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ABSTRACT

Recently, there has been a growing interest in dynamic net-
works for understanding interactions and information flows.
A fundamental problem is the identification of the links or the
network topology. In comparison with its time series counter-
part, the problem has received little attention in the point pro-
cess literature. But with high-dimensional point process data
becoming available in a number of application areas such as
communication networks and neural coding, topology identi-
fication has become crucial for understanding the information
flows. Here we discuss for the first time topology identifica-
tion of a dynamic network of interacting Hawkes processes.
Cortical recordings from cats are used to identify the interac-
tion of neurons in the primary visual cortex.

Index Terms— Point process, stochastic intensity, topol-
ogy identification, sparse estimation, penalized least squares

1. INTRODUCTION

The recent interest in dynamic networks is widespread [1].
Applications include sociological networks [2], biological
networks [3], economic networks [4], ecology [5], epidemi-
ology [6], genetic networks [7] and more recently networks
involving point processes [8].

But the point process network literature is in its infancy.
Applications typically involve counting interactions such as
phone calls, emails [9] and neural spike trains [10]. [8] de-
velop methods for the analysis of point process networks with
directed interactions. [10] develop a sparsity approach to fit-
ting a network model with limited history dependence. [11]
develop methods for the estimation of time-varying Poisson
networks that have some limited history dependence.

In the time series literature, [12] used the group LASSO
method [13] to recover a sparse network modeled by the au-
toregressive model. For high frequency data, [14] proposed
using the causal Laguerre basis representation for the transfer
function between two nodes to avoid very high-order autore-
gressive models.

This work was partly supported by the ARC Discovery grant
DP130103081.

While the Laguerre parameterization of the point process
stochastic intensity is not a new idea (see [15, 16], also [17]
for Laguerre parameterization of the log-intensity), the topol-
ogy identification problem under such a general representa-
tion has not been attempted.

Here we discuss for the first time topology identification
of a dynamic network of interacting Hawkes processes [18,
19]. Hawkes processes are the natural generalisation of au-
toregressive processes to the point process domain and yield
rich dynamics.

In the remainder of the paper we discuss the Hawkes-
Laguerre point process model in section 2. We discuss topol-
ogy identification for the Hawkes-Laguerre model in section
3. The estimation procedure is used to identify the neuronal
network in the cat primary visual cortex (section 4). The pa-
per concludes with some final comments in section 5.

Notation. Given x ∈ R
n and P ∈ R

n×n, by ‖x‖P we mean
(xTPx)

1
2 and (α)+ ≡ max(0, α).

2. HAWKES-LAGUERRE POINT PROCESS MODEL

We observe a d-dimensional multivariate point process Nt

consisting of counting processes Nk,t, k = 1, · · · , d. Here
Nk,t = # events of the k-th process up to time and includ-
ing t. Under No-Simultaneity [20] or orderliness [21] (i.e. in
a small time interval with high probability only zero or one
event of any type can occur) we can define the vector stochas-
tic intensity using dNk,t = Nk,t+δ −Nk,t as,

μk,t = P (dNk,t = 1|Ht) = μk,tδ + o(δ), k = 1, ..., d

where Ht is the history of the vector process Ns, 0 < s ≤ t.
The observations can then be modelled by

Yk,t = μk,t + ek,t, k = 1, ..., d

where Yk,t = 1
δdNk,t and ek,t is a martingale increment

noise.
The Hawkes-Laguerre model for the stochastic intensity

is given by

μk,t = ck +Σd
1

∫ t

0

hk,j(u)dNj,t−u
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where ck is the unknown background firing rate of the k-th
component of the multivariate process. The transfer function
hk,j(·) is expanded in Laguerre polynomials which is a causal
basis [22] and has the significant advantage that ensuring pos-
itivity of the intensity function is straightforward. It also has
the great advantage that it can be fitted using linear methods.
The Laguerre expansion is

hk,j(u) = Σ
pk,j

1 βk,j,l(uβk,j,0)
l−1e−βk,j,0uβk,j,0

where 1
βk,j,0

is a user chosen time constant. This is similar to
[15, 16] with a slight modification (namely the scaling term
βk,j,0 on the end) which improves scaling issues.

Continuing, the stochastic component of μk,t is then
∫ t

0

hk,j(u)dNj,t−u

= Σ
pk,j

1 βk,j,l

∫ t

0

(uβk,j,0)
l−1e−βk,j,0uβk,j,0dNj,t−u

= Σ
pk,j

1 βk,j,lψk,j,l;t

where crucially, ψk,j,l;t can be precomputed and so can be as-
sumed known. We thus have a model linear in the parameters

μk,t = ck +Σd
1Σ

pk,j

1 βk,j,lψk,j,l;t (1)

Note that the Laguerre expansion provides a valid causal
basis expansion for any positive βk,j,0 and so βk,j,0 can be
specified by the user and need not be estimated.

3. POINT PROCESS NETWORK IDENTIFICATION

We develop a least squares solution for group sparse estima-
tion of the dynamic point process network.

We partition the interval 0 < t ≤ T into tiny bins of
width δ so that dNk,t = Nk,t+δ − Nk,t is 0 or 1 with very
high probability. Also, T = Kδ and t = nδ.

Then the point process data together with the Laguerre
model (1) can be expressed as a standard linear regression
model

yk = Xkβk + ek

where yk = (Yk,n − ck, ..., Yk,0 − ck)
T . βk can be parti-

tioned into groups βk = (βT
k,1, ..., β

T
k,d)

T , then βk,j are the
coefficients of the directed link from node j to node k with
corresponding elements of Xk given by the j-th column of
Xk = (Xk,1, ..., Xk,d) where

Xk,j =

⎛
⎜⎝

ψk,j,1;n ... ψk,j,pd,d;n

...
. . .

...
ψk,j,1;0 ... ψk,j,pd,d;0

⎞
⎟⎠

The network identification problem under the l1 penalized
least squares criterion for grouped variables is the following
convex optimization problem

min J(βk), k = 1, ..., d

with
J =

1

2
‖yk −Xkβk‖2 + λΣd

1‖βk,j‖Pk,j
(2)

where λ > 0 is the penalty parameter. With βk,j ∈ R
pk,j , we

will take Pk,j = pk,jI as in [13, 14].
The second term in (2) is not differentiable at βk,j = 0 but

the sub-gradient method [23] immediately gives the necessary
conditions.

Taking the derivative with respect to βk,j of J and setting
to zero gives

−XT
k,j(yk −Xkβk) + λ

√
pk,j β̄k,j = 0

where β̄k,j =
βk,j

‖βk,j‖ for βk,j �= 0 and ‖βk,j‖ < 1 for βk,j =

0 which gives the second condition

‖XT
k,j(yk −Xkβk)‖ < λ

√
pk,j

In the particular case of orthonormal Xk,j , the solution is
[13]

βk,j =

(
1− λ

√
pk,j

‖Zk,j‖
)

+

Zk,j (3)

where Zk,j = XT
k,j(yk −Xkβk,−j) with βk,−j = (βT

k,1, ...,

βT
k,j−1,0, β

T
k,j+1, ..., β

T
k,d)

T . Given the estimate of βk,

ck =
1

K + 1
ΣK

0 (yk −Xkβk) (4)

Equations (3),(4) are solved iteratively as described below.
Note that the criterion (2) promotes sparsity at the group

level so that some groups will have zero coefficients and some
all non-zero coefficients. Sparsity within a group can be pro-
moted by an l1 optimization for each directed edge with group
sizes of 1.

3.1. Computational Details

As already mentioned, Xk is known and needs to be com-
puted just once. Xk,j will not be orthonormal in general.
While this is not necessary, the algorithm in such a case has
better numerical properties. For this reason, orthonormalizing
Xk,j is preferred.

For k = 1, ..., d, the computations can be done concur-
rently. For a given k and an estimate of ck, βk, the algorithm
proceeds in a cyclic descent manner where each iteration of
the algorithm involves cycling through j = 1, ..., d for com-
puting βk,j . This is followed by the ck update step (4). The
algorithm terminates on convergence of the estimates.

Note that in the βk,j update step (3), Zk,j is computed as

Zk,j = XT
k,jek + βk,j

ek = yk −Xkβk

The estimation problem remains manageable in the high-
dimensional setting since the procedure has a complexity
O(maxk Σ

d
1pk,j) and pk,j is typically not high.
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4. DATA ANALYSIS

The neural data come from a study to understand cortical cir-
cuit functions and network dynamics in cats from simultane-
ous recordings of the neural activity [24].

Several multi-channel electrode arrays were used to
record simultaneously from single units spanning the cor-
tical layers in cats. Visually evoked responses in the primary
visual cortex were recorded from just 10 cells. Here we
analyze spontaneous activity recorded from neurons in the
cat cortical area 17 [25]. These data have previously been
analyzed in [24, 26, 27] as well as [28] to detect recurring
patterns in the spike trains. But no previous work has dealt
with the kind of network analysis we pursue here.

The data comprise neuronal recordings of spontaneous ac-
tivity from 25 neurons (channels) recorded simultaneously for
about 2.7 min. For analysis we considered recordings in the
interval (0, 10] s and only considered channels with 100 or
more counts in the interval. This led to d = 10 channels with
about 150 counts per channel. A raster plot of the neuronal
firings in each channel is shown in Fig. 1.

The transfer functions hk,j(·), k, j = 1, ..., d were ex-
panded in pk,j = 5 terms of the Laguerre polynomials with
the time constant 1

βk,j,0
= 0.5 s. The counting increments

dNk,t were constructed using a discretization step δ = 0.8
ms. The starting values of the parameters (ck, βk), k =
1, ..., d in the optimization algorithm were obtained from the
standard least squares solution. With the l1 penalty param-
eter λ = 50 for k = 1, ..., d, the sparse network shown in
Fig. 2 was identified. The self-exciting link at each node has
been dropped to avoid clutter and bi-directional interactions
between 2 neurons are indicated by the undirected edge.

The parameter estimates (ck, βk) for k = 1, ..., d were
found to settle after about 100 iterations. The magnitude of
the coefficients βk,j,l for l = 5 was relatively small compared
to the coefficients for l < 5 and for a given l, βk,k had the
largest magnitude, indicating dominance of the self-exciting
term at each node.

In comparison to the fully connected network with d2 =
100 links and d + d2p = 510 parameters, the l1 penalized
least squares removed 58 links and yielded 220 parameters.

We find that neurons 4 and 19 do not influence the neural
activity in other neurons. Neurons 14 and 25 influence activ-
ity in neurons 2, 13 and 3, 4 respectively. Similarly, neuron
21 influences activity in all neurons except 3, 4, 15 and so on.

5. CONCLUSIONS

In this paper we have addressed the topology identification
problem for the dynamic point process model. The mod-
elling is based on the Hawkes process which has dependence
on its past. The Laguerre representation ensures positivity of
the intensity function and can be fitting using linear methods.
We use the group sparse penalized least squares approach for
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Fig. 1. Raster Plot of Neural Firings in the Cat Cortical Area
17.
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Fig. 2. Neuronal Network Topology in the Cat Cortical Area
17.

topology identification and test the algorithm on some neural
recordings from cats.

In this work, the number of Laguerre polynomial terms
in the transfer functions hk,j(·), k, j = 1, ..., d were fixed to
p = 5 and the l1 penalty parameter λ in (2) was chosen by trial
and error. Future work will consider model selection based
on the Bayesian Information Criterion to determine pk,j , λ.
Future work will also consider promoting sparsity within a
group using more general penalty functions in the optimiza-
tion [29] as well as a likelihood in place of the least squares
term.

We will also be investigating use of more formal statistical
graphical models [30].
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