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ABSTRACT

Coherence is a well established measure of linear depen-
dency between a pair of stationary random processes in the
frequency domain. Wavelet coherence measures the linear
dependency between a pair of signals in time-scale space and
is therefore more suitable for non-stationary processes. Until
now it has only been considered in relation to regularly sam-
pled ordinary time-series. Here, for the first time, it is applied
to point processes on the real line. We consider smoothing
the individual wavelet spectra by averaging over a set of or-
thogonal Morse wavelets and show that under the assumption
of independent Poisson processes the Goodman distribution
is appropriate.

Index Terms— Wavelet coherence, Morse wavelets,
point processes.

1. INTRODUCTION

Point processes on the real line, for which any one realisation
consists of a set of isolated points in ℝ (often considered as
time), are used to model a vast array of random processes.
In keeping with convention we represent a point process as
{𝑁(𝑡), 𝑡 ∈ ℝ} whose value at time 𝑡 is a random non-negative
integer indicating the number of events that have occurred in
the time interval (0, 𝑡]. Of particular interest is if a pair of
point processes, 𝑁1(𝑡) and 𝑁2(𝑡) say, are correlated with one
another. That is, are the occurrence of events in one point
process correlated with the occurrence of events in the other.

Methods for such analysis, designed for the broader class
of spatial point processes (of which point processes on the
real line are the 1-D subclass), include the widely studied and
applied cross-K-function [1] that indicates the expected num-
ber of type 2 events within a certain time window around an
arbitrary type 1 event. Such methods suffer from high compu-
tational demand and the distribution of the cross-K-function
estimator is intractable in all but the most trivial scenarios
with computationally expensive Monte Carlo methods often
required [2].

For processes on the real line there has been considerable
interest in the use of spectral methods for analysing a single
(univariate) point process e.g. [3], [4], [5]. A spectral density
function 𝑆11(𝑓) for a point process𝑁1(𝑡) forms a Fourier pair

with the auto-covariance density of the point process and ex-
poses the dominant frequencies driving the arrival of events.
For a pair of point process 𝑁1(𝑡) and 𝑁2(𝑡), in addition to the
two spectral density functions 𝑆11(𝑓) and 𝑆22(𝑓) we can also
define a cross-spectral density function 𝑆12(𝑓) that exposes
common frequencies between events occurring in 𝑁1(𝑡) and
events occurring in𝑁2(𝑡). It therefore seems sensible that any
linear dependency between a pair of point processes could al-
ternatively and conveniently be examined using the spectral
domain. A normalised measure of linear dependency in the
frequency domain is the coherence function (or magnitude
squared coherency) and is given as [4], [6]

𝜌2(𝑓) =
∣𝑆12(𝑓)∣2

𝑆11(𝑓)𝑆22(𝑓)
. (1)

A value close to zero indicates there is weak correlation be-
tween the two point processes associated with that particular
frequency. A value close to one indicates strong correlation.

Spectral methods inherently assume stationarity across
the whole observation window — this is often impractical.
Wavelets are a natural tool with which to perform time-
localised spectral analysis, and the discrete wavelet transform
has been use for intensity estimation of a single process [7],
[8].

The continuous wavelet transform (CWT) of a continuous
time signal 𝑋(𝑡) at scale 𝑎 > 0 and translation (time) 𝑏 ∈ ℝ

is defined as

𝑊 (𝑎, 𝑏,𝑋, 𝜓) = 𝑎−1/2

∫ ∞

−∞
𝑋(𝑡)𝜓∗

(
𝑡− 𝑏

𝑎

)
d𝑡

where 𝜓(⋅) is the analyzing wavelet and ∗ denotes complex
conjugation. Given a second signal 𝑌 (𝑡), Liu [9] introduced
the concept of wavelet coherence (WCOH) – a time-scale
measure of linear dependency,

∣𝑊 (𝑎, 𝑏;𝑋,𝜓)𝑊 ∗(𝑎, 𝑏;𝑌, 𝜓)∣2
∣𝑊 (𝑎, 𝑏;𝑋,𝜓)∣2 ∣𝑊 (𝑎, 𝑏;𝑌, 𝜓)∣2 .

In practical situations smoothing the individual terms is nec-
essary to avoid this equalling unity. We therefore implement

∣𝒮 {𝑊 (𝑎, 𝑏;𝑋,𝜓)𝑊 ∗(𝑎, 𝑏;𝑌, 𝜓)}∣2
𝒮{∣𝑊 (𝑎, 𝑏;𝑋,𝜓)∣2}𝒮{∣𝑊 (𝑎, 𝑏;𝑌, 𝜓)∣2} , (2)
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where 𝒮{⋅} represents a smoothing operation. For regularly
sampled ordinary time series this quantity has been exten-
sively applied (e.g. [10],[11]) and recently its distributional
properties have been derived for two different smoothing
methods [12], [13]. However, as yet there has been no con-
sideration of using this measure for point processes. Impor-
tantly, with the first stage of any investigation using WCOH
on a pair of processes the null hypothesis will assume station-
arity and independence, therefore it is important to know the
distribution of WCOH under this assumption.

In Section 2 we introduce some key definitions for point
processes. In Section 3 we present some distributional results
for the CWT on a point process. In Section 4 we construct
a WCOH estimator using multiple orthogonal wavelets and
derive the distributions under the assumption of independent
homogeneous Poisson processes.

2. POINT PROCESSES

2.1. Bivariate point processes on the real line

To denote a point process let 𝑁(𝐴) ≡ number of events that
occur in 𝐴 ⊂ ℝ, then the integer valued process {𝑁(𝑡), 𝑡 ∈
ℝ} is 𝑁((0, 𝑡]) for 𝑡 > 0 and 𝑁(0) = 0. A bivariate point
process {N(𝑡) ≡ [𝑁1(𝑡), 𝑁2(𝑡)]

𝑇
, 𝑡 ∈ ℝ} consists of a pair

of component point processes defined on the same space and
labelled 𝑁𝑖(𝑡), 𝑖 = 1, 2.

The differential increment d𝑁𝑖(𝑡) ≡ 𝑁𝑖(𝑡, 𝑡 + d𝑡] is a
counting variant that counts the number of events in the incre-
ment d𝑡 with starting point 𝑡. Here, we only deal with orderly
processes where two events can not appear at the same time.
In this circumstance d𝑁𝑖(𝑡) is a Bernoulli random variable
that takes a value of 1 if an event has occurred in the interval
(𝑡 + d𝑡]. The intensity 𝝀(𝑡) of a bivariate point process N(𝑡)
is defined as the vector 𝝀(𝑡) = [𝜆1(𝑡), 𝜆2(𝑡)]

𝑇 where

𝜆𝑖(𝑡) ≡ lim
d𝑡→0

𝐸{d𝑁𝑖(𝑡)}
d𝑡

, 𝑖 = 1, 2

and where 𝐸{⋅} denotes the expectation operator. We can
interpret 𝜆𝑖(𝑡)d𝑡 as the probability that d𝑁𝑖(𝑡) = 1.

The second-order properties of a univariate point process
𝑁𝑖(𝑡) are characterized by the second-order auto-intensity
function

𝜆𝑖𝑖(𝑡, 𝑠) ≡ lim
d𝑡,d𝑠→0

𝐸{d𝑁𝑖(𝑡)d𝑁𝑖(𝑠)}
d𝑡 ⋅ d𝑠 𝑡 ∕= 𝑠.

When 𝑡 = 𝑠 it is clear that 𝐸{∣d𝑁𝑖(𝑡)∣2} = 𝐸{d𝑁𝑖(𝑡)},
and we define the complete auto-intensity function [3], [5]
𝜆𝑐𝑖𝑖(𝑡, 𝑠) = 𝜆𝑖𝑖(𝑡, 𝑠) + 𝜆𝑖(𝑡)𝛿(𝑡 − 𝑠), 𝑡, 𝑠 ∈ ℝ. The second-
order cross-intensity function at times 𝑡 and 𝑠 for processes
𝑁1(𝑡) and 𝑁2(𝑡) is defined as

𝜆12(𝑡, 𝑠) ≡ lim
d𝑡,d𝑠→0

𝐸{d𝑁1(𝑡)d𝑁2(𝑠)}
d𝑡 ⋅ d𝑠 𝑡, 𝑠 ∈ ℝ.

This allows us to define the second-order intensity matrix for
the bivariate process N(𝑡) as

Λ(𝑡, 𝑠) ≡ 𝐸{dN(𝑡)dN𝑇 (𝑠)} =
[
𝜆𝑐
11(𝑡,𝑠) 𝜆12(𝑡,𝑠)

𝜆21(𝑡,𝑠) 𝜆𝑐
22(𝑡,𝑠)

]
𝑡, 𝑠 ∈ ℝ.

A bivariate point process N(𝑡) is said to be stationary if
Λ(𝑡, 𝑠) = Λ(𝑡 − 𝑠) = Λ(𝜏) for all 𝑡, 𝑠 ∈ ℝ, i.e. it is depen-
dent only on lag 𝜏 = 𝑡− 𝑠. A consequence of this is that the
intensity function 𝝀(𝑡) is a constant, 𝝀 say.

The covariance density matrix of N(𝑡) is defined as

Γ(𝑡, 𝑠) ≡ cov{dN(𝑡), dN(𝑠)} =
[
𝛾𝑐
11(𝑡,𝑠) 𝛾12(𝑡,𝑠)

𝛾21(𝑡,𝑠) 𝛾𝑐
22(𝑡,𝑠)

]

where the auto-covariance density is defined as 𝛾𝑖𝑖(𝑡, 𝑠) ≡
𝜆𝑖𝑖(𝑡, 𝑠) − 𝜆𝑖(𝑡)𝜆𝑖(𝑠), 𝑡 ∕= 𝑠 and completed with 𝛾𝑐𝑖𝑖(𝑡, 𝑠) =
𝛾𝑖𝑖(𝑡, 𝑠)+𝜆𝑖𝑖𝛿(𝑡− 𝑠) for 𝑡, 𝑠 ∈ ℝ. The cross-covariance den-
sity is 𝛾12(𝑡, 𝑠) ≡ 𝜆12(𝑡, 𝑠) − 𝜆1(𝑡)𝜆2(𝑠), 𝑡, 𝑠 ∈ ℝ. Poisson
processes are orderly processes where 𝛾𝑖𝑖(𝑡, 𝑠) = 0 for all
𝑡 ∕= 𝑠. Such processes are called completely random. Poisson
processes with a constant intensity for all time are known as
homogeneous Poisson processes, otherwise they are inhomo-
geneous. We consider a bivariate point process N(𝑡) to be
Poisson if both component processes are Poisson.

2.2. Integrating with point processes

We will be interested in stochastic integrals of the form∫
𝒯 𝜑(𝑡)d𝑁𝑖(𝑡) where 𝒯 ⊆ ℝ is the observation window. If

events in 𝑁𝑖(𝑡) occur at times 𝑢𝑖,𝑛 ∈ 𝒯 , 𝑛 = 1, 2, ..., then∫
𝒯
𝜑(𝑡)d𝑁𝑖(𝑡) =

∑
𝑛

𝜑(𝑢𝑖,𝑛). (3)

We will also be interested in the first- and second-order mo-
ments of the integrals. We consider the bivariate extensions.
It follows from the above definitions that

𝐸

{∫
𝒯
𝜑(𝑡)dN(𝑡)

}
=

∫
𝒯
𝜑(𝑡)𝝀(𝑡)d𝑡

and

𝐸

{∫
𝒯
𝜑1(𝑡)𝜑2(𝑠)dN(𝑡)dN𝑇 (𝑠)

}

=

∫
𝒯
𝜑1(𝑡)𝜑2(𝑠)Λ(𝑡, 𝑠)d𝑡d𝑠.

2.3. Spectral density and cross-spectral density functions

The spectral density function of a stationary point pro-
cess 𝑁𝑖(𝑡) is defined as the Fourier transform of the auto-
covariance sequence [3] and the cross-spectral density func-
tion defined as the Fourier transform of the cross-covariance
sequence. We therefore define the spectral density matrix of
a stationary bivariate point process N(𝑡) as (𝜏 = 𝑡− 𝑠)

S(𝑓) =

∫ ∞

−∞
Γ(𝜏) exp(−i2𝜋𝑓𝜏)d𝜏 =

[
𝑆11(𝑓) 𝑆12(𝑓)
𝑆21(𝑓) 𝑆22(𝑓)

]
.

(4)
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The spectral density function shows the frequencies at which
events occur within a process. A Poisson process exhibits
complete randomness which results in all frequencies con-
tributing equally to the spacings of events and therefore has a
flat spectral density function of value 𝜆𝑖𝑖, as can be seen by
taking the Fourier transform of 𝛾𝑐𝑖𝑖(𝜏) = 𝜆𝑖𝑖𝛿(𝜏). The cross-
spectral density represents the covariance between the two
processes in the frequency domain. Two independent point
processes will have zero cross-spectral density.

The overall magnitude of the cross-spectral density func-
tion is dependent on the individual processes and therefore
normalising it with respect to the spectral density functions of
the individual processes becomes useful for comparison pur-
poses. The coherence is a normalised measure of linear de-
pendency between two stationary processes 𝑁1(𝑡) and 𝑁2(𝑡)
at a particular frequency and is given in (1). This must be
estimated using smoothed spectral estimators to avoid an es-
timate of unity for all frequencies, [4], [6], [14], [15], [16].

3. THE CWT FOR POINT PROCESSES

From (3), the CWT 𝑊 (𝑎, 𝑏;𝑁𝑖(𝑡)) (suppressing 𝜓 in nota-
tion) for 𝑁𝑖(𝑡) at scale 𝑎 > 0 and translation 𝑏 ∈ ℝ is given
as

𝑎−1/2

∫ ∞

−∞
𝜓∗

(
𝑡− 𝑏

𝑎

)
d𝑁𝑖(𝑡) = 𝑎−1/2

∑
𝑛

𝜓

(
𝑢𝑖,𝑛 − 𝑏

𝑎

)
,

where events of process 𝑁𝑖(𝑡) occur at times 𝑢𝑖,𝑛, 𝑛 = 1, 2....
The term ∣𝑊 (𝑎, 𝑏;𝑁𝑖(𝑡))∣2 is known as the wavelet spectrum
at scale 𝑎 and translation 𝑏. It is a time localised measure of
how events occurring across a particular scale contribute to
the point process. It is typical to consider scale and frequency
to have an inverse relationship.

3.0.1. Restrictions on scale and translation parameters

Consider performing a CWT on a realisation of 𝑁𝑖(𝑡) ob-
served on the time window 𝒯 = (0, 𝑇 ], then this gives re-
strictions on the scales 𝑎 and translations 𝑏. The support of
scaled wavelet 𝑎−1/2𝜓(𝑡/𝑎) must be less than observation
window 𝒯 . If 𝜓 has support 𝑠 then 𝑎−1/2𝜓(𝑡/𝑎) has sup-
port 𝑠𝑎 implying that we require 𝑎 < 𝑇/𝑠. We also require
the translated wavelet to lie in the observation window, there-
fore for each 𝑎 we require 𝑠𝑎/2 < 𝑏 < 𝑇 − 𝑠𝑎/2. Let
𝒜 = (0, 𝑇/𝑠) represent the set of values that 𝑎 can take, and
ℬ(𝑎) = (𝑠𝑎/2, 𝑇 − 𝑠𝑎/2).

3.1. Wavelet transform vector

To consider the wavelet transform of a bivariate point pro-
cess N(𝑡) = [𝑁1(𝑡), 𝑁2(𝑡)]

𝑇 it makes sense to introduce the
wavelet transform vector

W(𝑎, 𝑏) =
[
𝑊 (𝑎,𝑏;𝑁1(𝑡))
𝑊 (𝑎,𝑏;𝑁2(𝑡))

]
= 𝑎−1/2

∫ ∞

−∞
𝜓∗

(
𝑡− 𝑏

𝑎

)
dN(𝑡),

the expected value of which is

𝐸{W(𝑎, 𝑏)} = 𝑎−1/2

∫ ∞

−∞
𝜓

(
𝑡− 𝑏

𝑎

)
𝝀(𝑡)d𝑡

where 𝝀(𝑡) = [𝜆1(𝑡), 𝜆2(𝑡)]
𝑇 . We therefore see that the CWT

of a point process is an estimator of the CWT of the process’
intensity. Consequently, we are able to use it to study small
and large scale changes in the intensity in a time-localized
way. We note that if N(𝑡) is stationary, implying 𝝀(𝑡) = 𝝀 =
[𝜆1, 𝜆2]

𝑇 , combined with the fact a wavelet integrates to zero
by definition, then 𝐸{W(𝑎, 𝑏)} = 0.

Let Ω(𝑎, 𝑏) ≡ W(𝑎, 𝑏)W𝐻(𝑎, 𝑏) (where 𝐻 is the conju-
gate transpose) which we will call the wavelet spectral matrix
due to the fact that the diagonal elements are the individual
wavelet spectra ∣𝑊 (𝑎, 𝑏;𝑁𝑖(𝑡))∣2 and the off-diagonal terms
are the wavelet cross spectra 𝑊 (𝑎, 𝑏;𝑁𝑖(𝑡))𝑊

∗(𝑎, 𝑏;𝑁𝑗(𝑡)),
from which we can define the cross wavelet power spectra
∣𝑊 (𝑎, 𝑏;𝑁𝑖(𝑡))𝑊

∗(𝑎, 𝑏;𝑁𝑗(𝑡))∣. The wavelet spectral ma-
trix Ω(𝑎, 𝑏) is given as

𝑎−1

∫ ∞

−∞

∫ ∞

−∞
𝜓∗

(
𝑡− 𝑏

𝑎

)
𝜓

(
𝑠− 𝑏

𝑎

)
dN(𝑡)dN𝑇 (𝑠),

and 𝐸{Ω(𝑎, 𝑏)} equals

𝑎−1

∫ ∞

−∞

∫ ∞

−∞
𝜓∗

(
𝑡− 𝑏

𝑎

)
𝜓

(
𝑠− 𝑏

𝑎

)
Λ(𝑡, 𝑠)d𝑡d𝑠

For stationary N(𝑡) we have seen 𝐸{W(𝑎, 𝑏)} = 0 and
therefore cov{W(𝑎, 𝑏)} = 𝐸{Ω(𝑎, 𝑏)} and is given by

𝑎−1

∫ ∞

−∞

∫ ∞

−∞
𝜓∗

(
𝑡− 𝑏

𝑎

)
𝜓

(
𝑠− 𝑏

𝑎

)
Γ(𝑡− 𝑠)d𝑡d𝑠.

Let Ψ(𝑓) be the Fourier transform of 𝜓(𝑡), it follows from (4)

𝐸{Ω(𝑎, 𝑏)} = 𝑎−1

∫ ∞

−∞
∣Ψ(𝑎𝑓)∣2S(𝑓)d𝑓.

Given S(𝑓) is sufficiently smooth across the (typically
tightly-peaked) function ∣Ψ(𝑎𝑓)∣2 then wavelet spectral ma-
trix Ω(𝑎, 𝑏) is an approximately unbiased estimator of spectral
density matrix S(𝑓). In the particular case that N(𝑡) consists
of a pair of stationary and independent Poisson processes
then 𝐸{Ω(𝑎, 𝑏)} = S(𝑓) =

[
𝜆1 0
0 𝜆2

]
.

3.2. Statistical analysis of CWT

We now present some key results for the distribution of the
wavelet transform vector for a pair of stationary point pro-
cesses. We let 𝑁𝒞

𝑑 (𝝁,Σ, 𝑅) (and 𝑁𝒞(𝜇, 𝜎2, 𝑟2)) denote
the 𝑑-dimensional (1-dimensional) improper complex nor-
mal distribution with relation matrix 𝑅 (relation parameter
𝑟) and 𝑁𝒞

𝑑 (𝝁,Σ) (𝑁𝒞(𝜇, 𝜎2)) denote the 𝑑-dimensional (1-
dimensional) proper complex normal distribution (𝑅 = 0 or
𝑟 = 0). The following theorem is given full treatment in [17].
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Theorem 3.1. Let 𝑁(𝑡) be a homogeneous Poisson process
observed on the interval 𝒯 = [0, 𝑇 ] ⊂ ℝ with intensity 𝜆 >
0, and let 𝜓(𝑡) be a complex valued analysing wavelet, then
with respect to 𝜆, we have 𝜆−1/2𝑊 ≡ 𝜆−1/2𝑊 (𝑎, 𝑏;𝑁(𝑡))
is asymptotically 𝑁𝒞(0, 1, 𝜅2) distributed for all 𝑎 ∈ 𝒜, 𝑏 ∈
ℬ(𝑎), where 𝜅2 =

∫
𝒯 𝑎−1𝜓((𝑡− 𝑏)/𝑎)𝜓((𝑡− 𝑏)/𝑎)d𝑡.

The result shown above is asymptotic. We therefore as-
sume the “large-𝜆” approximation 𝑊 ∼ 𝑁𝒞(0, 𝜆, 𝜆𝜅2). We
now consider a pair of homogeneous Poisson point processes
𝑁1(𝑡) and 𝑁2(𝑡). A pair of marginally normal independent
random variables are jointly normal, implying for large-𝜆 that
W(𝑎, 𝑏) ∼ 𝑁𝐶

2 (0,Σ, 𝑅) where Σ =
[
𝜆1 0
0 𝜆2

]
and 𝑅 =[

𝜆1𝜅
2 0

0 𝜆2𝜅
2

]
where 𝜅2 =

∫
𝒯 𝑎−1𝜓((𝑡−𝑏)/𝑎)𝜓((𝑡−𝑏)/𝑎)d𝑡.

4. MORSE WCOH FOR POINT PROCESSES

It is necessary we smooth the wavelet spectra to avoid WCOH
estimates of unity [12]. A smoothing method explored in de-
tail in [12] uses a set of 𝐾 orthogonal Morse wavelets [18]
{𝜓𝑘(⋅), 𝑘 = 0, ...,𝐾 − 1} to give the WCOH estimator

∣∣∣∑𝐾−1
𝑘=0 𝑊𝑘(𝑎, 𝑏;𝑁1(𝑡))𝑊

∗
𝑘 (𝑎, 𝑏;𝑁2(𝑡))

∣∣∣2(∑𝐾−1
𝑘=0 ∣𝑊𝑘(𝑎, 𝑏;𝑁1(𝑡))∣2

)(∑𝐾−1
𝑘=0 ∣𝑊𝑘(𝑎, 𝑏;𝑁2(𝑡))∣2

)

where𝑊𝑘(𝑎, 𝑏;𝑁𝑖(𝑡)) ≡ 𝑊 (𝑎, 𝑏;𝑁𝑖(𝑡), 𝜓𝑘) and W𝑘(𝑎, 𝑏) is
the associated CWT vector for the 𝑘th wavelet. The orthogo-
nality of the 𝐾 wavelets gives 𝐾 approximately uncorrelated
wavelet spectra across which to average. We note, for 𝑎 ∈ 𝒜
and 𝑏 ∈ ℬ(𝑎), 𝐸{W𝑗(𝑎, 𝑏)W

𝐻
𝑘 (𝑎, 𝑏)} equals

∫
𝒯

∫
𝒯
𝜓∗
𝑗

(
𝑡− 𝑏

𝑎

)
𝜓𝑘

(
𝑠− 𝑏

𝑎

)
Λ(𝑡, 𝑠)d𝑠d𝑡.

When𝑁1 and𝑁2 are independent homogeneous Poisson pro-
cesses matrix Λ(𝑡, 𝑠) is constant and 𝐸{W𝑗(𝑎, 𝑏)W

𝐻
𝑘 (𝑎, 𝑏)}

= 0. It is also true that for the Morse wavelets 𝜅 = 0 [17], so
with Ω𝑘(𝑎, 𝑏) ≡ W𝑘(𝑎, 𝑏)W

𝐻
𝑘 (𝑎, 𝑏), then

Ω𝑘(𝑎, 𝑏) ∼ 𝑊𝐶(1,Λ)

for all 𝑘 = 0, ...,𝐾−1, where 𝑊𝐶(𝑛,Σ) represents the com-
plex Wishart distribution with 𝑛 degrees of freedom and scale
matrix Σ. Consequently, in the case of independent homoge-
neous Poisson processes we have the approximation

Ω(𝑎, 𝑏) ≡
𝐾−1∑
𝑘=0

W𝑘(𝑎, 𝑏)W
𝐻
𝑘 (𝑎, 𝑏) ∼ 𝑊𝐶(𝐾,Λ). (5)

4.1. Coherence

The Morse wavelet coherence is alternatively expressed as

𝜌2(𝑎, 𝑏) =
∣[Ω(𝑎, 𝑏)]12∣2

([Ω(𝑎, 𝑏)]11[Ω(𝑎, 𝑏)]22)
.
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Fig. 1. QQ-plots comparing the theoretical quantiles of the
Goodman distribution to the 100 WCOH estimates computed
on a pair of independent homogeneous Poisson processes
with intensities 𝜆1 = 𝜆2 = (a) 50, (b) 200, (c) 500 and (d)
1000, at scale 𝑎 = 0.05 and translation 𝑏 = 0.5.

Given the distribution of Ω(𝑎, 𝑏), 𝜌2 has pdf [19]

𝑔(𝑥;𝐾, 𝜌2) = (𝐾 − 1)(1− 𝜌2)𝐾

× (1− 𝑥)𝐾−2
2𝐹1(𝐾,𝐾; 1; 𝜌2𝑥).

This is the pdf for the Goodman distribution with 𝐾 degrees
of freedom and ‘true’ parameter 𝜌2. In the case of indepen-
dent processes the true coherence parameter is 𝜌2 = 0.

4.2. Simulation

We perform 100 simulations of two independent homoge-
neous Poisson processes on the interval [0, 1] and compute
the WCOH estimate for each pair using the first 𝐾 = 8 order
Morse wavelets with shape parameters 𝛽 = 5, 𝛾 = 2 (see [18]
for details). The QQ-plot in Figure 1 plots the ordered WCOH
estimates for scale 𝑎 = 0.05 and translation 𝑏 = 0.5 against
the theoretical quantiles of the proposed Goodman distribu-
tion. It is clear (with the exception of slight deviations at the
tail) there is an excellent fit between the empirical and pro-
posed large-𝜆 distribution, even for relatively low intensities.

5. CONCLUSION

We have introduced WCOH - a measure of linear dependency
in time-scale space - for a pair of point processes on the real
line. Using multiple orthogonal wavelets we have shown it to
be amenable to statistical study and under the assumption of
homogeneous Poisson and independence the Goodman distri-
bution is appropriate. Such an assumption can form the null
hypothesis against which we search for regions in time-scale
space of significant coherence.
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