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ABSTRACT

‘We propose a message-passing algorithm of joint channel estimation
and decoding for OFDM systems, where expectation propagation is
exploited to deal with channel estimation. Specially, the message
updating is formulated into a recursive form. As a result, for system
with K subcarriers and L channel taps, only O(K + L) messages
need to be tracked, and meanwhile they can be efficiently calculated
using FFT with complexity O(K|A| + K log, K), where |A| de-
notes the constellation size. Numerical experiments show that our
algorithm achieves BER performance within 0.5 dB of the known-
channel bound.

Index Terms— Expectation propagation, joint channel estima-
tion and decoding, message passing, OFDM

1. INTRODUCTION

Factor graph is convenient to define the structure of receiver per-
forming joint channel estimation and decoding [1]. However, ex-
act sum-product algorithm (SPA) [2] for joint channel estimation
and decoding is computationally infeasible, as the representation
of continuous channel states increases exponentially. To overcome
this problem, different approximate approaches have been proposed
in [3-11]. Monte Carlo methods were used to represent the distribu-
tion of channel states, but at high cost [3,4]. Various approximate
message-passing algorithms have been proposed in [5-10]. Recent-
ly, Riegler et al have derived a generic message-passing algorithm
that merges belief propagation (BP) and the mean-field (MF) ap-
proximation (BP-MF) [11], and applied it to channel estimation in
OFDM systems [12]. Although its performance is excellent, the BP-
MF has a high complexity as large matrices need to be inverted. We
also note that a low-complexity version of the BP-MF algorithm has
been proposed in [13]; however, its performance is degraded in the
meantime.
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In this paper, we utilize the principle of expectation propaga-
tion [14] to make the messages of channel state tractable. To further
reduce complexity, the message updating for the channel estimation
is reformulated as recursions. It leads to a reduced number of mes-
sages need to be tracked from O(K L) to O(K + L) and efficien-
t message updating using fast Fourier transform (FFT), where K
denotes the number of subcarriers and L denotes the channel tap-
s length. The resulting algorithm has a computational complexity
of only O(K|A| + K log, K), where |.A| denotes the constellation
size.

Throughout the paper, we use the following notations. The su-
perscript T and * denote the transpose operation and the conju-
gate operation, respectively. Also, In(+) denotes the natural logarith-
m; Ne(z;m,v) £ (mv) "' exp(—|z — m|?/v) denotes a complex
Gaussian function; and h \ h; denotes all the components in h with
hy excluded. Furthermore, [E,,)[-] denotes the statistical expecta-
tion operation with respect to the distribution p(z).

2. SYSTEM MODEL

Consider an OFDM system with K subcarriers, each modulated
by a symbol chosen from a 2@-ary constellation set A. At the
transmitter, a bit vector b is encoded by a rate-R code, interleaved
by a random interleaver, and multiplexed with some training bits
P, resulting in a vector ¢ = [¢[1],...,c[N]]", where c[i] =
leifd), ... ex[i]T,1 < i < N, efi] = [erli], ..., e[, 1 <
k< K,¢f € {0,1},1 < g < Q and N denotes the number of
OFDM symbols, and then K symbols, z[i] = [z1[i],...,zx[i]] .
are generated by mapping each sub-vector ci[i] onto a symbol
x1[i] € A. Before sent through a channel h[i] = [hi[i], ..., hz[i]]",
the symbol vector x[i] is OFDM modulated and a cyclic pre-
fix is added. At the receiver, the frequency-domain observations
yli] = [1li], . .., yx[i]]" with respect to the ith OFDM symbol are
written as

L
yili] = aili] Y Prahuli] + melil, k=1,..., K, (1)

=1

where @5 = exp(—j27kl/K) denotes the (k,)th entry in the
discrete Fourier transform matrix @ € C**¥ and ny[i] denotes the



i.i.d Gaussian noise with zero mean and variance 2. For notational
simplicity, the OFDM symbol index ¢ is henceforth omitted.

3. FACTOR GRAPH REPRESENTATION

Based on the frequency-domain observations y and the a priori log
likelihood ratios (LLRs) {A\*(cf) £ In[p(c{ = 1)/p(c] = 0)]} fed
back from the decoder or specified by the training bits, our task is
to generate the LLRs {\°(c}) = In[p(c] = 1ly)/p(c} = 0ly)] —
A%(c})}, where the a posteriori marginal probability p(ci|y) is ob-

tained by
> [ pewyn

x c\c

p(cily) o @

However, the exact evaluation of p(cj|y) is computationally pro-
hibitive for the problem sizes of interest, thus we will evaluate it
approximately by message-passing algorithm. For the presentation
of factor graph and the message-passing algorithm, we will use the
same convention as in [15], to which we refer the reader for an in-
depth review.

As ¢ - © — y < h is a Markov chain, the joint probability
p(e, x,y, h) can be factorized into

p(c,z,y, h) = p(c)p(z|c)p(ylh, z)p(h). 3)

Using the independence of the symbols associated with different
subcarriers, p(x|c) in (3) can be further factorized into p(xz|c) =
[1, p(zx|ck), where p(zx|ck) = d(¥(cr) — xx) denotes the de-
terministic mapping xr = t(cx) and §(-) is the Kronecker delta
function. Channel taps h are assumed to be independent Gaussian
random variables, thus the a priori probability p(h) can be factor-
ized into p(h) = [], Nc(hi; mi,, vi,), where mj, and vj,, denote
the a priori mean and variance of the [th channel tap h;, respective-
ly. Finally, the channel transition function p(y|h, x) can be factor-
ized into p(ylh,z) = Hk Jr(yklh, zr), where fi(ye|h,zr) =
Ne(ye; T Zz &y, 1hy,0%). The probabilistic structure character-
ized by (3) is illustrated by Fig. 1, where ¥, denotes the map-
ping constraint p(zx|ck), fr denotes the channel transition function
f&(yx|h, z1), and “=" denotes the cloning node.

Fig. 1. Factor graph of an OFDM system with K subcarrier and L
channel taps.

As the factor graph in Fig. 1 is loopy, we consider a message
passing from the left to the right and then back again as one turbo
iteration. During a single turbo iteration, there may be several inner
iterations within the dashed block in Fig. 1 and the decoder. Spe-
cially, an inner iteration within the dashed block is also defined as
a message passing from the nodes {f} to the cloning nodes and
back again. To achieve joint channel estimation and decoding, the
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messages are passed over the global factor graph including the code
structure, namely, the inner messages of decoder calculated in the
last turbo iteration are available for the decoding in the next turbo
iteration.

4. MESSAGE PASSING BASED ON EXPECTATION
PROPAGATION

We will formulate the message passing in a single turbo iteration,
where the inner iteration in the dashed block are indexed by ¢. Ac-
cording to the SPA, the message passed rightward from the mapping
node Wy, is given by

“

vy, £ (The)

=11,

where p(c}) = exp(ciA®(c]))/[1 + exp(A®(c}))]. Given the mes-
sage fw,—f, (xr) and the messages {u’;;ifk (h1)}, a local belief
of h; is defined at the node fy:

Bi(hi) = 771 /h

-1
where ,uzl,_”ck (hyr)
(18). From [, hy BE(h;) = 1, the normalization constant 7}, is given
by

Z fk x’ﬁ H\IIk—>fk Tk H‘u'hl/*?fk hl/)7

\hy €A
(&)

_ t—1 t—1 .
= NC(mhL’_)fk’vhl’_)fk) is shown later as

M= ww g (@)NC (05 ze2f, (z1), [2xl* 7, (21)),  (6)
z €A

where

Zfulan) = 25 Zqﬁk,zmigifk, @

|2 + Z Vhy s -

By completing the square in the exponent of Gaussian functions,
ﬁ}i (h;) is written as a mixture of Gaussian functions, i.e.,

®)

Tfk (fL’k

Bilht) = > q(xr)Ne(@rihi; ml, n, (24), V6, 1, (21)), (9)

€A

where the mixture weight ¢ (zx) and the component parameters are
given by
1

T (ze)Ne (05 22, (k) |2k *7f, (1)), (10)
k

q(zk) =

an
(12)

mfpk,zhz (zr) = U;”_if,c (k) + Di lmﬁl:i)fk,

v;k,lhl (zk) = (1 thﬁfk/Tfk (x’“))vhzﬁfk’

where €}, (zx) £ 2§, (z1)/7f, (wx). To keep the messages in the

dashed block analytical, we project the local belief S5 (h;) into a
Gaussian function 34 (ki) £ Nc(hi; ™, s 0%, n,)- When the
criterion of minimum KL divergence, KL (85 (1), ﬁ,ﬁ(hl)), is em-

ployed, the projection reduces to matching the moments of B}i (h1)
and B} (hi) [16], i.e.,

= Eq(ay) [mfpk,zhz (mk)}

t—1 t—1 t
= Pramy, Sp, + O, S Baa) [en (zr)]

At
My, by

13)



ot t t 2 At 2
Vo 1hy = Eq(ax) [U';bk 1hy (zx) + |m¢k,zhz (zx) | ] - |m¢k,thl|
—1 1
= vzlﬁfk( Cltcvleﬁfk)

14

2

where (i £ Eoa,) [1/75, () — lek (@1)[*] + [Eqay [k (za)]]

With the approximate belief 3}, (h:), the message pf, _,p,, (hi) are
then updated by Bk(hl)//*hl—me (ha1):

115, —shy (ht) 0 N (b thi; 25—y T sy ) (15)

where
Thoon = 1/C— v Ly (16)
Zhooon = Bqgoy) [k (@) /Ch + Prami Ly o ()

As the approximate belief ﬁ,ﬁ(hl) tries to cover all modes of the
Gaussian mixture (% (h;) [16], the variance of A% (h;), namely
g, ,n,» MAy become so large that 7, < 0. If 7, < 0
happens, we set (i = Eqz,)[1/7f, (zx)]. which forces B ()
to cover less modes and guarantees ?jck_,hl > 0. This is just a
heuristic, but in our simulations it indeed avoids the instability of
expectation propagation in general.
At the cloning node of h;, the message uﬁll_)fk (h¢) is updated
by
iy - g, (ha) = p(he) H 1y, —n, (h1)
k' £k (18)

t t
= Ne(hi;mp, 5,5 Uiy f,,)-
where

- —1
Vst = (V/0h, = 1T hsn) (19)

¢ t —
vy, (my,, — D1 ;2
t ot hl( hy k.l fk—>hl)
Mp, s pp, = Mp, + — ; ) (20)
T—hy ~ Uny

and v}, and mj, are defined by

—1
Vh, 2 (1/1;21 ‘*‘Zl/?tfwhz) , @
k
mh, 2 b, (mi /of, + Y Pk T ). @2)
k

After the inner iteration is terminated, the message jtf, —w, (k) is
updated by

tmaz
ka%\llk xk /fk Tk, h Huhl—?fk

(23)
o e (v 3 By + ol vak),
l

where t,,q2 is the maximum number of inner iterations. Finally, the
LLRs of coded bits corresponding to the symbol xzj, are calculated
by

tmax
o Peea e, @O ()
A%(c;) =1In T N A (ch), (24
ZxkeAU /‘Lfkﬁ\l’k (xk) Hq' p(Ck )
forq = 1,...,Q. We summarize the message passing algorithm

using expectation propagation for the inner iteration in the Alg. 1,
which will be referred to as “EP”.
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Algorithm 1 The EP algorithm for the ¢th inner iteration.

1: Initialization: If ¢ = 1, set m?”_> Fu
Upy,» Vk, VL.
2: for k=1— Kdoz}k(mk) =

_ a 0
= Mpps Vhy—

t—1
-2 ékalmhlﬁfk7

t
1 ZfE (zk)
3: Tfk: (zk) = \ka +2 vilz-’fk’ GZ(xk) = T}k ()’
2
& =B [ty — k@] [Boe k@l

5: for l:1—>Ld0F§ck_>;” :1/Clt€_vhl__>fk7

6: E?k—ml = ]ECI(G%) [EZ (mk)] /Gi + dsk’lmil:i?fk'
7: end for

8: end for

9

-1

for [=1— Ldovj, = (1/1;,‘; +>. 1/?3%—”11) ,
mh, = vh, (i, [0, + S P /T, )

10 for k=1—Kdov, _, = (1/vh —1/7% 1),

t t * =t
¢ o Vhy (mi, — PEg n)
Mhy—f, = My, =t ot
fr—hy hy
11: end for
12: end for

4.1. LOW-COMPLEXITY IMPLEMENTATION

In the above EP algorithm, the number of messages need to be
calculated is O(K L) and the complexity of one inner iteration is
O(K|A| + KL). By formulating the message passing into a recur-
sive form, we can reduce the number of messages to O(K + L) and
efficiently calculate them using FFT.

The parameter vibl —#, shown in (19) can be approximated by
\ac ‘2 n +

then 7 7, —h, can be approximated by

v}, shown in (21), then T} (zk) becomes 7}, (z) =
t—1
> Uh, Ct >

— . -1
T?k, and vf” is finally written as vhl = (E +> ﬁ) .Asa

. Define chk £

result, mj,, _, ;, and mj, become
My i, = My = U, PhiZhyhy [T (25)

M, = vh, (M, /0, + 1) (26)

where & is defined by & = >, %@Z 1%, n,- Define vj, £
T Zl vzlz;k_’hl and E?k %;Eq(wk)[efk (xx)]. Using (25),

2%, (zr) and Z%__,,, can be rewritten as

25, (wk) = 22 + vt Z@k mp, @7

to1ot—1 —t—1
—Up, sz_ml/Tfk . (28)

With z§, _,,, shown in (28), & and ~/, can be expressed recursively

as
¢ t—1 t—1pt—1
Z7, my, th j
g don )+ (Y= L 29
k Tfk k! Tfk/ Zk” Tfk//

—t —t —
Zioh, = 2f, T @c,lmhl

—t t t t—1 t—1 t
t 25 Zl Up, El’ gbk,l'vhl/mhl/ Vi Zl” Uhl// 30
e T + 7t - - 30)
fk f}c fk

Finally, pf, —w, (zx) are given by
Ne (yk, Tk Z@e my,) s

tmu 0n+|xk| 2 :vtmu).

€1V



We summarize the simplified message-passing algorithm for the in-
ner iteration in Alg. 2, which will be referred to as “EP-LC”. Note
that 2%, (wx),vi,k =1,...,K,and &,l = 1,..., L, can be effi-
ciently calculated using FFT and inverse FFT, respectively.

Algorithm 2 The EP-LC algorithm for the ¢th inner iteration.

1: Initialization: If t = 1, set v
vﬁl,gf =0,VI.

_ 0o __ a o _
= O,Vk, mhl = mhl,Uhl =

2 for k=1— Kdo 2z, (zx) = i—’; = @k,zmzl_l,
- 2 (o)
3: T;k (i’k) = \111\2 0'721 + Zl vzl 1’ 6};($k) = T_?S(ﬂc_k)’
k
N 2
4: Cli = ]Eq(xk) [T} }ack) - |5§c($k)|2] + ‘Eq(ack)[dc(mk)” ,
k
- 1 ¢ —t i

5: Zf, = QEQ(Ik)[efk (xk)], Th = g
6: end for
7. for l=1— Ldo

8: g, o 5 + my ! Koy te !

. b k k’l??k k! ?sck/ gt ??ku ’

a a —1
o mh, =i, (mi /ol + )i, = (e + D sh)
10: end for
11: for k=1 — K do

=t t
t . Zfp 21k
k=~ =t
12: end for

e i1 -1 ¢
> Pre, 1! Vhyy My, i 2 Uk,

= - =
k Tfk Tfk

5. NUMERICAL RESULTS

5.1. SIMULATION SETUP

‘We examine the proposed algorithm using the K = 512 OFDM with
16QAM. The channel taps are assumed to change from one OFDM
symbol to another but be constant within an OFDM symbol. The
number of the channel taps is L = 32, and the channel power delay
profileis {vi;, = 1/L}. A R = 9216/16128 LDPC code with code-
word length 16128 bits and average column weight 3 is employed,
and 2304 training bits (all ’1’s) were uniformly multiplexed with the
code-word. As a result, the spectral efficiency is 2 bits per subcarrier
use. In a single turbo iteration, both the number of inner iteration in
the dashed block and the LDPC decoder is set to 1.

5.2. RESULTS
20 T T
BP-MF
| - - —EP-LC
BN EP
\ = Channel Known

Number of Turbo Iterations

10.5 1"
E/N, [dB]

8.5 9 9.5 10

Fig. 4. Average number of turbo iterations versus Fp/No.
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- © = EP-LC-10

= B = EP-10

= = = Channel Known-10
BP-MF-20

—O— EP-LC-20

—8— EP-20

Channel Known-20

104 L L \

7 7.5 8 8.5 9 9.5 10
E/N, [dB]

BER

Fig. 2. BER versus E;/No; dashed curves refer to 10 turbo itera-
tions; solid curves refer to 20 turbo iterations.

BP-MF-5 ||
-© -EP-LC-5
-B=-EP-5

BP-MF-20 [
—O— EP-LC-20
—E— EP-20 |
= Bits| Known

7 7.5 8 8.5 9 9.5
E/N, [dB]

Fig. 3. Channel taps NMSE versus Ej/No; dashed curves refer to 5
turbo iterations; solid curves refer to 20 turbo iterations.

Fig. 2 shows that both the proposed EP algorithm and EP-LC al-
gorithm perform close to the bound of known channel within 0.5
dB, and outperform the BP-MF algorithm proposed in [12]. Fig. 3
shows the normalized mean squared error (NMSE) of channel esti-
mates versus Ej/No. We also consider the case of known bits, which
serves as a lower bound for the channel estimation. It is shown that
our algorithms outperform BP-MF algorithm in the low-Ej /Ny re-
gion or when only a few turbo iterations are performed. Fig. 4 shows
the average number of turbo iterations need for successful decoding.
The number of turbo iteration performed by our algorithms is less
than that of the BP-MF algorithm, although the BP-MF algorithm
has a higher complexity per turbo iteration.

6. CONCLUSION

In this paper, we presented a message passing approach to joint chan-
nel estimation and decoding for OFDM systems. The complexity of
our algorithm is O(K|A|+ K log, K) per turbo iteration, quite suit-
able for the system with many subcarriers and long channel memory.
Numerical experiments demonstrated that our algorithm achieved
BER performance within 0.5 dB of the known-channel bound and
outperformed the BP-MF algorithm proposed by Riegler et al in
terms of both BER performance and complexity.
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