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ABSTRACT

This work proposes a novel design method of a two-dimensional
(2-D) Non-Separable Oversampled Lapped Transform (NSOLT)
for a given image by introducing a typical two stage procedure of
dictionary learning. NSOLT is a lattice-structure-based transform
and yields a redundant dictionary of which atoms satisfy the non-
separable, symmetric, real-valued, overlapping and compact-support
property. In addition, the Parseval tight frame constraint can struc-
turally be imposed, while the redundancy R is flexibly controlled
by the ratio of the number of channels P and the downsampling
ratio M . Compared with the other dictionary learning approaches,
the proposed method is moderately structured so that it is capable of
multiscale construction as well as atom termination at image bound-
ary. The significance of the proposed method is verified by showing
an example of learned dictionary and sparse approximation results.

Index Terms— Dictionary learning, Parseval tight frame, Mul-
tiscale representation, Iterative hard thresholding, NSOLT

1. INTRODUCTION

Redundant transforms are indispensable for sparsely representing
images. Combined with state-of-the-art optimization techniques, re-
dundant systems have found a lot of image processing applications,
e.g. feature extraction, denoising, deblurring, super-resolution, in-
painting, as well as compressive sensing [1–6].

Let x ∈ R
N be a vectorized image. Then, a redundant transform

D ∈ R
N×L can be used to represent x as

x = Dy (1)

with a coefficient vector y ∈ R
L, where N < L. That is, x is

represented as a linear-combination of column vectors {d�}L−1
�=0 of

D with coefficients {y�}L−1
�=0 of y as weights. There exist infinite

number of candidates for vector y when rank(D) = N . Vectors
{d�}L−1

�=0 and transform D are referred to as ‘atoms’ as primitive
codewords of images and a ‘dictionary’ as a set of atoms, respec-
tively. The purpose of sparse representation is to compactly repre-
sent or approximate a given image x. For a given dictionary D, this
purpose is achieved by finding y of which nonzero coefficients are
as few as possible under the constraint (1) or ‖x −Dy‖22 ≤ ε for a
small positive constant ε. If (1) is satisfied with K coefficients of y,
x is said to be K-sparse over dictionary D, where we are concerned
with the case K � N . When x is known to be exactly or approxi-
mately K-sparse over D, the problem looking for an optimum y is
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formulated as follows:

ŷ = arg min
y∈RL

‖x−Dy‖22 s.t. ‖y‖0 ≤ K, (2)

where ‖ · ‖0 denotes the count of nonzero coefficients. Unfortu-
nately, solving the sparsity problem in (2) is known to be NP-hard.
Thus, numerous algorithms have been proposed to approximately
solve (2). Orthogonal matching pursuit (OMP) [7, 8], gradient pur-
suit (GP) [9] and iterative hard thresholding (IHT) [10, 11] are good
examples of such algorithms.

The choice of the dictionary D is as important as that of sparse
approximation algorithm since it determines the model of given im-
ages and severely influences the sparse representation performance.
From innumerable candidates of dictionaries, we have to adopt one
according to the target images and application. The dictionaries are
categorized into two types: the analytical type and the learning-
based type [12]. An analytical dictionary is mathematically pre-
determined and highly structured. Examples in this type of dictio-
naries include the shift-invariant Haar wavelets [13], Curvelets [3]
and Contourlets [14, 15]. In general, the analytical dictionaries re-
quire less computational resources in its implementation than the
latter type. On the other hand, learning-based dictionaries have an
advantage that they can be finely tuned to given images. Several
approaches to train a dictionary have been proposed so far [12, 16].
They include MOD [17], K-SVD [18], and SimCO [19].

Typical learning-based approaches adopt explicit matrix repre-
sentation. Therefore, dictionaries generated by such approaches are
likely to require more computational resources than analytical ones
due to the unstructured nature. In order to resolve the computa-
tional complexity, structured dictionary learning approaches have
also been studied. One successful example is Sparse K-SVD [20],
which factorizes the dictionary D into a predetermined base dictio-
nary Φ and sparse matrix A, i.e. D = ΦA. The reduction of mem-
ory requirements and implementation complexity is quite beneficial
in practical applications especially for high-dimensional signals.

If a dictionary D satisfies DDT = BI for some positive con-
stant B, the set of the atoms {d�}L−1

�=0 is said to be a tight frame for
R

N , where I is the identity matrix. Furthermore, when B = 1, the
set is referred to as ‘1-tight frame’ or ‘Parseval tight frame.’ In this
case, the Parseval’s equality ‖x‖22 = ‖DTx‖22 holds. That is, the
energy of image x is preserved by the coefficient vector y∗ = DTx.
Such frames have an advantage that they make some sparsity-aware
algorithms tractable and simpler [12]. For example, a sufficient con-
dition of the convergence of IHT is simply met by setting the step
size a constant less than unit [11].

It is not trivial to impose the tight frame constraint onto learning-
based approaches with explicit matrix representation. In this study,
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we introduce a 2-D non-separable oversampled lapped transform
(NSOLT) [21, 22] as the constraint. NSOLT is an invertible re-
dundant transform generated and implemented by a lattice structure,
which is a generalized version of a 2-D non-separable lapped orthog-
onal transform [23–27], where the atoms are guaranteed to be sym-
metric or antisymmetric, and posses the non-separable, real-valued,
overlapping and compact-support property. NSOLT is also equipped
with no-DC-leakage option [21] and atom termination function at
image boundary [28]. The Parseval tight frame constraint can struc-
turally be imposed, while the redundancy R is flexibly controlled. In
addition, multiscale representation is available. In order to show the
significance of the proposed method, a design example is shown and
the sparse approximation results under different settings are com-
pared with those of Sparse K-SVD.

2. REVIEW OF 2-D NSOLT

Let us briefly review NSOLT as a dictionary D to model an im-
age x as in (1) [21]. In the followings, z ∈ C

2 denotes a 2 × 1
complex variable vector (zy, zx)T in the 2-D z-transform domain,
and P denotes the number of channels. The coefficients are as-
sumed to be downsampled by a factor M ∈ Z

2×2. The downsam-
pling ratio M and redundancy R are given by M = |det(M)| and
R = P/M(= L/N), respectively. As a special case, M can be the
identity so that a shift-invariant system is generated.

2.1. Two types of lattice structure

NSOLTs are categorized into two types according to the number of
symmetric channels ps and the number of antisymmetric channels
pa(= P − ps). Let us give an overview of these two types, where
we consider only the case that the vertical polyphase order Ny and
horizontal one Nx are all even. As a utility notation of butterfly
matrices, we introduce the following matrix:

B
(m)
P =

1√
2

(
Im O Im
O

√
2IP−2m O

Im O −Im

)
,

where m = min(ps, pa) and O is a null matrix.

2.1.1. Type-I NSOLT (ps = pa)

When the number of channels P is even, it is possible to set ps =
pa = P/2. From [21, Theorem 3], a Type-I lattice of NSOLT can
be constructed as shown in Fig. 1 (a). The corresponding analysis
polyphase matrix E(z) [29] is represented by

E(z) =

Ny∏
ny=1

{
R{y}

ny
Q(zy)

}
·

Nx∏
nx=1

{
R{x}

nx
Q(zx)

}
·R0E0, (3)

where E(z) is of size P ×M and

Q(zd) = B
(P

2
)

P

(
Ips O

O z−1
d

Ipa

)
B

(P
2
)

P , R{d}
n =

(
Ips O

O U
{d}
n

)
.

In the above expressions, Ip denotes the identity matrix of size p×p

and U
{d}
n ∈ R

pa×pa is an arbitrary nonsingular matrix. We adopt
the 2-D discrete cosine transform (DCT) as E0 ∈ R

M×M and

R0 =
(
W0 O
O U0

)( I�M/2� O

O O
O I�M/2�
O O

)
∈ R

P×M ,

where W0 ∈ R
ps×ps and U0 ∈ R

pa×pa are arbitrary nonsingular
matrices.

2.1.2. Type-II NSOLT (ps �= pa)

When ps �= pa, we have to use a Type-II lattice structure [21, The-
orem 3]. Fig. 1 (b) shows an analysis lattice structure of Type-II
NSOLT. For ps > pa, the polyphase matrix E(z) is represented by

E(z) =

Ny/2∏
�y=1

{
R

{y}
E�y

QE(zy)R
{y}
O�y

QO(zy)
}

×
Nx/2∏
�x=1

{
R

{x}
E�x

QE(zx)R
{x}
O�x

QO(zx)
}
·R0E0, (4)

where E(z) is of size P ×M ,

QE(zd) = B
(pa)
P

(
IP−pa O

O z−1
d

Ipa

)
B

(pa)
P , R

{y}
E� =

(
W

{d}
�

O

O Ipa

)
,

QO(zd) = B
(pa)
P

(
Ipa O

O z−1
d

IP−pa

)
B

(pa)
P , R

{x}
O� =

(
Ips O

O U
{d}
�

)
.

In the above expressions, W{d}
� ∈ R

ps×ps and U
{d}
� ∈ R

pa×pa are
arbitrary nonsingular matrices. E0 ∈ R

M×M is the 2-D DCT and

R0 =
(
W0 O
O U0

)( I�M/2� O

O O
O I�M/2�
O O

)
∈ R

P×M ,

where W0 ∈ R
ps×ps and U0 ∈ R

pa×pa are arbitrary nonsingular
matrices.

2.2. Parseval tight frame constraint

If all of the parameter matrices {W{d}
� }, {U{d}

� }, W0 and U0 are
constrained to be orthonormal, then E(z) becomes paraunitary. Any
orthonormal matrix of size p×p can be factorized into a combination
of p(p−1)

2
Givens rotations with a p × p diagonal matrix of which

p diagonal elements take either of ‘+1’ or ‘−1’ [30]. By using this
factorization, we can structurally constrain the parameter matrices to
be orthonormal. In summary, the paraunitary property of E(z) can
be maintained structurally. Table 1 summarizes the required number
of parameters in this approach of paraunitary system construction.

From the frame-theoretic point of view, a paraunitary system
corresponds to a tight frame [31]. Since the frame bound B = 1,
NSOLT yields a 1-tight frame, i.e. Parseval tight frame. The para-
conjugation of a paraunitary analysis system is known to yield a pa-
raunitary synthesis system. In the real coefficient case, the para-
conjugation of E(z) is represented by

R(z) = z−n̄ET (z−I), (5)

where n̄ = [Ny, Nx]
T and I is the identity matrix of size 2× 2.

In the redundant case, i.e. R > 1, there is an infinite number
of perfect reconstruction (PR) combination of analysis and synthesis
systems [32, 33]. It can be verified that the above pair of systems
constitute a PR system together. The synthesis process with R(z)
corresponds to a linear operation with a dictionary D, and the analy-
sis process with E(z) corresponds to the adjoint operation with DT .

2.3. Multiscale representation

At least, one channel in a PR analysis and synthesis system should
take charge of (piecewise) DC component. If only one channel takes
the role, the system is said to have no DC-leakage since the other
channels annihilate the DC component [30]. The no-DC-leakage
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(a) Type-I lattice, where M = 4, P = ps + pa = 3 + 3 = 6 and R = P/M = 3/2.

(b) Type-II lattice, where M = 4, P = ps + pa = 3 + 2 = 5 ane R = P/M = 5/4.

Fig. 1. Examples of 2-D NSOLT analysis lattice structures, where d(z) denotes the shifter chain determined by the downsampling factor M.
The polyphase orders Nx and Ny are assumed to be even.

Table 1. The number of design parameters for paraunitary NSOLT, where the polyphase orders Nx and Ny are assumed to be even.
Type Param. W0 U0 {W{d}

� } {U{d}
� } Total

I
�{θi} ps(ps − 1)/2 pa(pa − 1)/2 - (Nx +Ny)pa(pa − 1)/2 (Nx +Ny + 2)P (P − 2)/8
�{si} ps pa - (Ny +Nx)pa (Nx +Ny + 2)P/2

II
�{θi} ps(ps − 1)/2 pta(pa − 1)/2 (Nx +Ny)ps(ps − 1)/4 (Nx +Ny)pa(pa − 1)/4 (Nx +Ny + 2)(p2s + p2a − P )/4
�{si} ps pa (Nx +Ny)ps/2 (Nx +Ny)pa/2 (Nx +Ny + 2)P/2

Fig. 2. A tree structure of multiscale NSOLT

constraint can structurally be imposed for NSOLTs in (3) or (4). The
condition is met by forcing W0 to have the form W0 =

(
1 o
o W

)
for

the Type-I case and W0 = (
∏Ny/2

�y=1 W
{y}
�y

∏Nx/2
�x=1 W

{x}
�x

)−1
(

1 o
o W

)
for the Type-II case, where W ∈ R

(ps−1)×(ps−1) is an arbitrary
nonsingular matrix [21]. Under the paraunitary constraint, W is
chosen to be orthonormal, and (ps − 1) angular and one sign param-
eters are reduced from the counts in Table 1.

By iteratively reconstructing the DC components of NSOLT as
shown in Fig. 2, a redundant multiscale representation with a Par-
seval tight frame can be realized. In general, the redundancy R of
dictionary D ∈ R

N×L is determined by the ratio of the numbers of
coefficients and pixels as R = L/N . Let τ be the number of tree
levels in the multiscale construction and RP

M (τ) be the redundancy
of a τ -level tree structure of P -channel NSOLT of downsampling
ratio M . Then, the relation

RP
M (τ) =

{
(P − 1)τ + 1, M = 1
P−1
M−1

− P−M
(M−1)Mτ , M ≥ 2

,

is verified to hold. The redundancy is guaranteed to be less than
P−1
M−1

for M ≥ 2, while it increases proportional to τ for M = 1.

3. DICTIONARY LEARNING WITH NSOLT

In this section, we propose a dictionary learning method with a mul-
tiscale NSOLT (MS-NSOLT). Let x be a training image. Note that
the proposed dictionaries are trained by using a large region of a
given image instead of multiple small subimage patches.

3.1. Problem formulation

We adopt the same goal of MOD and K-SVD to find a dictionary D
and a sparse coefficient vector y which minimize the approximation
error for a given image x under the K-sparse constraint [12]. This
problem is formulated as follows:

{D̂, ŷ} = argmin
D,y

‖x−Dy‖22 s.t. ‖y‖0 ≤ K, (6)

where the expression is simplified for a single image x. The opti-
mization problem in (6) is combinatorial and non-convex. Thus, in
the same way to MOD and K-SVD, we divide the learning process
into the ‘sparse approximation’ and ‘dictionary update’ stage, and
alternatively apply these two stages to find a local minimum.

3.2. Sparse approximation stage

The goal of the sparse approximation stage is to find a sparse coeffi-
cient vector y which minimizes the approximation error for a given
image x and a fixed dictionary D̂ under the K-sparse constraint.
This problem is formulated as follows:

ỹ = argmin
y

‖x− D̂y‖22 s.t ‖y‖0 ≤ K.

Since this problem is the same as in (2) and NP-hard, we need to
adopt a suboptimal approach. Because of the overlapping property
of NSOLT, it is preferable to use a sparse coding technique available
for large data. IHT is a good candidate for this demand.
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(a) goldhill (b) lena (c) barbara (d) baboon

Fig. 3. Training images of size 128× 128, 8-bit grayscale.

Table 2. Experimental settings of
multiscale NSOLT learning

Downsampl. M 2× 2
�Channels P 8

Polyphase Ord. n̄ [4, 4]T

Sparsity K/N 2048/1282

Initial dictionary Haar DWT
Training signals each picture
Sparse Approx. IHT

Iterations 15

Table 3. Experimental settings
of Sparse K-SVD [20]

Block size 8× 8
Dictionary size 64× 169
Atom sparsity 6
Sparsity K/N 8/82

Initial dictionary ODCT
Training signals 10,000
Sparse Approx. Sparse OMP

Iterations 15

3.3. Dictionary update stage

The goal of the dictionary update stage is to find a dictionary D
which minimizes the approximation error for a given image x and a
fixed support of ỹ. This problem is formulated as follows:

{D̂, ŷ} = argmin
D,y

‖x−DΩ̃y‖22, (7)

where Ω̃ is the diagonal matrix of size L × L whose diagonal el-
ements represent the positions of nonzero coefficients in ỹ and de-
fined by [Ω̃]k,k = 1 for [ỹ]k �= 0 and [Ω̃]k,k = 0 for [ỹ]k = 0.
In the same way to SimCO [19], we consider simultaneously updat-
ing the dictionary D and coefficient vector y by using the relation
y∗ = DTx = argminy ‖x − Dy‖22. Then, the problem in (7) is
modified as D̂ = argminD ‖x−DΩ̂DTx‖22.

Since a paraunitary NSOLT can be controlled by angle and sign
parameters as in Table 1, the problem is further rewritten as

Θ̂ = argmin
Θ

‖x−DΘΩ̂DT

Θx‖22

in terms of the parameter set Θ = {{θi}, {si}}, where DΘ is an
MS-NSOLT dictionary determined by Θ. Note that the problem be-
comes non-linear, although this structured approach keeps the num-
ber of design parameters independent of the image size and the num-
ber of tree levels, and guarantees the Parseval tight frame property.

4. PERFORMANCE EVALUATION

In order to verify the significance of the proposed method, let us
show an example of learned dictionary and evaluate the sparse ap-
proximation performances under different settings.

Fig. 4. Learned atoms of size My(Ny+1)×Mx(Nx+1) = 10×10
for lena with M = diag(My,Mx) = diag(2, 2), M = | det(M)| =
My×Mx = 2×2, P = ps+pa = 4+4, n̄ = [Ny, Nx]

T = [4, 4]T

and τ = 3, where single level atoms are shown.

Table 4. PSNRs of the sparse approximation results with learned
dictionaries.

Dictionary goldhill lena barbara baboon

Sparse K-SVD (R = 169
64

) 33.77 35.47 35.85 26.21
MS-NSOLT (R < 8−1

4−1
)

ps + pa τ

4 + 4

1 25.80 23.66 22.19 21.44
2 31.63 35.63 36.59 24.87
3 32.04 35.86 38.07 25.64
4 31.83 35.82 37.64 25.36
5 31.76 35.53 37.24 25.38

5 + 3

1 24.31 23.01 21.26 21.05
2 31.74 35.10 36.28 24.89
3 31.96 34.24 37.22 25.65
4 31.50 35.52 37.06 25.54
5 31.85 33.37 36.75 25.29

6 + 2

1 22.83 20.70 20.86 20.38
2 31.66 35.30 35.90 24.79
3 31.71 35.39 36.98 25.47
4 31.90 35.13 36.88 25.36
5 31.46 34.83 36.33 25.19

Fig. 3 shows training images in this experiment. We trained dic-
tionaries for each picture independently by changing the number of
symmetric channels ps, that of antisymmetric ones pa and the tree
levels τ . The other settings are summarized in Table 2. The no-
DC-leakage property is taken into account and the atom termination
at image boundary is adopted [28]. The counts of angle parameters
�{θi} are 57, 61 and 75 for ps + pa = 4 + 4, 5 + 3 and 6 + 2, re-
spectively, and those of sign parameters �{si} are 39 for every case.
In the dictionary update stage, we used the unconstrained minimiza-
tion function ‘fminunc’ of MATLAB R2013b for optimizing an-
gles {θi} after initialization of the signs {si} and angles {θi} with
the genetic algorithm function ‘ga’ of MATLAB R2013b. Fig. 4
shows an example set of learned atoms. As a reference, we will also
show the performance of Sparse K-SVD1. The settings for learning
are summarized in Table 3.

Table 4 shows the PSNRs of the sparse approximation results
with the learned dictionaries, where IHT and block-wise Sparse-
OMP are used for MS-NSOLT and Sparse K-SVD, respectively. The
sparsity is set to remain 12.5% coefficients. From Table 4, it is veri-
fied that the proposed method shows comparable or superior perfor-
mance to the Sparse K-SVD for lena and barbara. For goldhill and
baboon, however, it shows inferior performance. Our conjecture is
that these pictures contain large fine texture regions and may require
large fine atoms. To solve this problem, we need further investigation
on the dictionary structure, for example the downsampling factor M,
number of channels P and polyphase order n̄. In addition, the heavy
computational cost due to the non-linear optimization should be re-
duced since the current approach is not suitable for on-site learning.

5. CONCLUSIONS

A novel design method of 2-D NSOLT was proposed. It was shown
that the Parseval tight frame constraint can structurally be imposed
during the dictionary learning process. Through the sparse approxi-
mation, the significance of the proposal is verified. As future works,
we are concerned with the application, further investigation on the
structure and efficient implementation of the dictionary update stage.

1MATLAB functions in OMPS-Box v1 and KSVDS-Box v11 from
http://www.cs.technion.ac.il/˜ronrubin/software.html
were used [20].
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