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ABSTRACT

In this paper, we address the problem of semi-supervised
learning for binary classification. This task is known to be
challenging due to several issues including: the scarceness
of labeled data, the large intra-class variability, and also the
imbalanced class distributions.

Our learning approach is transductive and built upon a
graph-based phase field model that handles imbalanced class
distributions. This method is able to encourage or penalize the
memberships of data to different classes according to an ex-
plicit a priori model that avoids biased classifications. Exper-
iments, conducted on real-world benchmarks, show the good
performance of our model compared to several state of the art
semi-supervised learning algorithms.

Index Terms— Transductive Learning, Statistical Ma-
chine Learning, Graph-based Inference, Imbalanced-class
Distributions, Image and Data Classification.

1. INTRODUCTION

There is an increasing interest in semi-supervised learning
(SSL) that exploits both labeled and unlabeled data during in-
ference [1, 2, 3]. This interest is mainly motivated by the lack
of labeled data for different training and classification tasks.
Most of SSL methods are either transductive or inductive.
Transductive methods [4] aim to predict labels of test sets
that coincide with unlabeled data while inductive methods [5]
seek to learn an explicit decision rule, using both labeled and
unlabeled data, in order to predict labels on unseen test data.
Transductive methods can also be extended on unseen test
data using, for instance, the Nystrom extension. In all these
SSL methods, three main assumptions are considered [1].
Firstly, the smoothness assumption which assigns similar la-
bels to samples belonging to the same dense area of the input
space. Secondly, the cluster assumption which seeks to find
a decision boundary in low density areas of the input space
so samples belonging to separate clusters tend to have dif-
ferent labels. Finally, the manifold assumption which states
that high-dimensional data are distributed in low-dimensional
manifolds.

Considering X as the union of labeled and unlabeled data; in
what follows, we seek to learn a decision criterion that splits
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X into a positive subset R (corresponding to the class of in-
terest) and a negative subset R. We will derive this decision
criterion by minimizing an energy function which mixes (i) a
prior term E'p that models a prior knowledge about class dis-
tribution in X', and (ii) a data term Ep which fits the decision
criterion to labeled data. In many real-world applications,
(e.g. handwritten digit recognition, image classification, text
classification, etc.), the volume or the number of points in
R is much smaller than in R especially when the class of
interest corresponds to a rare event. This imbalanced config-
uration of R and R makes the binary classification problem
hard as the contribution of the negative class becomes more
dominant. This paper addresses, particularly, the problem of
binary classification for imbalanced data which also rely on
the manifold assumption.

A given set X’ is assumed to be distributed in a low-
dimensional manifold denoted M. SSL methods, which hold
the manifold assumption [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16,
17, 18, 19, 20, 21, 22], rely on the intrinsic properties of data
and consider that the underlying classifier, that separates pos-
itive and negative data, is smooth along the tangent space of
M. Learning and classification algorithms operating on im-
balanced class distributions are studied in the literature with
two levels of contributions (see for instance [23, 24]). From
the data point-of-view, over or under sampling strategies are
proposed in order to re-balance the class distributions prior to
apply usual learning algorithms. For more challenging data
sets these algorithms hit two major limitations: an interesting
limit is when the cardinality of the rare class is only one and
much smaller compared to the cardinality of the dominant
class. Therefore, training should be achieved multiple (K)
times' on subsets including only one sample per class, and
this is clearly insufficient to accurately capture the decision
boundary. Furthermore, the learning process becomes pro-
hibitive as K reaches very large values (for instance in [24],
K =900).

From the methodological point-of-view, advanced models,
incorporating a priori knowledge about class distributions,
enable to reduce the bias due to the dominant classes. These
methods have shown successful results in many practical
problems particularly text and image classification [23]. In

Iwith K being the ratio between the cardinalities of the dominant and the
non-dominant classes.
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[25], the proposed graph-based model incorporates prior
knowledge about the class distribution of the labeled data by
re-weighting the contribution of positive and negative data in
the learned classifier. In [17], authors incorporate an a prior
term to model imbalanced classes on labeled data. The key
idea is to minimize a distance between discrete probabilities
of class memberships using balance priors only on the labeled
data. Notice that both models in [25, 17] fail for highly im-
balanced class distributions in the unlabeled data, especially
when the amount of the labeled data is significantly small
compared to the unlabeled ones.

In this paper, we introduce a novel semi-supervised learn-
ing algorithm based on a phase field model that tackles the
imbalanced class problem. The phase field model has been
studied in image processing and computer vision mainly for
classification of 2D images [26, 27, 28, 29, 30, 31] and high
dimensional data [9]. In [9], the proposed graph-based phase
field model assigns the same energy to positive and negative
classes. In other words, a given data point has the same prob-
ability of being labeled positively or negatively; however this
method fails when the two classes are highly imbalanced.

To the best of our knowledge, none of the existing work uses
the phase field model in order to tackle imbalanced class dis-
tributions for learning. Our work then extends the phase field
model, in [9], with the following contributions:

-The construction of a new phase field prior on graphs, that
overcomes the bias due to the dominant class;

- And a comprehensive analysis of the proposed model using
an ansatz to emphasize the role of the balance prior.

Our proposed prior phase field energy includes two terms.
The first one guarantees the smoothness of the learned clas-
sifier along the tangent space of M while the second term
encourages the response of the classifier to be close to +1 in-
side R and —1 otherwise; this term assigns different energies
to the phases +1 and —1, to correct the bias due to imbalance
class distribution both on labeled and unlabeled data.

This paper is organized as follows. In Section 2, we first
recall the basic 2D phase field model, used in [30], and we
introduce our extended phase field model on graphs. In Sec-
tion 3, we show the performance of our model on real-world
benchmarks and comparison w.r.t related work. Finally, we
conclude the paper in Section 4.

2. OUR GRAPH-BASED PHASE FIELD MODEL

In this section, we first recall the basic phase field model in
[30] defined on 2D Euclidean spaces, then we introduce our
prior for data classification. We extend this with a theoretical
and an algorithmic analysis of our proposed model and its
ability to handle imbalanced classes in R and R.

2.1. A 2D phase field model

A phase field ¢ is a real-valued function defined on an im-
age domain Q C R?. A phase field determines a region by

the map &,(¢) = {& € Q : ¢(x) > z} where z is a given
threshold. The phase field energy is [30]

B0 = [ & {8¢8¢+A<"’4—‘f) (¢—¢3)}.<1>

If Eq. (1) is minimized subject to &,(¢) = R, i.e. for a
fixed region, then away from the boundary OR, the minimiz-
ing function ¢ assumes approximately the value +1 inside,
and —1 outside R thanks to the ultralocal terms. The deriva-
tive term ensures the smoothness of ¢, producing a narrow
interface around OR and interpolating between —1 and +1.

2.2. A graph-based extension

In what follows, we extend the model in Eq. 1 to data in X
lying on a given manifold M. Considering a semi-supervised
setting, we are given £ labeled samples £ = {(2;,v:)}_,,
with y; being the label of z;, and u unlabeled samples U =
{z;}{¢,,. The whole training set is then defined as X =
L UU. Our goal is to infer the label of a given x € U by
optimizing a real-valued classifier defined on X. Let ¢ =
(¢1, P2, - .., eyw)t be a vector with each entry equal to the
value of that classifier on samples in {z; }*X" where * denotes
matrix transpose.

In the case of a manifold M, we replace the gradient operator
in Eq. 1 by its generalization 9 M as:

/ dpu(2)Dpd(z) Onp(z) = — / du(2)d(2)030b(z), ()
M M

where 0%, and du denote respectively the Laplace-Beltrami
operator and the volume measure defined on M. In practice,
the intrinsic geometric properties of X’ are described with a
graph, denoted G = (V, £), where V denotes nodes associated
to samples in X', and £ denotes edges describing relationships
(e.g. similarities) between nodes in V. Considering a discrete
approximation of —d3%, using a Laplacian operator on graphs
[32], we obtain a graph-based discrete form of our energy
term in Eq.1 as

4+
€
Ep(¢) = m ¢tL¢ + m d;V(5),
2254]_ 1w ZH 1 Wij zzl
3)
here ' Lo = D iy Wi (0 —¢5)%, withw;; = exp{—||z;—

z;|3/20%} and L is the graph Laplacian. V is the ultralo-
cal term given by V(t) = /\(% — ) +at - L), and
d; is a volume measure which is chosen as the degree of
x; (ie., d; = Z i Wij). In the equation above, € > 0,
A>0,a € — )\ , A[ are the three parameters of the model
and 1/ Z”ul wj; is a normalizing factor for a sparse simi-
larity matrix W = (wj;);;; for a non-sparse matrix W one
may use instead 1/(¢ + u)? as a normalization.

If energy (3) is minimized for a given subset R, then
away from the hypersurface IR, ¢ is close to +1 inside,
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and —1 outside R; and it varies smoothly (depending on €
and \) across the interface near OR thanks to the smoothing
(i.e. Laplacian) term. The degree d; captures the information
about the density of points: d; is high (resp. low) depending
on whether z; is located in high-density (resp. low-density)
areas of the space. Thus, the ultralocal term V' contributes sig-
nificantly in high-density regions, and weakly in low-density
regions; and this facilitates a smooth transition of ¢ along low
density regions, guaranteed by the Laplacian term.

Notice that the formulation of our model yields to choose the
threshold z = «a/\ to be at the maximum of V' (see Fig. 1).
To guarantee two energy minima at —1 and +1 associated
to the two classes, the inequality A > |a| must be satisfied:
V'(£1) = 0 and V" (£1) > 0 where ' and " denote the first
and second derivatives respectively. When setting o = 0 and
A = 1/e and choosing a uniform volume measure in front
of V, we get the particular case of the phase field model pro-
posed in [9]. This leads to V' (41) = V(—1) corresponding to
equiprobable phases +1, and hence the model Ep is suitable
for balanced class distributions. In contrast, for significantly
imbalanced data sets (which is the main scope of this work),
one should select o # 0 so that the two phases £1 will have
different energies: V(+1) — V(—1) = 4a/3 # 0. In the
following subsection, we discuss the influence of « in order
to handle imbalanced class distributions.

2.3. Model analysis

In order to simplify the analysis, and without loss of gener-
ality, we assume that the interface around the boundary OR
is very narrow compared to the interior and exterior of R.
Following this assumption, X is then split into two disjoint
regions R and R. In addition, we define an ansatz gz~5 R to
compute the total energy corresponding to the region R :
or(z) = 1ifz € Rand —1if z € R. We use a shifted
ultralocal term, V (t) = V (t) — V(—1), to make calculation
easier. Thus, the contribution of the smoothness and the ul-
tralocal terms in Ep(¢x ) becomes

4e 4o
o~ltu Z wij) + o= Vvol(R), 4
(2 z Wij yieRa;eR 320521 Wij

i,j=1

where vol(R) = >, .z di < +0o0 is the volume of R and
V(1) = V(1) — V(=1) = 4a/3. Equation above shows,
in addition to the usual smoothness term, the effect of the
ultralocal term. It is clear that the sign of the parameter o
significantly affects the behavior of the energy minimizer: if
a > 0 then the model prefers to reduce the volume of R;
if @ < 0 then the model prefers to increase the volume of
‘R. This behavior corresponds to the core contribution of our
work that makes it possible to classify significantly imbal-
anced data sets. Again, Fig. 1 shows the behavior of V' for
three different values of .

Fig. 1. Behavior of the ultralocal term V for different values of «
and for fixed \. From left to right: o = 0, & > 0 and a < 0.

2.4. Our global energy minimization model

Our total energy function E is the sum of the prior energy
term Ep, defined in Eq.3, and a data term E'p which links
the phase field function ¢ to the labeled samples in £, with
ED(¢) = i(qﬁ_Y)tU(d)_Y) andY = (y17 < Ye, 01 cee O)t
is a vector of size ¢ + u. U is a (¢ + u) x (¢ + u) diago-
nal matrix with entries U;; = 1if ¢ € {1,...,¢} and O if
ie{l+1,....0+u}.

To minimize the total energy F(¢) = Ep(d) + Ep(¢@), we
differentiate £ with respect to ¢:

SE(¢) ¢ 1
6p Zf;;wiqu&—FZU@ Y

+ %(dlvl(%)w~-7dz+uvl(¢f.+u))t7

(%)
where V'(t) = A(#3 — t) + a(1 — t?). In practice, we use
a quasi-Newton minimization algorithm based on LBFGS
to solve our non-linear optimization problem. This al-
gorithm needs an initialization of the function ¢. In all
our experiments, the initial configuration of ¢ is ¢(®) =
(Y1, ye, /A, ...,/ A)t: for unknown labels, ie. i €

{0+1,...,04+u}, qbz(-o) equals to the threshold o/ A located at
the maximum of V' (see Fig. 1). This initialization is neutral
because the derivative of V evaluated at v/ is 0 and so only
the Laplacian term contributes to propagate labels at the first
iteration of the algorithm.

The model E has 3 parameters €, A and «, and an application-
dependent parameter o. The latter is estimated empirically as
follows: we evaluate a function S(c) = thil w;j (o) for
many values of o, and select the value which7corresponds to
the inflection point of the curve log(.S) against log(c).

Now we define the essential steps of our SSL algorithm:

1. find o and then construct the graph Laplacian, L, for a
given data set X = £ U U as described in Section 2.2 (we
choose a neighborhood of 50 points to compute W);

2. choose ¢ € [0.1,1000] and A € [0.1,1000] using grid
search with a logarithmic scale;

3. choose « €] — A, A[ as mentioned in Section 2.2;

4. set (b(o), and then run the LBFGS minimization algorithm;
5. compute y; = sign(¢; — a/A), Vi€ {{+1,...,¢0+ u}.

3. EXPERIMENTS

We compare the performance of our SSL algorithm (based on
the energy E) w.r.t several SSL algorithms described in [1];
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l Method CER | ¢ Method CER

MP 11.9 MP 3.8

USPS | 10 TIterLap 13.1 | 100 TterLap 4
QC+CMN  13.6 LapRLS 4.7

LapRLS  54.5 DiscreteReg 9.6

COIL | 10 QC+CMN  59.7 | 100 MP 9.8
LDS 61.9 QC+CMN 10

RegBoost  46.7 RegBoost  23.7

BCI | 10 IterLap 46.7 | 100  AdaBoost 24
CHM 46.9 Assemble 28.7

LDS 27.2 SGT 23.1

Text | 10 SGT 29 | 100 LDS 232
MP 29.7 RegBoost 233

Table 1. Classification errors, given in percentage, of the top ranked
state-of-the-art algorithms on SSL benchmarks [1].

¢ | Method | USPS | COIL | BCI | Text

BestSoA | 11.9 | 545 | 46.7 | 27.2

10 | Our(Ey) | 192 | 235 | 448 | 375
Our(E) | 42 14 | 448 | 29
BestSoA | 3.8 | 9.6 | 23.7 ] 23.1

100 | Our (By) | 7.2 | 45 | 451|273

Our(E) | 3.8 3 | 442 | 215

Table 2. Classification errors, given in percentage, of our methods
(Ep, F) and the best state-of-the-art on 4 SSL benchmarks [1] with
10 (and 100) labeled points only. “Best SoA” stands for the best state
of the art method (among those reported in Table 1). Note that for
USPS, COIL and Text £ + u = 1500 while for BCI £ + u = 400.

including boosting (Assemble [8], AdaBoost [33], Manifold-
Boost [14], RegBoost [10]), measure propagation (MP) [17],
Iterated Laplacian (iterLap) [22], etc. (see Tab 1) and our
baseline (based on Ey, i.e. when @ = 0). We analyze the
results on 4 standard benchmarks: 2 benchmarks with im-
balanced class distributions, i.e., |[R| < |R| (“USPS” for
hand-written digit recognition and “Coil” for image classi-
fication) and 2 others with balanced class distributions, i.e.,
|R| = |R| (“BCI” for brain computer interface and “Text”
for newsgroup categorization).
All these benchmarks deal with binary classification except-
ing Coil that has 6 classes, so we carry out multiple classes
using “one versus all” binary classifiers. For all these experi-
ments, we follow up the protocols defined in [1, 10, 17]: for
each dataset, we run experiments using 12 splits where each
split contains 10 (or 100) randomly sampled labeled data and
the remaining data are considered as unlabeled; the goal is
then to predict the classes of the unlabeled data. We report
performances using the CER (Classification Error Rate) aver-
aged over the 12 splits for each dataset.

Table 1 shows CER performances which are available
and reported in state of the art on the 4 benchmarks. These
performances are shown for different sizes of labeled data

(¢ = 10 and ¢ = 100). The results reported in table 2, show
that the performances of both models Ey and E are compa-
rable (and relatively close to the best state of the art meth-
ods) for balanced class distribution datasets (BCI and Text).
On the imbalanced class databases (Coil and USPS), Ej, fails
whereas E overtakes Ej and shows a significant decrease of
the CER compared to both Ej and related work.

Finally, Fig. 2 shows the plots of CER against « for 3 dif-
ferent values of A on the USPS benchmark (with ¢ = 100). It
is clear that the blue curve of CER (corresponding to the best
choice of \) has exactly one minimum which corresponds to
the desired behavior of the model (discussed in Section 2.3)
that reduces classification bias toward the dominant class (in
contrast to model Ey, i.e., when o« = () without introducing
a bias toward the rare class.

CER

-08 -06 -04 -02 0 0.2
afi

Fig. 2. This figure shows the evolution of the CER against « for 3

different values of A on the USPS benchmark. The blue curve cor-

responds to the best value of A. The best value of «a corresponds to

the minimum of CER. Note that these error rates are plotted against

a/ X for better readability.

4. CONCLUSION

We introduced, in this paper, a graph-based phase field model
for transductive semi-supervised learning. This model is
able to deal with (significantly) imbalanced class distribu-
tions especially when labeled data in the class of interest are
extremely scarce. Our main contribution is to tackle the prob-
lem of significantly imbalanced datasets via the incorporation
of an additional prior term which encourages or penalizes
the membership of data to different classes according to their
class distribution.

Experiments and comparisons conducted on different stan-
dard benchmarks show that for balanced class distribution
datasets, model E) is sufficiently performant while F is bet-
ter than Fjy (as well as related SSL work) for imbalanced
class distribution datasets.
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