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ABSTRACT

In many practical parameter estimation problems, a model selection

is made prior to estimation. In this paper, we consider the problem

of estimating an unknown parameter of a selected population, where

the population is chosen from a population set by using a predeter-

mined selection rule. Since the selection step may have an important

impact on subsequent estimation, ignoring it could lead to biased-

estimation and an invalid Cramér-Rao bound (CRB). In this work,

the mean-square-selected-error (MSSE) criterion is used as a per-

formance measure. The concept of Ψ-unbiasedness is introduced
for a given selection rule, Ψ, by using the Lehmann-unbiasedness

definition. We derive a non-Bayesian Cramér-Rao-type bound on

the MSSE of any Ψ-unbiased estimator. The proposed Ψ-CRB is a

function of the conditional Fisher information and is a valid bound

on the MSSE. Finally, we examine theΨ-CRB for different selection

rules for mean estimation in a linear Gaussian model.

Index Terms— Non-Bayesian parameter estimation, Cramér-

Rao bound (CRB), estimation-after-selection, linear Gaussian

model, sample mean selection (SMS) rule

1. INTRODUCTION

The problem of estimation-after-selection arises naturally in a ver-

ity of practical problems in signal processing and communication.

Estimation-after-selection refers to the problem of parameter esti-

mation, in which the estimation is made only after a specific popula-

tion has been selected from a set of possible populations according

to a selection rule. In cognitive radio communications, for example,

the parameters of a channel are estimated only after the channel has

been identified in the white space. Other applications include mul-

tiple radar subset selection problems [1], medical experiments [2],

estimation in wireless sensor networks after a sensor node selection

[3], and state estimation after bad data detection in power systems

[4], [5].

The statistical optimality properties of the preceding selection

procedure and the probability of correct selection have been inves-

tigated in the literature [6]. Despite the importance of estimation-

after-selection, there is no comprehensive estimation performance

analysis of this problem with arbitrary distributions. For the problem

of estimation after a preliminary selection stage, the mean-square-

error (MSE) criterion is inappropriate and the conventional Cramér-

Rao bound (CRB) is unsuited. In addition, the selection usually

induces a bias on any estimator of the unknown parameter in the

selected population. For example, no uniformly mean-unbiased es-

timator exists for estimation-after-selection problems with Gaussian

populations and data-dependent selection rules [7].

This research was partially supported by the National Science Founda-
tion under Grant no. CNS-1135844

1.1. Summary of results

In this work, it is assumed that a given selection rule, Ψ, selects one
population from a set of populations, where Ψ may not be optimal

in any sense. We are interested in the estimation performance of

the unknown parameter associated with the selected population. We

use the mean square-selected-error (MSSE) criterion and introduce

the concept ofΨ-unbiasedness by using the non-Bayesian Lehmann-
unbiasedness definition. Then, we develop the appropriate Cramér-

Rao-type bound on the MSSE of any Ψ-unbiased estimator. The

proposedΨ-CRB is examined for the randomized (coin-flipping) se-

lection rule and the sample mean selection (SMS) rule. It is shown

that the CRB-type lower bound on estimation-after-detection in [8]

and [9] can be obtained as a special case of the Ψ-CRB with a sin-

gle population. Finally, the performance of the Ψ-CRB for different

selection rules is examined for the problem of mean estimation in a

linear Gaussian model.

1.2. Related works

The estimation-after-selection problem has received considerable at-

tention in mathematical statistics literature for various observation

densities and cost functions (see, e.g., [6], [7], [10], [11]). A related

but different problem is the estimation of the maximum between un-

known parameters [12], in which there is no selection stage. In [8]

and [9], non-Bayesian lower bounds on the MSE under hypothesis

H1 are derived, for the problem of estimation-after-binary-detection.

The tradeoff between detection and estimation is investigated in [13],

in terms of worst-case detection and estimation error probabilities.

In [14] and [15], joint detection and estimation of signals in an un-

known region of interest (ROI) are investigated for the Bayesian

case. In [16], the CRB is derived for the special case of estimation

after a model order selection. The relation between model selection

and the breakdown phenomena of the maximum-likelihood (ML) es-

timator are demonstrated in [17].

1.3. Notations

In the rest of this paper, we denote vectors by boldface lowercase let-

ters and matrices by boldface uppercase letters. The operators (·)T

and (·)−1 denote the transpose and inverse operators, respectively.

The (m, k)th element of the matrix A is denoted by [A]m,k. The

gradient of a vector, ∂g
∂θ

, is a matrix, with (m, k)th element equal

to ∂gm
∂θk

, where g = [g1, . . . , gM ]T . The notation Eθ[·] represents

the non-Bayesian expected value of its argument parametrized by a

deterministic parameter θ. The notations φ(·), Φ(·), and 1A, de-

note the standard normal probability density function (pdf), the stan-

dard normal cumulative distribution function (cdf), and the indicator

function of an event A, respectively. The vector em ∈ R
M denotes

themth column of the identity matrix of sizeM , ∀m = 1, . . . ,M .
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2. PROBLEM FORMULATION

Consider a set M ∈ N populations, which can represent, for exam-

ple, M different communication channels. Suppose that Nm ≥ 1
random observations are drawn from themth population, where each

population is associated pdf, fm(ym; θm),m = 1, . . . ,M , in which

ym = [ym[0], . . . , ym[Nm − 1]]T and θm ∈ R denote the observa-

tion vector and the unknown deterministic parameter related to the

the mth population, respectively. The joint pdf of the M popula-

tions is denoted by f(x;θ), where x = [yT
1 , . . . ,y

T

M ]T ∈ Ωx is

the whole observation vector, Ωx is the observation space, and θ =

[θ1, . . . , θM ]T ∈ R
M . In the sequel, θ̂ = [θ̂1, . . . , θ̂M ]T ∈ R

M

denotes an estimator of θ.

A selection rule, sometimes referred to as a test, is a determinis-

tic function Ψ : Ωx → {1, . . . ,M} that indicates the selected pop-
ulation based on the observations, x. We assume that the determin-

istic subspaces Am
△
= {x : x ∈ Ωx,Ψ(x) = m}, m = 1, . . . ,M

are not function of θ. The conditional joint pdfs of the M popu-

lations, conditioned on the event that the selection rule selects the

mth population, are denoted by f(x|Ψ = m;θ), ∀m = 1, . . . ,M ,

and Pr(Ψ = m;θ) denotes the probability of selection of the mth

population.

The estimation-after-selection problem consists of two stages:

first, a population, m, is selected and then, the corresponding un-

known parameter of the selected population, θm, is estimated. In

this work, we assume that the population is chosen according to a

given selection rule, Ψ, and we discuss the estimation performance
for this predetermined selection rule. As a result, the estimation per-

formance criterion should be only a function of the error in the se-

lected population. The model is presented schematically in Fig. 1.

Fig. 1. The abstract model for estimation-after-selection.

In this work we are interested in parameter estimation of the

unknown deterministic vector θ, where only estimation errors in the

selected population are taken into consideration and the selection

rule is predetermined. Therefore, for a given selection rule, Ψ, we
use the following square-selected-error (SSE) cost (e.g. [2]):

C
(Ψ)(θ̂,θ)

△
=

M
∑

m=1

(θ̂m − θm)21{Ψ=m}. (1)

The corresponding MSSE is given by Eθ[C
(Ψ)(θ̂,θ)], where the

expectation is parametrized by θ and taken over the selection rule,

Ψ, and the estimator, θ̂. Similarly, the marginal MSSE of a spe-

cific population is given byEθ

[

(θ̂m − θm)2|Ψ = m
]

, for anym =

1, . . . ,M.

3. THE Ψ-CRB

In this section, a CRB-type lower bound for estimation-after-

selection is derived. The proposed bound is a lower bound on

the MSSE of any Lehmann-unbiased estimator, as described in the

following.

3.1. Ψ-unbiasedness

The mean-unbiasedness constraint is commonly used in non-

Bayesian parameter estimation [18], [19]. However, a mean-

unbiased estimator is inappropriate for estimation-after-selection

problems, since we are interested only in errors in the selected popu-

lation (see, e.g., [7]). Lehmann [20] proposed a generalization of the

unbiasedness concept, which is based on the considered cost func-

tion. In this section, the general Lehmann-unbiasedness is utilized

to define the unbiasedness for estimation-after-selection problems.

Definition 1 The estimator θ̂ is said to be a uniformly unbiased es-

timator of θ in the Lehmann sense [20] with respect to (w.r.t.) the

scalar nonnegative cost function C(θ̂,θ) if

Eθ

[

C(θ̂,η)
]

≥ Eθ

[

C(θ̂,θ)
]

, ∀η,θ ∈ Θ, (2)

where Θ is the parameter space.

The Lehmann-unbiasedness definition implies that an estimator is

unbiased if, on average, it is “closer” to the true parameter, θ, than

to any other value in the parameter space, η ∈ Θ. The measure of
“closeness” between the estimator and the parameter is the mean of

the cost function, C(θ̂,θ). For example, it is shown in [20] that un-
der the square-error cost function the Lehmann-unbiasedness in (2)

is reduced to the conventional mean-unbiasedness,Eθ[θ̂] = θ, ∀θ ∈
Ωθ . Additional examples for Lehmann-unbiasedness with different

cost functions can be found, for example, in [20], [21], and [22].

The following proposition describes the Lehmann-unbiasedness for

the estimation-after-selection problem, named Ψ-unbiasedness.

Proposition 1 An estimator θ̂ : Ωx → RM is an unbiased estima-

tor of θ ∈ RM in the Lehmann sense w.r.t. the SSE cost and the

selection-rule Ψ iff

Eθ

[

(θ̂m − θm)1{Ψ=m}

]

= 0, ∀m = 1, . . . ,M, ∀θ ∈ R
M
, (3)

or equivalently, iff

Eθ

[

θ̂m − θm|Ψ = m
]

= 0, ∀θ ∈ R
M
, (4)

∀m = 1, . . . ,M , such that Pr(Ψ = m;θ) 6= 0.

The proof of Proposition 1 can be performed similar to to the one in

[20], p. 11, and is omitted due to space limitations. It can be seen

that the Lehmann-unbiasedness definition in (3) and (4) is a function

of the given selection-rule. Therefore, in the following, an estimator

θ̂ is said to be a uniformly Ψ-unbiased estimate of θ for the given

selection-rule Ψ if (3), or equivalently (4)), is satisfied.

3.2. The Ψ-CRB

Calculation of the minimum MSSE among all Ψ-unbiased estima-

tors is usually not tractable and a uniform Ψ-unbiased minimum

MSSE estimator may not exist for the commonly-used SMS rule.
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Thus, lower bounds on the performance of any Ψ-unbiased estima-
tor are useful for performance analysis and system design. In the

following, we develop the Ψ-CRB, which is a lower bound on the
MSSE of any Ψ-unbiased estimator.

Let us define the following marginal conditional Fisher informa-

tion matrices (FIMs):

Jm(θ,Ψ)
△
= Eθ

[

∂T log f(x|Ψ = m;θ)

∂θ

×
∂ log f(x|Ψ = m;θ)

∂θ

∣

∣

∣

∣

Ψ = m

]

, (5)

∀m = 1, . . . ,M . In addition, we define the following conditions

that are a modified version of the well-known CRB regularity condi-

tions (e.g. [23], pp. 440-441).

C.1. The conditional likelihood gradient vector, ∂
∂θ

log f(x|Ψ =

m;θ), exists and is finite ∀θ ∈ R
M , x ∈ Am, and ∀m =

1, . . . ,M . Thus, the marginal conditional FIMs, Jm(θ,Ψ),
are well defined ∀m = 1, . . . ,M . We assume that Jm(θ,Ψ)
is a nonsingular and nonzero matrix ∀θ ∈ R

M and ∀m =
1, . . . ,M .

C.2. The operations of integration w.r.t. x and differentiation w.r.t.

θ can be interchanged as follows:
∫

Ωx

∂

∂θ
(g(x,θ)f(x|Ψ = m;θ)) dx =

d

dθ
Eθ [g(x,θ)|Ψ = m] ,

∀θ ∈ R
M and for any differentiable and measurable function

g(x,θ).

Theorem 1 (Ψ-CRB) Let the regularity conditions C.1-C.2 be sat-

isfied and θ̂ be a Ψ-unbiased estimator of θ ∈ RM with a finite

second moment for a given selection rule, Ψ. Then, the MSSE is

bounded by the following Cramér-Rao-type lower bound:

Eθ

[

C
(Ψ)(θ̂,θ)

]

≥ B
(Ψ)(θ), (6)

where

B
(Ψ)(θ)

△
=

M
∑

m=1

Pr(Ψ = m;θ)
[

J
−1
m (θ,Ψ)

]

m,m
(7)

and Jm(θ,Ψ) is the conditional FIM defined in (5). Furthermore,

the marginal Ψ-CRB on the MSSE of specific population is given by

Eθ

[

(θ̂m − θm)2|Ψ = m
]

≥
[

J
−1
m (θ,Ψ)

]

m,m
, (8)

∀m = 1, . . . ,M .

Proof: According to Cauchy-Schwarz inequality:

Eθ

[

g
2(x,θ)

∣

∣Ψ = m
]

≥
E2
θ
[g(x,θ)h(x,θ)|Ψ = m]

[h2(x,θ)|Ψ = m]
, (9)

for any measurable functions g(x,θ) and h(x,θ) with finite

moment. By substituting g(x,θ) = θ̂m − θm and h(x,θ) =
∂ log f(x|Ψ=m;θ)

∂θ
J−1
m (θ,Ψ)em in (9) and under condition C.1, one

obtains

Eθ

[

(θ̂m − θm)2
∣

∣

∣
Ψ = m

]

≥

(

Eθ

[

(θ̂m − θm) ∂ log f(x|Ψ=m;θ)
∂θ

|Ψ = m
]

J−1
m (θ,Ψ)em

)2

eT
mJm(θ,Ψ)em

, (10)

for any estimator with
[

(θ̂m − θm)2
∣

∣

∣
Ψ = m

]

< ∞. By using in-

tegration by parts and assuming regularity condition C.2, it can be

verified that

Eθ

[

(θ̂m − θm)
∂ log f(x|Ψ = m;θ)

∂θ

∣

∣

∣

∣

Ψ = m

]

=
∂

∂θ
Eθ

[

(θ̂m − θm)
∣

∣

∣
Ψ = m

]

+ em = em, (11)

∀m = 1, . . . ,M , where the last equality is obtained by using the

Ψ-unbiasedness conditions from (4). By substituting (11) in (10),

we obtain

Eθ

[

(θ̂m − θm)2
∣

∣

∣
Ψ = m

]

≥ e
T
mJ

−1
m (θ,Ψ)em, (12)

∀m = 1, . . . ,M , which is the marginal MSSE bound in (8). Then,

by multiplying (12) by Pr(Ψ = m;θ) and taking the sum of over

m = 1, . . . ,M , we obtain theΨ-CRB in (6).

It should be noted that for the special case of independent popula-

tions, i.e. f(x;θ) =
∏M

m=1 fm(ym; θm), the classical FIM, J(θ),
is a diagonal matrix and, in terms of the CRB, the unknown pa-

rameters of the different populations are decoupled from each other.

However, the conditional FIMs are not necessary diagonal since the

selection step may create a dependency and coupling between the

parameters over the different populations.

The following lemma presents two alternative formulations of

the conditional FIMs.

Lemma 1 Assuming that regularity conditions C.1-C.2 are satisfied

and

1. The second derivative w.r.t. θ of f(x|Ψ = m;θ) exists and
is bounded and continuous ∀x ∈ Am.

2. The integral
∫

Am
f(x|Ψ = m;θ) dx is twice differentiable

under the integral sign ∀m = 1, . . . ,M , θ ∈ R
M .

Then, the marginal conditional FIMs in (5) satisfy

Jm(θ,Ψ) = Eθ

[

∂T log f(x;θ)

∂θ

∂ log f(x;θ)

∂θ

∣

∣

∣

∣

Ψ = m

]

−
∂T log Pr(Ψ = m;θ)

∂θ

∂ log Pr(Ψ = m;θ)

∂θ
(13)

and

Jm(θ,Ψ) = − Eθ

[

∂T ∂

∂θ∂θ
log f(x;θ)

∣

∣

∣

∣

Ψ = m

]

+
∂T ∂

∂θ∂θ
log Pr(Ψ = m;θ), (14)

∀m = 1, . . . ,M , ∀θ ∈ R
M , and for any selection rule Ψ.

Proof: The proof appears in [24] and is similar to the results in [8].

It is omitted due to space limitations.

3.3. Special cases

1) Randomized selection rule (coin-flipping): The randomized se-

lection rule, Ψrand, satisfies

Pr(Ψrand = m;θ) = pm, ∀m = 1, . . . ,M,

where the probabilities, pm ∈ [0, 1], ∀m = 1, . . . ,M , are fixed,

independent of x and θ. By substituting the randomized selection

rule in (3), the Ψ-unbiasedness is reduced to

Eθ

[

θ̂m − θm

]

= 0, ∀θ ∈ R
M
, (15)
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∀m = 1, . . . ,M with pm 6= 0. Similarly, the Ψ-CRB in (7) in this

case is reduced to

B
(Ψrand)(θ) =

M
∑

m=1

pm [B(θ)]m,m , (16)

where

B(θ) = Eθ

[

∂T log f(x;θ)

∂θ

∂ log f(x;θ)

∂θ

]

is the conventional CRB. Therefore, for the randomized selection

rule, the Ψ-unbiasedness in (15) is the classical mean-unbiasedness
and the proposed Ψ-CRB in (16) is a linear combination of the

diagonal elements of the conventional CRB.

2) SMS rule: For selecting the population with the largest (or

smallest) mean, the SMS rule, ΨSMS, selects the population with

the largest (or smallest) sample mean. The conditions under which

this procedure has statistical optimality properties from the decision

perspective have been investigated in many works (see, e.g., [6]).

The bound on the MSSE for ΨSMS is important, primarily, because

of the widespread use of the SMS rule in realistic signal processing

problems.

3) Relation to estimation-after-detection: For the special case of

single population, i.e. M = 1 and θ = θ1 = θ, our model is

reduced to the estimation-after-data-censoring model. In this case,

Ψ is not a selection rule but a function that restricts the set of ob-

servations available for parameter estimation. That is, we use the

observations only if Ψ = 1. For example, the data censoring can

be performed based on a binary detection step, which decides if a

signal is present or not [8], [9]. By using (5) and substitutingM = 1
in (8), we obtain the following marginal Ψ-CRB on the MSSE for

this case:

Eθ

[

(θ̂ − θ)2|Ψ = 1
]

≥

E−1
θ

[

∂T log f(x|Ψ = 1; θ)

∂θ

∂ log f(x|Ψ = 1; θ)

∂θ

∣

∣

∣

∣

Ψ = 1

]

. (17)

The special case of theΨ-CRB in (17) is identical to the conditional

CRB for estimation after a binary detection [8], [9]. Therefore, the

proposed Ψ-CRB can be interpreted as a generalization of the con-

ditional CRB for multiple populations.

4. LINEAR GAUSSIAN MODEL

Consider the following observation model

{

y1[n] = θ1 + w1[n], n = 0, . . . , N − 1
y2[n] = θ2 + w2[n], n = 0, . . . , N − 1

, (18)

where w[n] = [w1[n], w2[n]]
T ∼ N (0,Σ), that is, the noise vec-

tors are independent and identically normally distributed with zero-

mean and known covariance matrixΣ =

[

σ2
1 σ2

1,2

σ2
1,2 σ2

2

]

. Suppose

we are interested in the selection of the population with the largest

mean, θ1, θ2. It can be verified that for this case

∂T

∂θ

∂ log f(x;θ)

∂θ
= −NΣ

−1
. (19)

Thus, the conventional unconditional FIM is given by J(θ) =
NΣ−1. Thus, for the general case by substituting (19) in (14), one

obtains

Jm(θ,Ψ) = NΣ
−1 +

∂T ∂

∂θ∂θ
log Pr(Ψ = m;θ), (20)

m = 1, 2 for any given arbitrary selection rule Ψ. By substituting
(20) in and (6), we obtain the proposed bound for any selection rule,

Ψ. In particular, by substituting (20) in (16), we obtain the Ψ-CRB
for randomized selection rule:

B
(Ψrand)(θ) =

1

N

(

p1σ
2
1 + p2σ

2
2

)

.

The SMS rule for this case selects the population which provides

the larger sample mean, i.e. ΨSMS = argmaxm=1,2

{

θ̂m

}

, where

θ̂m
△
=

1

N

N−1
∑

n=0

ym[n], m = 1, 2

is the ML estimator. Since the ML estimators are jointly Gaussian

random variables with means θ1, θ2 and covariance matrix
1
N
Σ, we

obtain

Pr(ΨSMS = m;θ) = Pr(θ̂m − θ̂l > 0;θ) = Φ

(

θm − θl

σ

)

, (21)

∀m, l = 1, 2,m 6= l where σ2 △
=

σ2

1
+σ2

2
−2σ2

1,2

N
. Then, the probabil-

ity in (21) is used in order to calculate ∂T ∂
∂θ∂θ

log Pr(Ψ = m;θ) and
obtain the analytical term of the Ψ-CRB with the SMS rule.

In the simulations we used the following selection rules: SMS,

randomized selection rule with p1 = p2 = 1
2
, and randomized selec-

tion rule with p1 = 1 and p2 = 0, denoted by ΨSMS, Ψrand,1/2, and

Ψrand,1, respectively. The performance of the ML estimator, together

with these selection rules, was evaluated using 5, 000 Monte-Carlo

simulations and compared to the corresponding Ψ-CRBs. The pa-

rameters were set to θ1 = 11, θ2 = 10.75, Σ =

[

1 0
0 3

]

. It

can be observed that for low signal-to-noise ratios (SNR), ΨSMS →
Ψrand,1/2 and the corresponding MSSE/ proposed CRB approaches

the randomized Ψ-CRB in (16) with p1 = p2 = 1
2
. Similarly, for

high SNR, ΨSMS → Ψrand,1 and the SMS Ψ-CRB converges to the

randomized Ψ-CRB in (16) with p1 = 1, since the first population
has the largest mean. In addition, it can be seen that the Ψ-CRBs
can be used a benchmarks for the MSSE performance of the ML

estimator with the different selection rule.

10
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Fig. 2. The Ψ-CRBs and the performance of the ML estimator for

estimation-after-selection in linear Gaussian model with different se-

lection rules.
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