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ABSTRACT

Regularizing the least-squares criterion with the total number of co-
efficient changes, it is possible to estimate time-varying (TV) au-
toregressive (AR) models with piecewise-constant coefficients. Such
models emerge in various applications including speech segmenta-
tion using linear predictors. To cope with the large-size optimization
task, the problem is cast as a sparse regression one, and is solved
by resorting to an efficient block-coordinate descent algorithm. This
enables joint segmentation and linear predictor coefficients identi-
fication with linear computational complexity per iteration. Mod-
ern trends in linear prediction for speech processing also envision
sparsity in the model residuals. Indeed, sparse residuals allow for
an improved representation of voiced speech. So far, sparse linear
coding was proposed in a stationary scenario, i.e., after speech seg-
mentation. This paper extends joint segmentation and linear predic-
tion coefficients identification to sparse linear coding. Fortunately,
coordinate descent approaches are still applicable to carry out the
optimization tasks. Numerical tests have shown the benefits of the
proposed algorithm.

Index Terms— Sparse regression, Linear prediction, Convex
optimization, Coordinate descent.

1. INTRODUCTION

Autoregressive (AR) models have been widely used for spectral
estimation since they can approximate any process having continu-
ous spectral density with an arbitrary precision. Furthermore, they
approximate the spectrum of a given random process with few pa-
rameters [14, Chap. 3].
More specifically, in speech analysis, parametric spectral estimation
via AR modeling falls under the rubric of linear prediction (LP).
LP has been successfully applied in many state-of-the-art speech
processing systems for coding, analysis, synthesis, and recognition.
The model used in many of these applications is the source-filter
where the speech signal can be generated as the output of an all-pole
filter excited by a Gaussian and white (i.e., noise-like) process. As
a consequence of the Gaussianity, least-squares (LS) criterion has
been traditionally used for identification of LP coefficients.
While LP modeling of stationary random processes is well appreci-
ated, a number of signals encountered in real life are non-stationary.
To apply classical LS identification of LP coefficients, a first prepro-
cessing is typically required to find the abrupt changes in the signal
spectral characteristics. In speech analysis, this problem is often
referred to as speech segmentation.
Recent advances demonstrated that regularizing the least-squares
criterion with the total number of coefficient changes, it is possible
to estimate TV-AR models with piecewise-constant coefficients.
Indeed, in [1], it was shown that the segmentation problem can be
recast as a sparse regression one, and, to facilitate its computation,
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the regularization function in [8] is relaxed with its convex approx-
imation. The resultant joint segmentation and LP identification
method is a modification of the group least-absolute shrinkage and
selection operator (Lasso) [16]. With the emphasis placed on large
data sets, a block-coordinate descent iteration was proposed to carry
out the optimization task, which is provably convergent to the group
Lasso solution with complexity per iteration that scales linearly with
the data length.
Modern techniques for LP modeling envision also sparsity in the
model residuals [5]. Indeed, sparse residuals enables a more effec-
tive decoupling of the vocal tract transfer function. Nevertheless,
these techniques have been proposed for stationary cases, i.e., after
speech segmentation. Therefore, the goal of this paper is perform
joint segmentation and sparse linear prediction. The proposed
framework for speech analysis is rooted in convex optimization and
compressive sampling theory [3]. Therefore, the pursue of efficient
solvers for large-size optimization problems is a fundamental task.
Accounting for sparse residuals, it turns out that block-coordinate
descent algorithms can still be adopted.
The remainder of the paper is structured as follows. Section 2
deals with piecewise-constant AR model estimation preliminaries
and problem statement. Section 3 is devoted to joint segmentation
and identification of sparse LP residual. After some manipulations,
it is showed that the problem can be solved via block-coordinate
descent. Numerical tests are presented in Sec. 4, and concluding
remarks are summarized in Sec. 5. Notation: Column vectors (ma-
trices) are denoted using lower-case (upper-case) boldface letters;
calligraphic letters are reserved for sets; (⋅)𝑇 stands for transposi-
tion, 𝒩 (𝜇, 𝜎2) denotes the Gaussian probability density function
with mean 𝜇 and variance 𝜎2; ⊗ denotes the Kronecker product;
0𝐿 is the 𝐿-dimensional column vector with all zeros, 0𝑀,𝑁 is the
𝑀 ×𝑁 matrix with all zeroes, and I𝐿 is the 𝐿-dimensional identity
matrix. The ℓ𝑝 norm of x := [𝑥1, . . . , 𝑥𝐿]

𝑇 ∈ ℝ
𝐿 is defined as

∥x∥𝑝 := (
∑𝐿

ℓ=1 ∣𝑥ℓ∣𝑝)
1
𝑝 .

2. PRELIMINARIES AND PROBLEM STATEMENT

Let {𝑦𝑛}𝑁𝑛=−𝐿 denote the realization of an 𝐿-th order TV-AR pro-
cess obeying the discrete-time input-output relationship

𝑦𝑛 =
𝐿∑

ℓ=1

𝑎ℓ,𝑛𝑦𝑛−ℓ + 𝑣𝑛, 𝑛 = 0, 1, . . . , 𝑁 (1)

where 𝑣𝑛 denotes the zero-mean white input noise at time 𝑛 with
variance 𝜎2

𝑦 := 𝔼[𝑣2𝑛] < +∞, and 𝑎ℓ,𝑛 is the ℓ-th TV-AR coefficient
at time 𝑛. With h𝑛 := [𝑦𝑛−1, 𝑦𝑛−2, . . . , 𝑦𝑛−𝐿]

𝑇 ∈ ℝ
𝐿 and a𝑛 :=

[𝑎1,𝑛, 𝑎2,𝑛, . . . , 𝑎𝐿,𝑛]
𝑇 ∈ ℝ

𝐿, (1) can be rewritten as

𝑦𝑛 = h𝑇
𝑛a𝑛 + 𝑣𝑛, 𝑛 = 0, 1, . . . , 𝑁 (2)

.
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It is assumed that 𝐾+1 abrupt changes in the spectrum of {𝑦𝑛}
occur, i.e., a𝑛’s are piecewise-constant; that is, a𝑛 = 𝒂𝑘, 𝑛𝑘 ≤
𝑛 ≤ 𝑛𝑘+1 − 1 for 𝑘 = 0, 1, . . . ,𝐾, where 𝐾 denotes the number
of abrupt changes in the TV-AR spectrum, and 𝑛𝑘 the time instant
of the 𝑘-th abrupt change. The interval [𝑛𝑘, 𝑛𝑘+1 − 1] is referred
to as the 𝑘-th segment. Without loss of generality, 𝑛0 = 0 and
𝑛𝐾+1 − 1 = 𝑁 .

The goal is to estimate the instants {𝑛𝑘}𝐾𝑘=1 where the given
time series {𝑦𝑛} is split into 𝐾 + 1 (stationary) segments, along
with the constant AR coefficients per segment, i.e., {𝒂𝑘}𝐾𝑘=0. The
number of abrupt changes, namely 𝐾, is not necessarily known, and,
throughout the paper, different characteristics on the AR coefficients
are imposed.

2.1. Optimum segmentation of TV-AR processes

Denoting with 𝜇 a positive tuning constant, the following regulariza-
tion is typically adopted to estimate jointly the change points and the
AR coefficients [2, 9–11], i.e.,

{â𝑛}𝑁𝑛=0 := arg min
{a𝑛}𝑁𝑛=0

[
1

2

𝑁∑
𝑛=0

(𝑦𝑛−h𝑇
𝑛a𝑛)

2+𝜇
𝑁∑

𝑛=1

𝛿0𝐿(a𝑛−a𝑛−1)

]
(3)

where 𝛿0𝐿(⋅) : ℝ𝐿 → {0, 1} is defined as

𝛿0𝐿(a) :=

{
0, if a = 0𝐿

1, otherwise.
(4)

The non-convex regularization term
∑𝑁

𝑛=1 𝛿0𝐿(a𝑛 − a𝑛−1) cap-
tures the total number of changes, and its penalization encourages
piecewise-constant {â𝑛}𝑁𝑛=0. Clearly, the larger the 𝜇, the smaller
the total number of changes. The estimator in (3) is optimal in the
maximum a posteriori (MAP) sense when the change occurrences
are modeled as Bernoulli random variables, and 𝑣𝑛 ∼ 𝒩 (0, 𝜎2

𝑦) [8].
From a practical point of view, the minimization in (3) is chal-

lenging since an exhaustive search over all possible sets of change
instants has to be performed. Nevertheless, the problem can be
solved with dynamic programming (DP). Despite the fact that DP
approaches solve (3) in polynomial time, the computational com-
plexity is cubic in 𝑁 [12, p. 469], which limits its applicability to
signal segmentation in practice. In fact, in typical speech applica-
tions, 𝑁 can be very large (up to several thousands) and polynomial
complexity cannot be afforded.

In the following, a convex relaxation of the problem in (3) is
advocated hinging upon recent advances in sparse linear regression
and compressive sampling. To this end, (3) is first reformulated as
a sparse regression problem with non-convex regularization that is
successively relaxed through its convex approximation. The conse-
quent optimization rule yields sparse vector estimators which can
obtained by a block-coordinate descent iteration that incurs only lin-
ear computational burden and memory storage.

Let y := [𝑦0, 𝑦1, . . . , 𝑦𝑁 ]𝑇 ∈ ℝ
𝑁+1 denote the obser-

vation vector, a := [a𝑇
0 ,a

𝑇
1 , . . . ,a

𝑇
𝑁 ]𝑇 ∈ ℝ

(𝑁+1)𝐿, m𝑛 :=

[0𝑇
𝐿 , . . . ,0

𝑇
𝐿︸ ︷︷ ︸

𝑛

,h𝑇
𝑛 ,0

𝑇
𝐿 , . . . ,0

𝑇
𝐿︸ ︷︷ ︸

𝑁−𝑛

]𝑇 ∈ ℝ
(𝑁+1)𝐿 for 𝑛 = 0, 1, . . . , 𝑁 ,

and M := [m0,m1, . . . ,m𝑁 ]𝑇 ∈ ℝ
𝑁+1×(𝑁+1)𝐿, such that∑𝑁

𝑛=0(𝑦𝑛 − h𝑇
𝑛a𝑛)

2 = ∥y −Ma∥22.
Define the “difference” vector d𝑛 ∈ ℝ

𝐿 as

d𝑛 =

{
a𝑛, if 𝑛 = 0
a𝑛 − a𝑛−1, otherwise

(5)

and d := [d𝑇
0 ,d

𝑇
1 , . . . ,d

𝑇
𝑁 ]𝑇 ∈ ℝ

(𝑁+1)𝐿. Observe that d𝑛 = 0𝐿

for 𝑛 > 0 if and only if there is no change in the TV-AR coeffi-
cients between time instants 𝑛 − 1 and 𝑛. Clearly, it is possible
to recover {a𝑛}𝑁𝑛=0 from {d𝑛}𝑁𝑛=0 since a𝑛 =

∑𝑛
𝑛′=0 d𝑛′ . Let

T ∈ ℝ
𝑁+1×𝑁+1 denote a lower triangular matrix with all nonzero

entries equal to one and X := M(T ⊗ I𝐿) ∈ ℝ
(𝑁+1)×(𝑁+1)𝐿,

having the following structure:

X =

⎡
⎢⎢⎢⎢⎢⎣

h𝑇
0 0𝑇

𝐿 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 0𝑇
𝐿

h𝑇
1 h𝑇

1 0𝑇
𝐿 ⋅ ⋅ ⋅ 0𝑇

𝐿

...
...

...
. . .

...
h𝑇
𝑁−1 h𝑇

𝑁−1 h𝑇
𝑁−1 h𝑇

𝑁−1 0𝑇
𝐿

h𝑇
𝑁 h𝑇

𝑁 h𝑇
𝑁 h𝑇

𝑁 h𝑇
𝑁

⎤
⎥⎥⎥⎥⎥⎦ . (6)

Since a = (T ⊗ I𝐿)d, an equivalent formulation of (3) in terms of
{d𝑛}𝑁𝑛=0 can be given as [cf. (3)]

{d̂𝑛}𝑁𝑛=0 := arg min
{d𝑛}𝑁𝑛=0

[
1

2
∥y−Xd∥22 + 𝜇

𝑁∑
𝑛=1

𝛿0𝐿(d𝑛)

]
. (7)

What makes the formulation in (7) challenging is the non-convex
regularization term. The latter “pushes” most of the {d𝑛}𝑁𝑛=1 vec-
tors toward 0𝐿, while d0 is not penalized. As a consequence, the
vector d̂ := [d̂𝑇

0 , d̂
𝑇
1 , . . . , d̂

𝑇
𝑁 ]𝑇 is group sparse, and the non-zero

group indexes correspond to the change instants of the TV-AR coef-
ficients. Upon the basis of recent advances in model selection and
compressive sampling [16], in [1] a convex relaxation of the cost in
(7) was proposed.

The advocated relaxation entails the so-called group Lasso [16],
and the convex problem for the identification of TV-AR models is

{d̂𝑛}𝑁𝑛=0 = arg min
{d𝑛}𝑁𝑛=0

[
1

2
∥y −Xd∥22 + 𝜆

𝑁∑
𝑛=1

∥d𝑛∥2
]

(8)

where 𝜆 is a positive tuning parameter. It is known that the group
Lasso regularization encourages group sparsity; that is, d̂𝑛 = 0𝐿

for most 𝑛 > 0 [16], and the larger the 𝜆, the sparser the d̂.
Since the problem in (8) is convex, general purpose interior-

point methods can in principle be used. Nevertheless, the large size
prevents the usage of these methods. In [1], a block-coordinate de-
scent approach is advocated which enables to solve the problem ef-
ficiently since it incurs in a computational complexity per iteration
that scales only linearly with the data size.

3. JOINT SEGMENTATION AND SPARSE RESIDUALS

Recent advances have shown that imposing sparsity in the LP model
residuals enables a more effective decoupling of the vocal tract trans-
fer function [5]. Sparse residuals are particularly appropriate for the
analysis of voiced speech. In particular, compared to the traditional
ℓ2-norm minimization, the cost function associated with the ℓ1-norm
minimization downweights the impact of the spiky excitation asso-
ciated with voiced speech on the LP estimates [5].

The formulation in (8) can be modified to cope with the frame-
work in [5] for sparse linear prediction. Substiting the ℓ2-norm in
the first term of the cost function in (8) with the ℓ1-norm to account
for sparsity in the model residuals, yields

{d̂𝑛}𝑁𝑛=0 = arg min
{d𝑛}𝑁𝑛=0

[
∥y −Xd∥1 + 𝜆

𝑁∑
𝑛=1

∥d𝑛∥2
]
. (9)
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Solving the convex optimization problem in (9) allows for joint seg-
mentation and sparse LP model residual. Indeed, minimizing the
ℓ1-norm of the residual term imposes that most of the entries in
y−Xd̂ are close to zero. Unfortunately, the result in [15] cannot be
directly applied to establish convergence of the coordinate descent
algorithm for the cost function in (9). Indeed, the term ∥y −Xd∥1
is non-differentiable and non-separable coordinate-wise. Neverthe-
less, borrowing certain results from robust statistics, the problem in
(9) can be recast in such a way that a modified block-coordinate de-
scent method can be applied [4].

3.1. Huber cost function and sparse residuals

A generalization of the sparsity-promoting ℓ1-norm regularization is
the so-called Huber cost function defined as follows [7]:

𝜌𝜀(𝑟) :=

{ 1
2
𝑟2, if ∣𝑟∣ ≤ 𝜀

𝜀∣𝑟∣ − 𝜀2

2
, otherwise.

(10)

For large 𝜀 the Huber cost function resembles the LS cost, while
for small 𝜀, the Huber cost coincides with the ℓ1-norm regulariza-
tion and promotes sparse LP model residuals. While the ℓ2-norm is
more appropriate for unvoiced speech, the ℓ1-norm has been used
for voiced speech. Clearly, the Huber cost function aims at a bal-
ance between the two norms, and can be used for both voiced and
unvoiced speech.

Substituting the ℓ1-norm in (9) with the Huber cost yields

{d̂𝑛}𝑁𝑛=0 = arg min
{d𝑛}𝑁𝑛=0

[ 𝑁∑
𝑛=0

𝜌𝜀(𝑦𝑛 − x𝑇
𝑛d) + 𝜆

𝑁∑
𝑛=1

∥d𝑛∥2
]

(11)
where x𝑇

𝑛 represents the 𝑛-th row of X. Similarly to the cost in
(9), that in (11) imposes quasi-sparse model residuals for sufficiently
small 𝜀.

Proposition 1. The problem in (11) is equivalent to the following
convex optimization problem:

[{d̂𝑛}𝑁𝑛=0, ô] = arg min
{d𝑛}𝑁𝑛=0,o

[
1

2
∥y −Xd− o∥22

+𝜆
𝑁∑

𝑛=1

∥d𝑛∥2 + 𝜀∥o∥1
]

(12)

where o := [𝑜0, 𝑜1 . . . , 𝑜𝑁 ]𝑇 ∈ ℝ
𝑁+1.

Proposition 1 states that, introducing the auxiliary variables o,
the optimization in (11) can be recast as the problem in (12). Entries
of the model residual that are supposed to be pushed to zero by the
Huber cost in (11), corresponds to the zeros in o. On the other hand,
the non-zero elements of o corresponds to observations with large
model residuals, i.e., the so-called outliers.

Surprisingly, the problem in (12) admits a block-coordinate de-
scent solver since the non-differentiable part is separable coordinate-
wise, and the result in [15] can be applied. Indeed, consider the
objective function

𝐽(d,o) :=
1

2
∥y −Xd− o∥22 + 𝜆

𝑁∑
𝑛=1

∥d𝑛∥2 + 𝜀∥o∥1. (13)

Keeping o fixed, and skipping irrelevant terms, yields

Algorithm 1 Block-Coordinate Descent for sparse residual

Given {R𝑛:𝑁 , r𝑛:𝑁}𝑁
𝑛=0, d(0)

𝑛 = 0𝐿 for 𝑛 = 1, . . . , 𝑁 and o(0) = 0𝑁

for 𝑖 > 0 do
r(𝑖−1) = r − X𝑇 o(𝑖−1)

for 𝑛 = 0, 1, . . . , 𝑁 do
if 𝑛 = 0 then

c
(𝑖)
0 = 0𝐿

s
(𝑖)
0 =

∑𝑁
𝑛=1 R𝑛:𝑁d

(𝑖−1)
𝑛−1

g
(𝑖)
0 = s

(𝑖)
0 − r(𝑖−1)

d
(𝑖)
0 = −R−1

0:𝑁g
(𝑖)
0

else
c(𝑖)
𝑛 = c

(𝑖)
𝑛−1 + d

(𝑖)
𝑛−1

s(𝑖)𝑛 = s
(𝑖)
𝑛−1 − R𝑛:𝑁d(𝑖−1)

𝑛

g(𝑖)
𝑛 = R𝑛:𝑁c(𝑖)

𝑛 + s(𝑖)𝑛 − r𝑛:𝑁 − ∑𝑁
𝑚=𝑛 h𝑚𝑜(𝑖−1)

𝑚

if ∥g(𝑖)
𝑛 ∥2 ≤ 𝜆 then

d(𝑖)
𝑛 = 0𝐿

else

d(𝑖)
𝑛 = argmind𝑛∈ℝ𝐿

[
1
2d

𝑇
𝑛R𝑛:𝑁d𝑛 +d𝑇

𝑛g(𝑖)
𝑛 +𝜆∥d𝑛∥2

]

end if
end if

end for
e(𝑖) = y − Xd(𝑖)

for 𝑛 = 0, 1, . . . , 𝑁 do
𝑜(𝑖)𝑛 = shrink(𝑒(𝑖)𝑛 , 𝜀)

end for
end for

𝐽(d,o(𝑖−1)) =
1

2
d𝑇Rd− d𝑇 r(𝑖−1) + 𝜆

𝑁∑
𝑛=1

∥d𝑛∥2 (14)

with r(𝑖−1) = r − X𝑇o(𝑖−1). Exploiting the results in [1] the cost
in (14) can be minimized with block-coordinate descent. Unlike the
cost in [1], the term r(𝑖−1) changes with the iteration index, and it
has to be re-evaluated at the beginning of each iteration. Neverthe-
less, its evaluation is not expected to be time consuming since o(𝑖−1)

has only a few non-zero elements. Therefore, (14) can be minimized
over each group d𝑛 using the results in [13].

Keeping d fixed, and discarding irrelevant terms, the cost in (13)
becomes

𝐽(d(𝑖),o) =
1

2
∥e(𝑖) − o∥22 + 𝜀∥o∥1 (15)

where e(𝑖) := y − Xd(𝑖). The cost in (15) can be separated
coordinate-wise, i.e.,

𝐽(d(𝑖),o) =
𝑁∑

𝑛=0

[
1

2
∥𝑒(𝑖)𝑛 − 𝑜𝑛∥2 + 𝜀∥𝑜𝑛∥

]
. (16)

Each term in (16) can be minimized via the shrinkage operator [13],
i.e., 𝑜(𝑖)𝑛 = shrink(𝑒(𝑖)𝑛 , 𝜀) where

shrink(𝑥, 𝜀) :=

{
0 if ∣𝑥∣ < 𝜀

sign(𝑥)(∣𝑥∣ − 𝜀) otherwise.
(17)

Summing up, the problem in (12) admits the block-coordinate
descent solver described in Alg. 1.

The ensuing proposition is a direct consequence of the results in
[15].

Proposition 2. The iterates d(𝑖) := [d
(𝑖)
0

𝑇
,d

(𝑖)
1

𝑇
, . . . ,d

(𝑖)
𝑁

𝑇
]𝑇 ,

and o(𝑖) obtained by Algorithm 1 converge to the global minimum
of (12).
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4. SIMULATED TESTS

The merits of the novel approaches to identify change-points in
TV-AR processes are assessed via numerical simulations using real
speech data.

The dataset is depicted in Fig. 1, and it represents 0.125 s of
voiced speech sampled at 8000 Hz.

The joint segmentation and LP identification method in (8),
solved with block-coordinate descent method in [1] has been tested.
As suggested in [1], the regularization parameter 𝜆 is selected as 10
% of the maximum 𝜆𝑚𝑎𝑥 that would entail a constant AR model.
A model order 𝐿 = 20 has been selected. The first four LP coeffi-
cients are depicted in Fig. 2. Observe that the LP coefficients change
slowly (sharper change can be obtained resorting to iterative weight-
ing to enhance sparsity as advocated in [1]). The joint segmentation
and sparse LP model residual identification method in (11) was
tested. The problem in (11) was solved with the block-coordinate
descent method in Algorithm 1. Figure 3 depicts the first four LP
coefficients, which change in a sharper way and three long segments
are obtained (plus some short spurious changes in the transitions).

A snapshot of the LP model residuals within a stationary seg-
ment is depicted in Fig. 4. Figure 4 a) (top) shows the model resid-
ual of the method in (8) while Fig. 4 b) (bottom) shows the model
residual of (11). From the latter figure it is clear that the spiky ex-
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Fig. 1. Voiced speech data.
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Fig. 2. First four AR coefficients identified via classical ℓ2-norm
cost.

citation can be identified as well as its frequency which might aid
speech recognition and analysis.

5. CONCLUSION

A novel method has been developed in this paper for identification
of piecewise-constant TV-AR models by exploiting recent advances
in robust statistics, variable selection, and compressive sampling.
While traditional techniques consist in regularizing a least-squares
criterion with the total number of coefficient changes, the novel
method relies on a convex regularization function, which resem-
bles the group Lasso and can afford efficient implementation using
block-coordinate descent iterations. To cope with modern trends in
speech modeling, the method was extended to cope with sparsity in
the LP model residual, a case of interest for modeling voiced speech.
The latter problem can be solved iteratively via block-coordinate de-
scent and its computational burden scales only linearly in the data
size. The methods have been tested using real speech data, and its
advantages with respect to classical methods have been highlighted.
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Fig. 3. First four AR coefficients identified via Huber cost.
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