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ABSTRACT

Taking into account the existence of multipath ionospheric
propagation (MIP), this paper develops the received signal
model for a non-point target for multiple-input multiple-
output skywave over-the-horizon (MIMO-OTH) radar for the
first time. The model describes the ionospheric state, the
number of propagation paths between a radar antenna and the
target center, as well as the statistics of the reflection coeffi-
cients. It is shown that varying system parameters, such as
antenna positions and signal frequencies, can result in caus-
ing the model to change from a case with highly correlated
reflection coefficients to a case with virtually uncorrelated
reflection coefficients. The proposed model is used to solve
a target detection problem. It is shown that it is possible to
exploit the MIP to improve the detection performance of the
MIMO-OTH radar.

Index Terms— Detection, multipath, non-point target.

1. INTRODUCTION
Skywave over-the-horizon (OTH) radar employs ionospheric
reflection of signals to detect targets beyond visual range.
The performance of the OTH radar system relies heavily on
the state of the ionosphere. The commonly used models for
describing the ionospheric state usually divide the ionosphere
into several layers. These models include the international
reference ionosphere (IRI) model [1], the Chapman iono-
sphere model [2], and the multi-quasi-parabolic (MQP) iono-
spheric model [3], etc. In OTH radar, transmit signals can
travel through different ionospheric layers to reach the target
depending on their frequencies, and the signal which bounces
off the target can also travel through different ionospheric
layers before reaching the receivers, leading to multiple prop-
agation paths, a phenomenon called multipath ionospheric
propagation (MIP). In traditional OTH radar systems, ap-
proaches have been proposed to attempt to eliminate MIP, for
example, by selectively choosing the operational frequency,
employing a transmit/receive array with higher angular reso-
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lution , etc. However, since these approaches may not work
perfectly, this paper studies the impact of any remaining MIP.

MIMO radar continues to receive attention [4]-[15]. The
application of MIMO techniques to skywave OTH (MIMO-
OTH) radar brings new opportunities and challenges to OTH
radar system design. MIMO-OTH radar has been shown to
be capable of improving the radar resource management flex-
ibility and transmit adaptivity [16], reliably estimating the al-
titude of a maneuvering target [17], and effectively suppress-
ing auroral ionospheric clutter [18], etc. While the existing
work on MIMO-OTH radar employ the point target model and
mainly focus on beamforming, estimation or waveform de-
sign, this work considers a non-point target model and looks
at the detection performance of the MIMO-OTH radar.

Considering that one cannot entirely eliminate the MIP
in practice, we develop a received signal model which takes
account of the MIP for a non-point target for MIMO-OTH
radar, where the MQP ionospheric model is employed to cap-
ture the ionosphere behavior. The proposed model describes
the ionospheric state, the number of propagation paths from a
radar antenna to the target center, as well as the reflection co-
efficients statistics. We show that with the system parameters
(such as the antennas positions and the signal frequencies)
properly selected, the MIP can be exploited to improve the
detection performance.

2. SIGNAL MODEL
In this section, we develop the received signal model of the
MIMO-OTH radar and analyze the correlation between the
received signals from different propagation paths.

2.1. Assumptions and Received Signal Model
Assume the radar antennas and target (if present) lie in a two-
dimensional Cartesian coordinate system as shown in Fig. 1.
Consider a MIMO-OTH radar equipped with M transmit and
N receive antennas. The mth, m = 1, 2, · · · ,M, transmit
antenna is located at (xTm, yTm). The baseband signal trans-
mitted from (xTm, yTm) is

√
E/Msm(t), where sm(t) is as-

sumed narrowband with normalized energy and E denotes
the total transmit energy. The associated carrier frequency
and wavelength are fcm and λm, respectively. The nth, n =
1, 2, · · · , N, receive antenna is located at (xRn, yRn). A tar-
get conforming to the Swerling-I model is considered, which
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is assumed to be composed of an infinite number of isotropic
and independent scatters that are uniformly distributed over a
rectangle with dimension Δx × Δy [12]. The superposition
of the reflected signals from all these scatters composes the
target echo. Assume the center of the target is (x0, y0) and
we denote by U(x, y) the reflection coefficient of the scat-
ter located at (x+ x0, y + y0), where −Δx/2 ≤ x ≤ Δx/2
and −Δy/2 ≤ y ≤ Δy/2. The reflection coefficients are
assumed to be zero-mean white (as we change (x, y)) com-
plex random variables, each with variance E{|U(x, y)|2} =
1/(ΔxΔy) so that the average energy of each echo is normal-
ized to one, where E{·} is the expectation operator.

According to electromagnetic theory, the actual propaga-
tion path of the radar signal through the ionosphere is a curve,
for example the red dotted curve ÂF ′C in Fig. 1, where
A(xTm, yTm) represents the location of transmitter m, point
C(x0, y0) the location of the target center, and F ′ the reflec-
tion point of the actual path. The Breit-Tuve theorem [20]
proves that the propagation time of the signal traveling along
the actual path (say, ÂF ′C) is equal to the propagation time
of the signal traveling in the air along an equivalent isosceles
triangular path (say, AFC). Throughout the paper, we em-
ploy equivalent paths for analysis.

The equivalent propagation of the signal transmitted from
transmitter m to receiver n with MIP is illustrated in Fig.
1. Assume the mth transmit signal sm(t) reaches the target
from Km different forward propagation paths due to MIP,
where the reflection height of the kth (k = 1, · · · ,Km) path
is �mk. Assume the signal bounces off from the target and
arrives at the nth receiver along Lmn backward propagation
paths, where the reflection height of the lth (l = 1, · · · , Lmn)
backward propagation path is hmnl. Note that the num-
ber of forward and backward paths as well as the reflection
heights can be computed based on the MQP model [3] based
on the known antenna position, signal frequency, and given
cell-under-test. The received signal at receiver n due to the
transmission of transmitter m is a superposition of the signals
from all KmLmn paths, which is

rmn (t) =

Lmn∑
l=1

Km∑
k=1

rmnkl (t) (1)

where rmnkl(t) denotes the received signal from the kth for-
ward propagation path and the lth backward propagation path,
the clutter-plus-noise free version of which is given by

rmnkl(t) =

√
E

M

∫ x0+
Δx
2

x0−Δx
2

∫ y0+
Δy
2

y0−Δy
2

sm[t− τFmk(xTm, yTm, γ, β)

− τBmnl(xRn, yRn, γ, β)]e
j2πfmnkltejϕmnkl

× U(γ − x0, β − y0)dβdγ, (2)

where fmnkl denotes the Doppler frequency of the target
associated with the mnkl-th path and ϕmnkl represents the
effect of the phase perturbation [19] introduced by the iono-
sphere reflection which is assumed to be constant during
the observation interval. τFmk(xTm, yTm, γ, β), the time de-
lay of the signal propagating from the mth transmitter to
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Fig. 1: Equivalent propagation of MIMO-OTH signals.

the scatter located at (γ, β) via the kth forward path, and
τBmnl(xRn, yRn, γ, β), the time delay of the mth transmit-
ted signal propagating from the scatter at (γ, β) to the nth
receiver via the lth backward path, can be computed via the
MQP model [3]. This interesting but complicated computa-
tion is documented in [21] but omitted here for brevity.
Lemma 1. The signal (2) received at receiver n which is
initiated by transmitter m and travels along the kth forward
(from transmitter m to target center) path and the lth back-
ward (from target center to receiver n) path can be expressed
as
rmnkl (t) =

√
E

M
εmnkle

j2πfmnkltejϕmnkle−jφmnklsm (t− τmn)

(3)

where εmnkl ∼ CN(0, 1) represents the equivalent reflection
coefficient with standard complex Gaussian distribution,
φmnkl =2πfcm [τFmk(xTm, yTm, x0, y0)− τFm1(xTm, yTm, x0, y0)

+τBmnl(xRn, yRn, x0, y0)− τBmn1(xRn, yRn, x0, y0)]

denotes the phase difference between the signals propagated
via the mnkl-th path and the reference path, and

τmn = τFm1 (xTm, yTm, x0, y0)− τBmn1 (x
r
m, yr

m, x0, y0) ,

with τFm1 (xTm, yTm, x0, y0) and τBmn1 (x
r
m, yrm, x0, y0) de-

noting the reference time delays corresponding to the forward
and backward propagation paths respectively.

Note that proofs for the lemmas and theorems in this paper
are provided in [21] but omitted here due to space limitation.

2.2. Correlation Between Received Signals
Based on the received signal model (3), now we discuss the
correlation between the reflection coefficients associated with
received signals for different paths.
Theorem 1. Consider a MIMO-OTH radar system whose re-
ceived signal can be modeled by (3) in Lemma 1. The re-
flection coefficients εmnkl and εm′n′k′l′ associated with the
klmn-th and the k′l′m′n′-th paths are approximately uncor-
related, if at least one of the following inequalities holds∣∣∣∣ (�m′k′ + z0)(xTm′ − x0)

λm′ρm′,k′
+

(hm′n′l′ + z0)(xRn′ − x0)

λm′σm′n′,l′
−

(�mk + z0)(xTm − x0)

λmρm,k
− (hmnl + z0)(xRn − x0)

λmσmn,l

∣∣∣∣ > 1

Δx
(4)
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∣∣∣∣ (�m′k′ + z0)(yTm′ − y0)

λm′ρm′,k′
+

(hm′n′l′ + z0)(yRn′ − y0)

λm′σm′n′,l′
−

(�mk + z0)(yTm − y0)

λmρm,k
− (hmnl + z0)(yRn − x0)

λmσmn,l

∣∣∣∣ > 1

Δy
(5)

where λm is the wavelength of the mth transmitted signal;

ρm,k =
{
bm[(�mk + z0)

2 + z20 − (�mk + z0)
√
bm]

}1/2

; (6)

σmn,l =
{
bn[(hmnl + z0)

2 + z20 − (hmnl + z0)
√
bn]

}1/2

; (7)

bm = 4z20 − R2
Dm; bn = 4z20 − R2

Dn; z0 denotes the earth
radius and RDm and RDn represent the distances from the
target center to the mth transmitter and the nth receiver.

From Theorem 1, the correlation between the reflection
coefficients depends on several system parameters such as the
antenna positions, target location, the target size, and the fre-
quency of the transmitted signals. The conditions given can
provide guidance on how to design a MIMO-OTH radar sys-
tem to provide a set of approximately uncorrelated or corre-
lated reflection coefficients.

Example: Consider the case where the ionosphere is
composed of two layers, layer E and layer F. For layer E,
the semi-thickness is 15km, the maximum electron den-
sity 0.17 × 1012/m3 occurs at height 115km. For layer F,
the semi-thickness is 100km, the maximum electron den-
sity 2 × 1012/m3 occurs at height 310km. Suppose a tar-
get of length Δx = 400m and Δy = 30m is centered at
(950, 0)km. If the nth receiver is located at (100, 0)km, the
mth transmitter is located at (0, 0) and the mth transmitted
signal has a frequency of 20MHz, then there are 2 forward
propagation paths and 2 backward propagation paths which
give a total of 4 paths. It can be verified that in this case, the
reflection coefficients associated with any two different paths
are approximately uncorrelated. However, the change of
certain system parameters can invalidate the test for approxi-
mately uncorrelated reflection coefficients. For example, say
the signal frequency is changed to 18MHz or the transmitter
is moved to (50, 0)km. These changes will lead to correlated
reflection coefficients if all other system parameters are fixed.

3. MIMO-OTH RADAR TARGET DETECTION
3.1. Optimum Detector
Based on the received signal model developed, we study the
detection performance of the MIMO-OTH radar in this sec-
tion. To reduce complexity in Sections 3 and 4, we assume the
receive antennas are appropriately placed to get complete cor-
relation. This simplifying assumption is easily extended. Fur-
ther assume that the receive antennas are uniformly linearly
spaced with spacing dr. Thus εmnkl = εmkl, fmnkl = fmkl,
ϕmnkl = ϕmkl, τmn = τm, Lmn = Lm for all n, and
φmnkl = φm1kl+(n−1)2πfcmdr cos θml/c, where θml is the
elevation angle (with respect to the horizon) of the signal cor-
responding to the mth transmitter and the lth backward path.
Then, the signals received at receiver n can be expressed as

rn(t) =
√

E/M
M∑

m=1

Lm∑
l=1

Km∑
k=1

εmkle
j2πfmkltejϕmkle−jφm1kl

× e−j(n−1)2πfcmdr cos θml/csm(t− τm) + wn(t) (8)

Assume the transmitted signals sm(t),m = 1, · · · ,M
are approximately mutually orthogonal for any delay and
Doppler of interest. Passing the received signal (8) to a bank
of filters, matched to the set of transmitted signals from all of
the transmit antennas, the output of matched filter matched to
sm(t), m = 1, · · · ,M is

r̃mn =
√

E/MaT
mnεm + wmn

where εm = [εm11, εm12, ..., εmLmKm
]T , amn = [amn11,

amn12, ..., amnLmKm
]T , amnlk = e−j(n−1)2πfcmdr cos θml/c

ejϕmkle−jφm1kl , k = 1, ...,Km, l = 1, ..., Lm, and wnm rep-
resents the clutter-plus-noise after matched filtering.

Arrange the outputs of the mth matched filter at the N
receivers into a vector r̃m, which is

r̃m = [r̃m1, ..., r̃mN ]T = Amεm +wm (9)

where Am = [am1, ...,amN ]T and wm = [wm1, ..., wmN ]T .
The output of the M matched filters at the N receivers

can be expressed as
r̃ = [r̃1, r̃2, ..., r̃M ]T =

√
E/MAε+w (10)

where A = Diag{A1,A2, ...,AM}, with Diag{·} denoting
the block diagonal operator, ε = [εT1 , ε

T
2 , ..., ε

T
M ]T is the re-

flection coefficient vector which is zero mean complex Gaus-
sian distributed as per Lemma 1, and w = [wT

1 ,w
T
2 , ...,w

T
M ]T

denotes the clutter-plus-noise vector which obeys a complex
Gaussian distribution with mean zero and nonsingular co-
variance matrix Rw. The clutter-plus-noise is assumed to be
unrelated (independent) to all other random parameters in the
observed signals.

The MIMO-OTH radar hypothesis testing problem chooses
between the target presence hypothesis H1 and the target ab-
sence hypothesis H0 where

H1 : r̃ =
√

E/MAε+w
H0 : r̃ = w

, (11)

The optimal Neyman-Pearson (NP) test is [21]
T = r̃HR−1

w AP−1AHR−1
w r̃ ≷H1

H0
δ, (12)

where the threshold δ is determined by the false alarm proba-
bility, P = E/MAHR−1

w A+R−1, and R is the nonsingular
covariance matrix of vector ε.

3.2. Diversity Gain
Next we discuss the detection performance of the MIMO-
OTH radar. Diversity gain, defined as the negative of the slope
of the miss probability versus signal-to-clutter-plus-noise ra-
tio (SCNR) for the high SCNR region when a logarithmic
scale is employed for both axes [13, 14], is used to explain
the probability of detection performance observed in the next
section.
Theorem 2. Considering a MIMO-OTH radar with M trans-
mit antennas and N receive antennas appropriately placed,
assume each transmitted signal sm(t),m = 1, . . . ,M, in-
duces LmKm echoes due to MIP and the receive signal can
be modeled by (10). The diversity gain of the radar system,
denoted by g, satisfies
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g ≤ min{MN,
∑M

m=1
Lm} (13)

and the maximum diversity gain suggested in (13) is achiev-
able under certain conditions (see numerical examples for
more discussion).

Theorem 2 indicates that for a MIMO-OTH radar with ap-
propriately placed antennas, increasing the number of trans-
mit antennas, the number of receive antennas, or the number
of backward propagation paths is favorable for improving the
maximum achievable diversity gain, while the number of for-
ward propagation paths has no effect on the diversity gain.
It is worth noting that when the number of backward prop-
agation paths is large enough such that

∑M
m=1 Lm ≥ MN ,

the MIMO-OTH radar can obtain a diversity of MN even if
all its antennas are closely spaced. Intuitively, although the
closely spaced antennas seem unable to fully exploit the spa-
cial diversity, the multiple paths introduced by MIP leads to a
sufficient number of independent channels in order to fill the
gap. Thus the existence of MIP can help in increasing the di-
versity gain of a MIMO-OTH radar which can provide more
favorable probability of detection performance as shown in
the next section.

4. NUMERICAL EXAMPLES

This section studies the detection performance of the MIMO-
OTH radar via numerical investigations. Assume the MIMO-
OTH radar has M transmit antennas centered at (0, 0)km.
The signals transmitted from different transmit antennas are
approximately orthogonal with respect to each other. The
N receive antennas centered at (100, 0)km are assumed to
be properly spaced as per Section 3 just to simplify matters.
Suppose a target, if present, is located at (1500, 0)km. The
reflection coefficients in ε are independent standard complex
Gaussian random variables. The phase perturbations ϕmkl

are assumed uniformly distributed in [0, 2π]. Assume the
clutter-plus-noise vector w has a diagonal covariance matrix
Rw = σ2

wI, where I is the identity matrix. The optimum
Neyman-Pearson detector in (12) is employed and the false
alarm probability is set to Pfa = 10−3. The simulation re-
sults are obtained from 100000 Monte-Carlo experiments.

For some MIMO-OTH radar systems with different con-
figurations (M × N ), the miss detection probability PM is
plotted versus the SCNR in Fig. 2. The SCNR is defined
as 10 log[(E/M)/σ2

w]. It is observed that for each case, the
PM decreases with the increase of SCNR as expected. For
the 1 × 2 configuration with L1 = K1 = 1, it is seen that
the PM are decreased by approximately a decade when the
SCNR is increased by 10 dB. Therefore the slope of the
miss probability versus SCNR, if plotted on a log-log scale,
is approximately 1. This verifies the conclusion in Theo-
rem 2, which predicts that the maximum diversity gain is
g = min{MN,

∑M
m=1 Lm} = min{1, 2} = 1. Of notice

is that the maximum diversity gain is achieved in our ex-
amples since the reflection coefficients in ε are statistically
independent [21].

0 2 4 6 8 10 12 14 16 18 20
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100

SCNR(dB)

P M
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2×2,K1=1,K2=1,L1=1,L2=1

2×2,K1=1,K2=1,L1=2,L2=1

2×2,K1=1,K2=1,L1=3,L2=2

Fig. 2: Miss detection probability versus SCNR curves.

For the 2×2 configurations, without MIP such that Lm =
Km = 1 for m = 1 and 2, it is observed that increasing SCNR
by 10 dB decreases the PM by approximately two decades.
Hence the slope of the decrease of the PM versus SCNR on
a log-log scale is g = 2. This again verifies the prediction in
Theorem 2 that g = min{MN,

∑M
m=1 Lm} = min{4, 2} =

2. When K1 = 1, K2 = 1, L1 = 2, L2 = 1, it is seen
that the diversity gain is g = 3, which agrees with Theo-
rem 2 where g = min{MN,

∑M
m=1 Lm} = min{4, 3} = 3.

Comparing with the case without MIP, it is obvious that in-
creasing the number of froward propagation paths improves
the detection performance. When K1 = 1, K2 = 1, L1 = 3,
L2 = 2, it is seen that the diversity gain is g = 4. This again
agrees with Theorem 2 where g = min{MN,

∑M
m=1 Lm} =

min{4, 5} = 4 and shows that increasing the number of mul-
tipaths can improve the detection performance.

5. CONCLUSIONS

MIMO-OTH radar equipped with M transmit antennas and
N receive antennas was considered. Taking into account the
existence of MIP by using the MQP ionospheric model, the
received signal model of MIMO-OTH radar has been devel-
oped for non-point targets. The model describes the iono-
spheric state, the number of propagation paths, and the statis-
tics of the reflection coefficients. Conditions for determining
whether the reflection coefficients associated with different
propagation paths are approximately uncorrelated have been
provided. The model we developed is employed to solve a de-
tection problem. Under the assumptions of orthogonal trans-
mitted signals and complex Gaussian clutter-plus-noise, the
optimum detector has been derived. The diversity gain for
MIMO-OTH radar target detection was shown to be upper
bounded by min{MN,

∑M
m=1 Lm}. It was demonstrated that

when MIP exists, it can be exploited to improve the detection
performance by carefully configuring the system parameters
of the MIMO-OTH radar.
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