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ABSTRACT

We consider the problem of finding the same pattern in multiple sets.
This problem can be applied in a variety of signal processing and ma-
chine learning problems including DNA sequencing and detection of
electrical signatures. In our problem setting, each set contains only
a single unknown pattern of interest among many other patterns. To
understand the performance limitations associated with this setting,
we focus on the evaluation of the Cramér-Rao lower bound (CRLB).
We introduce a probabilistic model for the problem. The random
position of a pattern in a given set gives rise to a mixture model and
consequently a non trivial CRLB analysis. We present the derivation
of the CRLB for the problem and provide a numerical evaluation
of the CRLB. We verify our expression for the CRLB against the
mean-squared-error of an iterative implementation of the maximum
likelihood estimator.

Index Terms— Cramér-Rao lower bound, Mean Squared Error,
Pattern Matching

1. INTRODUCTION

We consider the problem of finding the same unknown element in
multiple sets. This problem may arise in different application areas
including but not limited to: pattern matching, sequence alignment
in DNA sequencing, and dictionary learning. The problem presents
multiple challenges. First, no a-priori information is provided for the
element of interest. The search for the element of interest must be
performed blindly. This is different than matched filtering in which
an element in a set is matched with multiple known templates. The
second challenge is computational. When comparing two sets, one
can compare every element in the first set to every element in the
second set. The complexity associated with comparisons of elements
from multiple sets grows exponentially in the number of sets.

Template or pattern matching has been explored in several areas.
In [1], a Gibbs Sampling framework for estimating and identifying
multiple patterns in the DNA sequences is proposed. In communica-
tions and signal processing, matched filtering and correlation anal-
ysis have been used in the context of joint delay or angle of arrival
estimation. A pre-specified signal structure is a common assump-
tion, e.g., a predefined transmitted signal [2], sinusoidal model with
unknown frequencies [3], or a steering vector with unknown angles
or delays [4]. In computer science, fast pattern matching [5] for
text strings is preformed given a pre-specified template. The for-
mulation in our paper differs from the aforementioned frameworks
in that we are interested in an unknown pattern. A closer setup in
bioinformatics involves alignment of multiple sequences. While the
reference sequence is not defined, scoring different alignments using
the COBALT tool [6] enables the process of pattern discovery.

The problem formulation presents two important challenges.
The first challenge pertains to the development of algorithms that
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would blindly identify a repeated pattern among multiple sets. The
second challenge involves modelling and performance limitations
study. In this paper, we focus on the latter. Our contributions in
this paper are as follows: (i) we formulate the problem of finding
the same needle in multiple haystacks as an inference problem and
present a novel probabilistic model for the problem; and (ii) we
obtain performance limitations for this problem using the derivation
and analysis of Cramér-Rao lower bound (CRLB).

2. PROBLEM FORMULATION
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Fig. 1: (a) Our setting: each set X; is assumed to contain one in-
stance of a desired element s. Our goal is to identify the desired ele-
ment s along with the most similar element in each set, i.e., x; € Xj.
(b) A graphical model for the alignment problem

2.1. Problem Setup

Consider the problem of finding the same unknown pattern across
multiple sets. To formulate this problem, consider N subsets
X1, Xo,..., XN of the d-dimensional Euclidean space RY, ie.,
X; € RYfori = 1,2,...,N. Each set is assumed to contain
only one instance of the unknown pattern of interest (see Fig. 1(a))
among other patterns. Our goal is to obtain the pattern of interest.
In general, no distinguishing characteristics are provided for the
unknown pattern and hence it cannot be found when only one set
is available. The fact that the pattern of interest is repeated in each
set is key to its estimation. We proceed with a detailed probabilistic
model for the problem.

2.2. A Probabilistic Model

To model the problem of finding the same unknown element in mul-
tiple sets in a noisy setting, we start with a generative model for the
collection of sets. We begin by generating N sets, each containing
one instance of the pattern of interest in an independent fashion. For
the ith set, we assume the following generative process. Sample the
ith set position RV J; uniformly in {1,2,...,n;}. Then, generate
the n; elements in &; according to

s+ Vi J=Ji
Xij = . . 1
’ { Vij J#Ji M
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fort =1,2,...,Nand j = 1,2,...,n; where s is a deterministic
unknown signal, the noise terms v;;s are iid N'(0, o>1).

We determine the joint distribution of &7, . .., Xn based on the
aforementioned generative process. For each ¢ we organize the ele-
ments of X; in a d X n; matrix X; = [X;1, - ,Xin,| and consider
joint distribution of the observations represented by the observation
matrix X = [X1,..., Xn] given the unknown vector s. Since we
assume that sets are generated in an independent fashion, we express
the joint distribution of sets as a product of their marginal PDFs:

N
_H F(Xi]s). )

Since the position of the vector s, J;, is a latent random variable
uniform over the set of positions {1,2,...,n;}, we use the follow-
ing marginalization of J; to obtain f(Xi[s) = >°7", f(Xi|Ji =
J,8)P(Ji = j), where f(X;|J; = j,s) denotes the PDF of X;
with s positioned in the jth element of X;. As a result, we express
f(Xi|s) as a mixture:

JXls) = S KT = ). G
7,].:1

We denote the PDF of a single element x;; which does not con-
tain s as fo(-) and the PDF of a single element which contains s
as fi(-|s). Assuming that the elements in each set are drawn in-
dependently conditioned on J; = j, we can express f(X;|j: =
j,s) as a product of n — 1 iid RVs which follow fo and one RV
which follows f12 f(X~L|J~L = j, S) = fl (xij|s) H;L/i:1¢j fo(Xij/).
An alternative version of f(X;|J; = j,s) is given by f(X;|J; =
j,8) = f}o(zzflj) [T}/, fo(xij). Substituting this expression for
1] -
f(X5|J; = j, s) into (3) yields

H fO X”

Under the fo model, x;; is distributed A'(0, *T) and under the f

model, x;; is distributed A/ (s, o2 I). Therefore the ratio % =
ij

exp(—||s]|%/(26%)) exp(sTx;;/c?). Substituting this ratio and fo
into (4), we find f(X;|s), substitute it into (2), and obtain

Zfl xl]' (4)
=1

0 X’Lj

fﬁ( lls12 fi 1 ey 124 ﬁi STﬁj)
f(X|s) = e 202 e 20T =) e o2 )(5)
i=1 Jj'=1 Wd T Jj=1

Note that f(X|s) can be expressed as f(X|s) = A(X)B(s)-
Iy, > exp(s”xi;/0?), where A(X) = [[Y, I,

exp(—||x;;/[|*/(207))-= is only a function of the observations
X1,..., X, and B(s) = exp(—N]||s||?/(2¢?)) is only a function
of the parameter vector s. Note that in general the PDF f(X|s) is not
a member of the exponential family. However, the aforementioned
modeling approach yields a fairly simple log-likelihood

sT xLJ

NHSHQJrZIOg Ze 7). (6)

The log-likelihood can be used to facilitate the derivation of the ML
estimator as well as the derivation of the CRLB. In this paper, we
set our goal to gain understanding of the performance limitations
associated with estimation of unknown template s. We proceed with
the derivation of the CRLB.

log f(X|s) =

V2oro?

3. PERFORMANCE ANALYSIS

The Cramér-Rao lower bound (CRLB) on the MSE of an unbiased
estimator of s is given by the inverse of the Fisher information matrix
(FIM) FIM = E[logf(x‘s> l°gf(X| ] [7]. Since the X;s are gen-
erated in an independent fashlon we have FIM = >, FIM; where
FIM; = E[log féf ils) log fu(lf DR ] is the FIM for a single set X; [7].
Following the derivation in the Appendix, we obtain the expression
for FIM;:

b(ﬂﬂ nl) a(p7 nl) - b(p7 nl) SST
FIM; = I+ @)
e b))
where
alp,n) = Ez[(vp(l —Wi) =37 W;Z;)? ®)
blp,n) = ) Ez[W}] ©
Z; ~ N@©O1), j=12....n (10)
ePSi1tVPZj )
WJ = W, j:1,27...,n (11)
and p = ”;—'2‘2 Here a(p,n) and b(p,n) are defined as expecta-

tions of functions of (W, Z, p, n) wrt RVs Z;s keeping in mind that
the RV Wjs are dependent on (Z1, ..., Zy, p,n). Both a(p, n) and
b(p,n) have the same limits: (i) a(p,n),b(p,n) — las p — oo
and (i) a(p,n), b(p,n) — = as p — 0 (see Fig. 2). For the special

—_ ]
-2
~ -5
< - 10
= —=20
S 50
5 =100
R ——200
= —=500
=
(=%
55 i
20 30

Fig. 2: Plot of the function a(p, n) (x) and b(p, n) (o) as a function
of pforn € {1,2,5, 10,20, 50, 100, 200, 500}.

case in which all sets have the same number of elements n; = n,
further simplification is possible. In this case, FIM; = FIM; for
1 =1,2,...,N. The FIM for s given X1, ..., Xy can be obtained
as N - FIM; or explicitly as

_ T
FIM: Nb(p27n)(l+a(p7n) b(p7n) 882
o b(p,m) — lsll
The CRLB is computed by inverting the FIM using the Sherman-
Morrison formula [8]:

). (12)

2 T
CRUB = = T )
To determine the relative error given by %ﬂi”ﬂ, we apply the
trace to E[(8 — s)(8 — s)”] > CRLB and obtain
E[||5 - s|*] > 1 (d—l 1 1 1 ) (14)
IIs|I? NSNR' d b(dSNR,n) da(dSNR,n)

where SNR = p/d is the ratio between the energy of the signal ||s||*
and the total energy for a d-dimensional noise vector c“d.

4567



=~CRLB
+MSE for init at data
-+-MSE for init at random|

* MSE for init at true s

trace(CRLB)/lisl>
trace(CRLB)/lsI>

I~CRLB
+MSE for init at data
[=MSE for init at random|

N [~CrRLB

< +MSE for init at data
I=-MSE for init at random|
= MSE for init at true s

MSE for init at true s

trace(CRLB)/lsI>

=y

~-

e

=200 <15 -100 -5

(i) d € {10,50,100}, n = 20, N = 50

0
SNR

(i) d = 100, n = 20, N € {10, 50, 100}

5 10 15 20

(iii) d = 100, n € {10, 50,100}, N = 50

Fig. 3: Relative CRLB and MSE of the ML estimator initialized using three methods as a function of SNR. Parameter values 10, 50, 100 are

shown in blue, red, and green, respectively.
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Fig. 4: Relative CRLB as a function of SNR.

4. NUMERICAL EVALUATION

In this section, we perform numerical experiments to verify the
CRLB against the MSE of an iterative implementation of the ML
estimator and to gain further insight into the expression for the
CRLB.

4.1. Verifying the CRLB

To verify the CRLB, we compare the CRLB to the MSE obtained
by applying the ML estimator. To that end we derived an iterative
implementation of the ML estimator. Due to space limitations, we
omit the lengthy derivation. The derivation follows the approach of
[9] for minimization of sum of convex and concave functions as we
have in (6). The ML update equations are given by

T 2
e xij/0

g sTx;p /02"
PO

N ny
1
STV = N D> wi (W%, wisls) =

i=1 j=1

Note that upon convergence the resulting equation is identical to the
equation obtained by differentiating the log-likelihood in (6) with
respect to s and setting to zero.

Consider the nominal setting of N = 50 sets withn = 20d =
100-dimensional elements in each set for SNR € {—20dB, —18dB,
...,20dB}. We vary one parameter (d, n, and N) at a time in
{10,50, 100} to evaluate the MSE of the ML estimator and the
CRLB as a function of SNR. For each combination of parameters
({N,n,d,SNR}), we generate 100 independent Monte-Carlo (MC)
realizations based on the model. For each realization, we apply the
iterative implementation of the ML estimator initialized (i) at ran-
dom with multiple restarts, (ii) by averaging over the largest norm
element from each set and (iii) at the true value of s. Using the
100 MC runs, we estimate the MSE by averaging the squared esti-
mation error. In Fig. 3, we present the CRLB as a function of the
SNR along with the MSE of the iterative implementation of the ML
estimator. We observe that for SNR > 0dB the MSE of the ML esti-
mator agrees with the formula of the CRLB while for SNR < 0dB,
the MSE of the ML deviates from the CRLB. The random initializa-
tion and average max energy template methods are outperformed by

initializing at the true s. This is expected since for low SNR the ML
estimator is no longer unbiased, however, the method of initializing
with the true s biases the ML estimator favorably.

4.2. CRLB analysis

Next, we focus on the evaluation of the relative CRLB for the
problem (14). We evaluate the performance bound as a func-
tion of SNR € {—20dB, —18dB, ...,20dB} for three different
settings of the parameters: (i) N 50, n = 20, and d €
{1,2,5,10,20, 50, 100,200,500}; (i) N = 50, d = 100, and
n € {1,2,5,10, 20,50, 100, 200, 500}; and (iii) » = 20, d = 100,
and N € {1,2,5,10,20, 50,100, 200, 500}. We present the rela-
tive CRLB for settings (i), (ii), and (iii) in Fig. 4. we observe that an
increase in SNR, element dimension d, number of sets observed N,
or a decrease the number of elements in each set n yields a decrease
in the relative CRLB. We also notice that it is possible to achieve
an under —10dB relative CRLB, for fairly low values of SNR by
either increasing the dimension d or the number of sets N. This
suggests that while an increase in the number of elements in each set
(i.e., larger haystacks) degrades the performance, using more sets
(i.e., increasing IN) allows us to compensate for this performance
degradation.

5. CONCLUSION

We presented a problem setting in which an unknown element
present in multiple sets is sought after. We presented a statistical
model in which the element of interest is corrupted by Gaussian
noise and is placed among noisy elements. The study of CRLB for
the problem revealed that the relative mean squared error associated
with the estimation of the unknown element of interest depends on
the signal-to-noise ratio, element dimension, number of elements per
set, and the number of sets. When the SNR is large, the CRLB ap-
proaches the single element per set case CRLB. For a medium SNR,
a trade-off can be obtained: to achieve the same relative CRLB, the
difficulty of determining the position of the element in a set can
be offset by including more sets. Our current work aims to further
the application of the model derived in this paper towards efficient
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estimation algorithms in terms of both computational complexity
and accuracy.

A. APPENDIX: SINGLE SET FIM
We derive the expression for FIM; = E[logf(xl‘s) 1°gf(X1‘“)T
The log-likelihood of s given X1 = [x11, .. x1n1] is obtamed by
setting N = 1 in (6). To simplify the derlvatlon of of FIM;, we
omit the dependence on ¢ and write x1; simply as x; and n; as n.
Consequently, we rewrite log f(X1]s) as

n Sij
g(d e ). (15)
j=1

log f(X1|s) = K — W +1
202
The derivative of the log-likelihood log f(X1|s) wrt to s is given by:

log f(Xils) _
s - U2Zw3 x; —8), where (16)

TS a7
j=1

wj

are sum-to-one non-negative weights that depend on (X1, s). Due
to symmetry in the position of s, the distribution of W is

invariant of J and hence

T
FIM, = E[logféfﬂs) logfc(lfﬂs) 1T =1].

18

Since we proceed with the calculation of FIM; under the assumption
that J = 1, we assume x; ~ N (s,0°T) and x; ~ N(0,027) for
j]=2,...,n

Due to the dependencies between the w;’s and x;’s (see (17)),
the computation of the FIM is non-trivial. To simplify the depen-
dencies, we consider a change of coordinates. First, we introduce
the d X n matrix Z whose entries are iid zero mean unit variance
Gaussian random variables, Z;;, ~ N(0,1). The jth column of Z is
given by z; = [Z1;, Z2j,. .., Za;]". Then, we express x; in terms
of Z as:

x; = 81 +oUz; (19)

where U = [ﬁ, U2, ..., Uq| is a unitary matrix and dqp is the delta
function, which satisfies 6,5, = 1if a = b and 0 otherwise. Note that
with the exception of the first column of matrix U all other columns
can be chosen arbitrarily while maintaining the orthonormality. To

QTX'
sz = POj1+/pZ1;

express the w;’
into (17) and express w; in terms of Z as

6057‘1+le]‘
i ST T (20)
Note that forall j = 1,2,...,n, w; depends only on Z11,...,Z1,

and is independent of Z;1,...,Z;, foralll = 2,...,n. Next, we
express the score, %&Xlls), in the new coordinates. Since the

score depends on (x; — s), we compute its new coordinates using
(19):

UT(x; — 5) = ||sllexd;1 + oz; — ||s]lex (1)

where e; denotes the canonical vector in which the ¢th element is
one and all other elements are zero. Using the variable substitution
in (21), we can re-write FIM; as

FIM; = iUMUT, where (22)
M = Z Z E whwjz pe1(6jll —1)+z;)-
Jj1=1j2=1

(vPei (61 — 1) +2,) 7] (23)

We proceed with the calculation of the entries of matrix M. The kl
term of the matrix M is given by

n

DD Elwswg, (Vpdka (851 — 1) + Zigy ) -

M, =
Jj1=1j2=1
(Vo1 (621 — 1) + Zuz,)]- 24)
If k = [, we can simplify My, as
My = E[(Z w; (v/pok1 (1 — 1) + ij))Q]. (25)
j=1

For the case of kK = | = 1, we have §;1 = d6r1 = 1. Hence the
argument of the square in (25) is Z L wi(/p(051 — 1) + Zyy) =
_\fzj o Wj —+ ZJ 1w3Z13 = —\[(1 — w1) + Z;L:l w]-Z1j.
Substituting »>7_; w;(y/p(d;1 — 1) + Z15) = —/p(1 —w1) +
> i w;Zy; into (25) yields

My = E[(/p(1—w) Zw]le . (26)
We continue with the evaluation of Mj; terms for which k =
2,...,nand [ = 1. Substituting dx1 = 0 into (24), we simplify
Mkl as

>N Blwyws, Zigy (VE(©Bj1 — 1) + Zaj,)]

My =
Jji=1j2=1
= > Elwiwi(VA(S1 — 1) + Z153) B Zij, ]
J1=172=1
S @7)

where the second equality holds due to the independence between
Zyjfork = 2/...;nand j = 1,...,n and (Z1;,w;) for j =
1,...,n and the third equality hold since all Z; are zero mean.
By symmetry My, = M1 = 0. Continue with k,l = 2,...,n
Recognizing that 01 = §;1 = 0, we simplify My, as

My =Y > Elwj,wj, Zrj, Z1j,)
J1=1j2=1
sinceE[wjle2 Zij, le2] = E[whwh]E[Zkh Zl.7'2] = E[whwh]'
Oki0j1jo- Note that Myx = 377, E[wj] for k = 2,...,n and
M = 0 for k # [. The matrix M is a diagonal matrix and is given
by M = diag([Mi1, Maa, ..., Mas]). We can write M as

= Z E[w?-](;kl (28)
j=1

M = (M - M22)e1elT + Mool

Multiplying on the left with U and on the right with U” and dividing
by 02, we obtain FIM; as

T

~ M)

1 1
;UMUT = —((Mn + Maol).
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