frequency bins to
solve the ambiguity in (7).
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2.2. Calibration method Using the Compact Core LOFAR Ge-
ometry

Due to the compact scene of the core subarray, the ionospheric
phases are cancelled out when computing the correlations Ry
for the core subarray. Using the inherent physical property of the
LOFAR geometry, the corresponding core gain matrix G, can be
simplified as G. = g.17. For the rest J, = J — J. stations of
the array, which are exterior to the core, both the field of view and
all inter-element baselines are greater than the ionospheric irregu-
larity scale. For these stations the corresponding gain matrix G is
direction dependent and best modeled as a full matrix (see [9]).
Under the above assumption, (5) can be written as

Ak,m

_(GcOK.
GoK= (GeQKe)

( diag{g. } K- )

[gé@ké,,g?@k?] (8)

The number of unknown parameters in the above expression is re-
duced by 2J.Q + 2J. compared with that in (5), and let @, =
{97, ,95.} and ®. = {gF, - ,g5}. In the case of single STI

( the subscript index (k,m) is omitted in the following expression),
one can perform the eigen-decomposition of R

R = AMA7 4021
= E.AEY 40 E.Ef O
where A, = diag{\1,---, Ao} is a diagonal matrix contain-

ing the @ largest eigenvalues in decreasing order, and the associated
eigenvectors are the columns of the matrix E, which spans the sig-
nal subspace. Based on the classic subspace property, it is easily
derived to get the following equation [22]
Ax)/? =E,x!*°P (10)
where 5 = diag{\ — 02, -- , o — 02} and P is a unitary
matrix. The noise power o2 is estimated by the mean of the J — Q
smaller eigenvalues.
For a single STI the estimate of the covariance matrix R in (9)
is given by:

Rim = (11

The ML estimates ]:35 and 235 of E; and 3, are given by the eigen-
decomposition of f{k,m. Hence, a natural cost function whose min-
imum corresponds to estimates of the unknown gain parameters is
defined as follows

FO) = [|A©@)%) -E3P|}
= |lA©)8/? -LP||%
L = ESE”J;/Q (12)

With the partition of A (©) in equation (8), one can write the above
equation as

F(®)

|A(©)%,/? — LP||%
= [(Ge(®.) ©K.)8/* — L.P|[%

+[(Ge(©) OKo)/? —LeP|[7  (13)



where the matrix L, consists of the first .J. rows of L and L, consists
of the last .J. rows of matrix L.

The minimization of (13) should be performed using the known
structure of the matrices G.(®.) and G.(®.). In the following, a
sequence of estimation of unknown parameters is given by minimiz-
ing the cost function iteratively and changing one unknown matrix
at a time.

a. Minimization with respect to P: Given the matrices A and
L, the orthonormal matrix P is given by minizing the cost function
F(O) results in:

P=Uuv”? (14)

Where the columns of U and V are the left singular and right
singular vectors of the singular value decomposition (SVD) of
LA Aﬁ,lc/ % This is a direct generalization of a similar result for real
matrices proved in [22, 23].

b.  Minimization with respect to G.(®.): given the matri-
ces G¢(®,) and P, the minimization of F(®.) with respect to
{91, -+ ,95.}, is obtained by noting that

Je
F(O:) = legiaq—lqllle
q=1

+H(Ge(©.) 0 Ko)8/” — LP|7 (15)
where a; = k, ® h and kg is the g-th row of K. , h = dz’ag(ﬁ,lcﬂ)
and 1, denotes the g-th row of L.P. Hence, using the diagonal
property of G¢(®.), the minimization of F(©) with respect to the
{91, -+ ,95,} can be performed by a separate line search for each
gg- However, noting that the second term of (15) does not depend
on O, it may be dropped under minimization. Then, using a least
squares formulation, it is easily shown that the estimates of gg,q =

1,---,J. can be obtained by (note that these vectors are row vec-
tors):
c lqaCII{
9q = ‘7q:17"'7JC' (16)
T flagllE

¢. Minimization with respect to G (®.): Given the matrices P and
G.(0.), the estimates of each column of the matrix G.(®.) are
given by minimizing the cost function F'(®.)

F(@®.) = [[(Ge(®.)®K.)E,/? - LP|[7
Q
+3 00 0k)B/2 —dllllz a7
q=1

where d; is the g-th column of matrix L.P. Again, under mini-
mization we drop the first term in (17) which does not depend on
®. and we can obtain the estimates of each column g; in G (®,)
as follows

where hy is the g-th element of h, and (-)®~*! stands for the inverse
operator of each element in (-).

Finally, the proposed calibration method can be summarized as
follows:

gs =hy'?d, 0 (k)° 7', ¢ =

1. Initialization. Set the iteration counter to zero ¢z = 0 and the
initialed value of P issetas P =1

2. Compute the G.(®.) using (16) and G, (©.) with (18).
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3. Compute the cost function &; = F(0") using (13).

4. Based on the estimated G.(©.) and G.(®.), compute the
new value of P using (14).

5. Increment the iteration counter ¢ = ¢ + 1.

6. Using the updated G.(®.),G.(®.) and P, compute the cost
function value g;4+1 = F(QU+D),

7. Compute the difference Ae = ¢; — 41, if Ae < § stop,
otherwise, go to step 2

It is noteworthy that the higher-dimension nonlinear searching com-
putation in (7) is avoided by separating the unknown parameters in
the proposed method, which the main computational complexity of
the proposed method with I iterations is about o(J?) + I(J*Q +
0(Q?)), and the computational complexity is largely reduced com-
pared with the peeling algorithm [5, 9].

3. SIMULATION RESULTS AND REAL MEASUREMENT
DATA TEST

In this section we evaluated the performance of the proposed method
and compared it to the peeling algorithm in computer simulation. To
reduce the computational load of the peeling algorithm, a 32-element
array with J. = 8 core stations and only Q=2 radio sources were in-
cluded in the simulation, and only the single short term integration
interval (STI) with 500 time samples is used. For the parameter set
above, all 112(8+2+24%2+24x2 = 112) unknown gain and phase
parameters will be estimated in the self-calibration algorithm, while
64 unknown parameters for each source are required for the peel-
ing algorithm [5]. The calibration parameters were randomly gener-
ated by Gaussian gain magnitudes with a mean of 1.0 and standard
deviation of 0.3 as well phases uniformly distributed in the range
[—m, 7). The direction parameter (direction cosine) of the two sky
point sources is set as (I1,m1) = (0.2962,0.1710), (l2, m2) =
(0.1485, 0.5540), and the SNRs for two sources are [-10dB -15dB].
The additive noise is assumed to be white Gaussian process with
variance 1, and all the estimated results for calibration parameters
in the proposed method are averaged by 200 independent runs, and
I = 5 passes in the peeling algorithm [5] are done. The mean square
error (MSE) of the estimated gain and phase parameters of the pro-
pose method is compared with that of the conventional peeling al-
gorithm. The parameter index number is a function of the telescope
station index and is ordered as defined in (6). Figs.1-2 show the per-
formance of the proposed method as compared to that of the peeling
algorithm.

Finally, real LOFAR observations of Cyg A are used to show
the performance of the proposed method. Due to technical issues
involved in polarization calibration of the external stations we only
consider the core stations and demonstrate the subspace approach
for these stations. The LOFAR test station data were recorded us-
ing 21 frequency subbands of 61kHz for the 13 core stations. Hence
only the core gain matrix G. being estimated in this case. A sin-
gle target located at the center of the field view is observed, i.e,
(1,m,w)=(0,0,0). The core gain of 13 antennas is firstly estimated
and then the received station data is calibrated by the estimated gain
before imaging. The two images using the uncalibrated data and cal-
ibrated data based on the MVDR beamforming are given in Figure
3 and Figure 4 , respectively. It is seen from Figs.3-4 that the image
after calibration is largely improved compared to the image before
calibration.



4. CONCLUSION

The problem of self-calibration of the LOFAR astronomy array is
discussed, and an iterative algorithm for estimating all unknown gain
parameters is proposed by combining signal subspace fitting and a
least square approach. Since the inherent physical property of the
compact core LOFAR geometry is exploited, and the unknown pa-
rameters in both core subarray and external subarray are separated,
thus, the proposed method is computationally more efficient than
that of the direct covariance fitting. Simulation results show that the
performance of the proposed method is comparable to that of the
available peeling algorithm but with lower computational complex-
ity. Finally, a real data test of LOFAR is also included to demonstrate
the significant improvement of the beamforming image after calibra-
tion. Combining these results with the approach in [24] is expected
to yield very high dynamic range.
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Fig. 1. Comparison of mean square error for the estimated gain and
phase parameters for source 1.
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Fig. 2. Comparison of mean square error for the estimated gain and
phase parameters for source 2.
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Fig. 3. The MVDR beamforming image before calibration.
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Fig. 4. The MVDR beamforming image after calibration.
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