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ABSTRACT

Frequency-domain linear prediction (FDLP) is widely used in
speech coding for modeling envelopes of transients signals, such
as voiced and unvoiced stops, plosives, etc. FDLP fits an auto re-
gressive model to the discrete cosine transform (DCT) coefficients
of a sequence. The spectral prediction coefficients provide a para-
metric model of the temporal envelope. The prediction coefficients
are obtained by solving the set of Yule—Walker equations expressing
the relationship between lagged spectral autocorrelation values. A
limitation of the direct approach of computing the spectral autocor-
relation values is that the sequence has to be padded with a large
number of zeros for the autocorrelation estimates to be reasonably
accurate. This comes at the cost of increased computational com-
plexity. We present an efficient and accurate method for computing
the spectral autocorrelation samples. We show that the spectral auto-
correlation can be computed as cosine-weighted temporal centroids,
where the weighting function is dependent on time-index of the
samples.

Index Terms— frequency-domain linear prediction, temporal
envelope, temporal centroid

1. INTRODUCTION

Autogressive (AR) modeling provides an efficient way of predicting
signal samples from past observations. Correlations that exist in pe-
riodic signals, and signals with rich harmonic structure are exploited
by the linear prediction model. A thorough review of the theory of
linear prediction (LP) and its applications to voiced speech signals
can be found in the review article by Makhoul [1, 2]. The magnitude
response of the all-pole filter derived from the prediction coefficients
gives a parametric representation of the envelope of the magnitude
spectrum, also known as spectral envelope. The parametric spectral
envelope is the bane of source-filter model [3]. The linear predic-
tion model fits well for the analysis and synthesis of voiced speech
signals as the statistics of such signals can be assumed to be approx-
imately stationary over a duration of 20 ms [4]. For transient signals
such as stop consonants that are inherently non stationary, linear pre-
diction analysis in the time domain is not useful as the signal lacks
strong temporal correlations. However, the temporal localization of
transient signals manifests as strong correlations in both real and
imaginary parts of the spectrum. For example, consider a Kronecker
impulse. The real and imaginary parts of the spectrum are sinu-
soids and the autocorrelation functions of real and imaginary parts
of the spectrum are sinusoids, which are perfectly predictable. Athi-
neos and Ellis showed that spectral correlations can be exploited to
perform linear prediction of the discrete cosine spectrum (DCT) [5].
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The spectral prediction model is referred to as frequency-domain lin-
ear prediction (FDLP). It has been shown that autocorrelation of the
DCT sequence and the Hilbert envelope of the analytic representa-
tion of the sequence form a Fourier transform pair [6, 7, 8]. The
prediction coefficients in the spectral domain in turn give a paramet-
ric representation of the Hilbert envelope [7]. The order of the pre-
dictor controls the degree of smoothness in the obtained envelopes.
The Hilbert envelope of a real signal can also be obtained without
explicitly computing the analytic signal [9]. For a signal that can be
expressed as a superposition of transients and harmonic signals, lin-
ear prediction models applied to both time- and frequency-domains
have been shown to be most suitable [7, 10].

The parametric temporal envelope model finds applications in
speech coding, to suppress perceptible pre-echoes occurring before
the onset of transients using temporal noise shaping [11], computa-
tion of robust features for automatic speech recognition [12], high-
fidelity audio compression [13], speech recognition in reverberant
conditions [14, 15], etc. In all of these applications, the temporal en-
velope is often computed by first obtaining the DCT spectrum from
the observed signal following which sample spectral correlations are
estimated. The prediction coefficients are then computed as a solu-
tion to the Yule—Walker equations constructed from sample autocor-
relation values. Computing the spectrum and corresponding autocor-
relation values are the most computationally intensive steps in FDLP.
In this paper, we show an efficient way of computing the sample
spectral autocorrelations without computing the spectrum explicitly.
Starting from first principles, we show that the spectral autocorre-
lation can be expressed as a weighted temporal centroid, where the
weighting is a cosine function of the time index. Given these sam-
ple spectral correlations one can then solve for spectral prediction
coefficients using the Levinson—Durbin recursion procedure.

1.1. Contributions of this paper

The highlights of this paper are as follows. We derive the relation-
ship between type-I odd-length DCT and discrete Fourier transform
(DFT) of an even symmetric sequence constructed from the original
sampled sequence. We then establish a relationship between spec-
tral autocorrelation values and cosine weighted temporal centroids.
We also compare computational complexities of both methods. For
validation we show the application of proposed method to compute
the temporal envelope of a Castanet click. The temporal centroid
based method is applied on filtered sequence for improving the reso-
lution of the temporal envelope. Improvement in temporal resolution
by the application of a window in the spectrum in presence of two
clicks within the observation window is shown.



2. RELATING DFT AND TYPE-1 ODD DCT

We first show that, for a zero-mean sequence, the type-I odd DCT
and DFT of an even symmetric version of the signal constructed
from the original sequence match up to a scale factor. To illus-
trate this aspect, consider a real zero-mean N,-point discrete-time
sequence x[n], 0 < n < Np — 1. The sequence is zero padded
to make it an /V-point sequence. Without loss of generality, we as-
sume that z[0] = 0. We construct an M-point (M = 2N — 1) even
symmetric sequence from x[n] as follows:

ol ={

The M-point DFT of y[n] is given by

0<n<N-1
N<n<M-1.

M—-1
:2nnk

Y[k =) ylnle 75,

n=0

where 0 < k < M — 1. For an even-symmetric sequence, the
imaginary part of the DFT is 0, that is Y'[k] is real [16]. Since z[0] =
0 the lower limit of the summation is changed to n = 1. We split the
summation in two terms

Yk = Nf yln] cos (27;\’4““) + Mi yln] cos (27;\;’“) .

n=1 n=N

A B

Substituting n = M — n in B and taking the 27 periodicity of the
complex exponential into account, B is simplified to

B:NZ_ly[Mn]cos(27]r\Zk).

n=1

Replacing y[n] = z[n] and y[M — n] = z[n] forn € [0, N — 1]
(by construction), we observe that A and B are identical. The DFT
of y[n] is expressed as

0 k=0,

N-1
Yk = 2 Z z[n] cos (%) otherwise. M
n=1

The N-point type-I odd discrete-time cosine transform (henceforth
referred to as DCT-Io to distinguish it from the often used DCT type
II) of z[n], denoted as X [k], is given by

— 2mnk
X[kl =4 7;) Cn,kx[N] cos < i ) ,

where 0 < k < N — 1 and

% forn,k =0,
Cn = 7 when only one of n or k = 0,
1 otherwise.

X k] is a scaled version of the orthogonal DCT with a factor of
2v/M. DCT-Io is the only trigonometric transform that is directly
linked to the DFT of the even symmetric sequence [17, 7]. It should
be observed that all the terms in the summation with coefficient of
multiplication ¢, x = 1/+/2 are zero since £[0] = 0 and mean of
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Fig. 1. (In Color) a) Synthetic transient constructed from 3-density
function; b) Symmetric mirror boundary periodicity of DCT-Io of
x[n] overlaid on DFT of even symmetric version of z[n].

z[n] is zero. z[0] = 0 also allows one to start the summation with
index n = 1. Hence, X (k) can be expressed as

0 k=0,
Xl = 4 3 z[n] cos (27mk) otherwise. 2
— M
Thus,
X[k =2Y[k], 0<k<N-1 3)

Figure 1(a) and 1(b) show a synthetic transient and its DCT-Io, re-
spectively. Figure 1(b) also shows the DFT of the 2N — 1 point even
symmetric sequence constructed from x[n].

2.1. Limitations of computing FDLP directly from the DCT co-
efficients

FDLP is often computed by taking the DCT of the windowed se-
quence. The discrete set of transform coefficients are then used
to obtain an estimate of the spectral autocorrelation samples ei-
ther by autocorrelation or covariance method. The autocorrelation
method is preferred because the matrix of autocorrelation samples is
Toeplitz and the corresponding AR filter is stable. Computation of
the Toeplitz matrix using the autocorrelation method directly from
the DCT coefficients is shown below:

Rpxp = X" X, where “)
X(0) 0 0
X(1) X(0) 0
X(2) X(1)  X(0)
X=1xv-1) x(N-2) X(0)
0 X(N-1) X(1)
0 0 X(N-1)

The prediction coefficients obtained from a Toeplitz matrix is effi-
ciently computed using a Levison-Durbin recursion formulation.
For achieving higher resolution in the temporal envelope, one
should choose the prediction order p to be sufficiently large. The
autocorrelation values computed with larger values of 7 are based
on fewer non-zero samples. This limitation arises from the situation
that when 7 is large, fewer terms in the inner product of columns are
non-zero; that is, there are 7— 1 zeros in both column 1 and column p



of X and since they are non-overlapping the inner product is formed
from N — 27 — 2 samples. This limitation can be circumvented
by computing the autocorrelation samples using covariance method.
However, the resulting matrix is no longer Toeplitz and stability of
the filter is not guaranteed. Alternatively, the number of samples in
X (k) can be increased to be sufficiently larger than p [1, 18]. This is
achieved by either computing extended X (k), denoted as X (k), for
values of 0 < & < 2N — 1. Figure 1(b) shows the symmetric mir-
ror boundary property of extended DCT-Io. Both of these steps can
be combined and the spectral autocorrelation values can be obtained
from temporal centroid as shown in Section 3.

3. COMPUTING SPECTRAL COVARIANCE FROM
TEMPORAL CENTROIDS

For a given sequence X [k], the autocorrelation function and power-
spectral density form a Fourier transform pair (Wiener—Khintchine
theorem). In practice, one estimates a sampled power spectral den-
sity from a finite-length autocorrelation as follows

N—-1

_i2nTk
D rxlrleT

=0

Sxx[k] =

where rx [7] is the biased first-order autocorrelation defined as:

1 N-—-1 i
=5 L X HXD - 17l

rx[7] is even, thatis, rx [7] = rx[—7]. To overcome the limitations
described in Section 2.1, we compute 7 x [7] using extended DCT-Io;
that is

M—-1

LS Xk — ) 5)

relr] = M

We observe from Figure 1(b) that X (k) and Y (k) are identical ex-
cept for the scaling factor of 2. Substituting (3) in (5), we get that

M-—-1

relr] = MZY[k k= 7. ©)

From the time-shifting property of Fourier transform, shift in one
domain results in a modulation in the conjugate domain,

. 27n|T

Y[k] > y[n] then Y[k — |7|] <> y[n]le ™

The DFT operation can be expressed in the matrix form as

Y = ®y, where @)
y = (0], 1], ,y[M —1))7
Y = [Y[O],Y[l], e 7Y[M - 1”T

and @ is the Vandermonde matrix. ® is a Hermitian matrix ®7 & =
I, where ¥ represents conjugate transpose. For the shifted spectrum,
the DFT of the modulated signal is expressed in matrix form as

Y, = ®y,, where (€]

2m|7]| j2m(M—1)|7]

ylO], (1 y[M - 1) ;

Yo = [Y[0—|r]],

yr =

Y[L—|rfl - Y[(M = 1) [
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Expressing (6) as the inner product of Y and Y,

relr] = Y.,

and substituting (7) and (8) for Y# and Y, respectively we get
re(r] = in<I>H<I>yT.
X M

Since @7 ® =1, 7 ¢ (7) is expressed as

4

rxlr] = 377"y ©

Substituting for y and y. in (9), and noting that y = y* for real y

M-1 27n|T|
[T = i Zy [n]ed ™™,

We start the summation from n = 1 as y[0]=0. Since y[n] is even
symmetric, y[n] = y[M — n], we combine terms corresponding to
n and M — n as follows

Il
S
M

|
-
<
M
=
/N
Q
M
3
SES
X

7x[7]
n=1
N-1
4 2 .27n|T| _.2mn|T|
= — vy~ [n] (eJ M +4e M )
M n=1
_8 - 2[n] cos 2mn|7|
- M n=1 Y M
Since, y[n] = z[n] forn =1,2,--- | N — 1, r¢(7) is expressed as

relr] = MZ 22[n] co (2”"‘T|>. (10)

7% (1) is the autocorrelation function of X (k); that is the DCT-Io
of z[n]. As shown in (10), rx (7) is estimated from the temporal
centroid with a cosine weighting that is a function of time-index.
Since z[n] = 0for Ng <n < N—1,r4(7)forT=0,1,2,--- ,p,
can be computed as a matrix-vector product as shown below

z*[1
relo Sl
rx (1]
. =A ;
Ub'e Lp} 1’2(N0 _ 1)
where
1 e 1 1
cos(ly) cos(2y) -+ cos((No—1)v)
A= 8 | cos(2y) cos(4y) cos (2(No — 1))
cos (py)  cos (p27) cos (p(No — 1))
and v = 5 N I R is then constructed by creating a Toeplitz ma-

trix from [r[0],7¢[1],- - ,7¢[p]]. Since the Toeplitz matrix is
constructed after normalizing the autocorrelation samples by 7 ¢ [0],
the scale factor does not affect the computation of prediction coeffi-
cients.
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Fig. 2. (In Color) a) An example Castanet click extracted from a
recording with an overlay of FDLP envelopes obtained for a set of
values for p and IV; and b) Normalized autocorrelation function for
a single Castanet click. It can be observed that the autocorrelation
function obtained using the autocorrelation method and temporal
centroid method are identical.

Direct approach
O (Nlog(N)) + Np

Temporal centroid
(No+1)p

Table 1. Comparison of computational complexities for the direct
approach and the proposed temporal centroid method.

3.1. Advantages

Computing R using the temporal centroids method allows one to
overcome the limitations described in Section 2.1. Given a sequence,
let the DCT coefficients be computed for an arbitrarily large NV such
that N — 7+ 1 > 7. As shown in (10), the additional zeros
No < n < N — 1 do not contribute to the value of (7). Instead,
zero padding allows one to obtain values of the spectrum at finer
resolution. For a given set of samples the modification needed for
computing R is the value of ~ that is dependent on /N. The compu-
tational complexity of obtaining the transform coefficients is of the
order of O (N log(NN)). Though z[n] is zero for values of Ny < n,
X [k] is not necessarily zero for all k. Computation of p spectral au-
tocorrelation values therefore requires /Np multiplications. On the
other hand, computing the temporal centroid requires Ny multipli-
cations for computing sample squares and Nop multiplications for a
matrix vector product. A comparison is given in Table 1.

4. EXPERIMENTAL VALIDATION

We next show the experimental validation of the proposed method
of computing spectral correlations and the corresponding temporal
envelope obtained from linear prediction in the spectral domain. To
illustrate this aspect, we consider a single Castanet click obtained
from the European Broadcasting Union Sound Quality Assessment
Material (EBU-SQAM) database. We select N = 512 samples of
the recording at a sampling frequency of 48 kHz. We compute a 40"-
order temporal envelope using FDLP technique. Figure 2(a) shows
the Castanet clip on which the estimated temporal envelope is over-
laid. Figure 2(b) shows the plot normalized spectral autocorrelation
values for 7 = 0,1,2,--- ,40 with N = Ny. It can be observed
that the sample autocorrelation values computed from the temporal
centroid method matches with the autocorrelation values computed
using the autocorrelation method. Figure 2(b) also highlights the dif-
ference in the autocorrelation function obtained using the covariance
method.
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Fig. 3. (In Color) Highlighting the change in temporal resolution of
the DCT-Io and Gaussian windowed DCT-Io for a sequence consist-
ing of two Castanet clicks within a window of N = 1024 samples
with p = 41. For temporal centroids method, the centroids were
computed on the filtered sequence. The envelope plots are offset by
a constant mainly to ensure readability.

We next focus on obtaining higher temporal resolution FDLP en-
velope. Ganapathy and Hermansky showed that envelope computed
on windowed DCT-Io coefficients improves the temporal resolution
of the FDLP envelope [8]. Any smooth window such as Gaussian,
Hamming, etc. may be chosen. We show the adaptation our tech-
nique for computing the autocorrelation function of the windowed
DCT-Io. Since multiplication in spectrum is equivalent to convolu-
tion in time, the inverse DCT-Io operation is employed on the win-
dow function to obtain the impulse response in the time domain. The
filter coefficients may be truncated to a lower order as the window
function is smooth. The original sequence is filtered with the im-
pulse response and the temporal centroids are computed on the fil-
tered sequence. The autocorrelation function of the windowed spec-
trum and the temporal centroids of the filtered sequence match very
closely. In order to compare the envelopes, consider an audio clip of
two Castanet clicks from the recording described earlier. The length
of the clip is N = Ny = 1024 samples. In the direct method, the
envelope is computed from Gaussian windowed (o = 0.5) DCT-Io.
The estimated envelopes using the direct method without any win-
dow, direct method with a Gaussian window, and temporal centroid
method with Gaussian window are shown in Figure 3. We observe
that employing a window increases the peakiness of the envelope.
The envelope of the windowed spectrum computed using direct and
temporal centroid methods match very closely.

5. CONCLUSIONS

We presented an efficient method of computing the autocorrelation
function from either the real or imaginary parts of the spectrum. We
showed that the spectral autocorrelation is a temporal centroid whose
weighting is dependent on the time index. For signals with zero-
mean and sample at origin being zero, type-I odd DCT of the signal
and the Fourier spectrum of the even symmetric signal constructed
from the original sequence are identical up to a scale factor. The re-
lation allows one to obtain the sample autocorrelation values of the
DCT of a signal by computing cosine-weighted temporal centroids
of the signal. Based on this relation, one can perform frequency-
domain linear prediction (FDLP) at a significantly reduced compu-
tational cost. In the case where the temporal resolution of the FDLP
envelope needs to be improved using a windowed DCT sequence, the
temporal centroid method may be employed on a filtered sequence.
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