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ABSTRACT

A low-complexity 3D FIR filter is proposed for selectively en-
hancing severely corrupted linear trajectory spatio-temporal
signals. The proposed 3D FIR filter is separable and con-
sists of a 3D spatio-temporal wide-angle FIR cone filter be-
tween two 2D spatial variable-shift filters. Low complexity of
the 3D spatio-temporal wide-angle FIR cone filter is achieved
by exploiting the spatial-symmetry of the passband and by
employing maximal decimation in the temporal dimension.
Compared to existing techniques, the proposed 3D FIR filter
provides significant reduction of the computational complex-
ity for similar SINR improvement.

Index Terms— 3D FIR filtering, linear trajectory filter,
velocity filter, video enhancement, cone-stop filtering.

1. INTRODUCTION

There are many applications including traffic analysis, radar
tracking and computer vision, where enhancement of objects
moving with approximately constant 2D spatial velocities
over local regions are required [1]–[3]. A 3D spatio-temporal
signal representing such a moving object, ideally with a con-
stant 2D spatial velocity, is called a linear trajectory (LT)
signal. In previously reported methods, 3D FIR and IIR fil-
ters having planar-shaped passbands [4]–[6] or wedge-shaped
(exterior of a wide-angle cone) passbands [7]–[11] have been
employed to process LT signals. In general, these passbands
are not symmetric with respect to the temporal frequency
axis.

In this paper, a low-complexity 3D FIR filter is proposed
to enhance severely corrupted LT signals. In the proposed
3D FIR filter, the 3D input signal is subjected to 2D spatial
shifts before selectively filtering with a low-complexity 3D
spatio-temporal wide-angle FIR cone filter. The use of 2D
spatial shifts, motivated by the temporal delaying in conven-
tional delay-and-sum beamformers [12](ch. 6)–[14], has the
effect of rotating the region of support of the spectrum of a LT
signal to be symmetric with respect to the temporal frequency
axis. Consequently, the passband of the 3D spatio-temporal
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FIR cone filter can be approximated by a low-complexity fil-
ter bank structure similar to the one proposed in [15]. Nu-
merical simulations indicate that the proposed 3D FIR fil-
ter provides significant reduction of the computational com-
plexity compared to existing techniques for similar signal-to-
interference-and-noise ratio (SINR) improvement.

The organization of the paper is as follows. A review of
LT signals and their spectra is presented in Section 2. In Sec-
tion 3, the proposed 3D FIR filter is described in detail. Nu-
merical simulation results are presented in Section 4. Finally,
conclusion and future work are presented in Section 5.

2. REVIEW OF LT SIGNALS AND THEIR SPECTRA

Let us consider a sampled LT signal having an object mov-
ing with a constant 2D spatial velocity [vx vy]

T. Under the
constant intensity assumption, the 3D intensity of the object,
I(nx, ny, nt), (nx, ny, nt) ∈ Z

3, may be written as

I(nx, ny, nt) = IR(nx −Δx(nt), ny −Δy(nt), nt0), (1)

where IR(x, y, nt0) is the 2D intensity of the object at
nt = nt0 (considered as the reference frame), and Δx(nt)
and Δy(nt) are, respectively, the displacements (in pixels) of
the object along the x and y dimensions (with respect to the
reference frame) at nt and are, respectively, given by [16](pp.
40)

Δx(nt) = vx(nt − nt0) (2a)

Δy(nt) = vy(nt − nt0). (2b)

The region of support of the spectrum of such a LT signal is
a plane going through the origin inside the principal Nyquist
cube (ωx, ωy, ωt) ∈ R

3, −π ≤ ωx, ωy, ωt ≤ π [4], [16](pp.
41). The orientation of the plane is determined by the 2D
spatial velocity, and the vector normal to the plane is given by
[vx vy 1]T [16](pp. 41).

3. PROPOSED LOW-COMPLEXITY 3D FIR FILTER

The low-complexity 3D FIR filter that can be employed to
selectively enhance LT signals is presented in this section.
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Fig. 1. Proposed low-complexity 3D FIR filter.

The proposed 3D FIR filter, illustrated in Fig. 1, consists of a
3D spatio-temporal wide-angle FIR cone filter, C(zx, zy, zt),
(zx, zy, zt) ∈ C

3, between two 2D spatial variable-shift fil-
ters, S1(zx, zy) and S2(zx, zy), (zx, zy) ∈ C

2. To describe
the operation of the proposed filter, let us consider a 3D in-
put signal Iin(nx, ny, nt) consisting of a LT signal of inter-
est having the 3D intensity I(nx, ny, nt) and moving with
[vx vy]

T and interfering signals having 2D spatial velocities
other than [vx vy]

T. The first 2D spatial variable-shift filter
spatially shifts Iin(nx, ny, nt) by [−Δx(nt) −Δy(nt)]

T so
that I(nx, ny, nt) is stationary with respect to the temporal
dimension. This is equivalent to rotating the region of sup-
port of the spectrum of I(nx, ny, nt) to lie on the ωxωy plane.
Note that the regions of support of the spectra of interfering
signals occupy regions other than the ωxωy plane.

In real applications, Δx(nt) and Δy(nt) are approxima-
tions of the exact 2D spatial shifts. As a result, after the 2D
spatial shifts [−Δx(nt) −Δy(nt)]

T, the region of support
of the spectrum of I(nx, ny, nt) may deviate slightly from
the ωxωy plane. Consequently, the passband of the 3D fil-
ter C(zx, zy, zt) employed to selectively enhance the LT sig-
nal of interest should be the exterior of a wide-angle cone
as shown in Fig. 2. Because the passband of C(zx, zy, zt)
is symmetric with respect to the ωt axis, the passband can
be approximated using a low-complexity 3D spatio-temporal
wide-angle FIR cone filter bank as described in Section 3.2.

The second 2D spatial variable-shift filter S2(zx, zy) is
used to reverse the 2D artificial spatial shifts introduced by
the first 2D spatial variable-shift filter S1(zx, zy).

3.1. Design and Implementation of 2D Spatial Shifts

The 2D spatial shifts are carried out as two 1D spatial shifts
for each temporal frame. For most applications, it is sufficient
to estimate both Δx(nt) and Δy(nt) to the accuracy of one
pixel, i.e. both Δx(nt) and Δy(nt) are integer valued. Con-
sequently, for each temporal frame, the 1D spatial shifts are
implemented using circular shifts along the x and y dimen-
sions. Note that, this does not need any arithmetic operations,
and the additional memory requirement is very low.

3.2. Design and Efficient Implementation of 3D Spatio-
Temporal Wide-Angle FIR Cone Filter Bank

Here, the design and efficient implementation of the 3D
spatio-temporal wide-angle FIR cone filter bank are pre-
sented. For brevity, we henceforth call it the cone filter bank.
The proposed cone filter bank is structurally similar to the
cone and frustum filter bank structure proposed in [15]. The
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O

Fig. 2. Ideal passband of C(zx, zy, zt) (in gray colour), which
is the exterior of a wide-angle cone, where ε is the angle be-
tween the ωxωy plane and the surface of the wide-angle cone.

major difference between the cone filter bank in [15] and the
proposed cone filter bank is that the former has a cone-shaped
passband whereas the latter has a cone-shaped stopband.

The proposed cone filter bank, shown in Fig. 3(a), con-
sists of a 1D temporal modified discrete Fourier transform
(DFT) filter bank [17] and 2D spatial FIR filters. These
2D spatial FIR filters include a 2D spatial allpass filter,
2Mh 2D spatial circularly symmetric highpass filters and
M − (2Mh + 1) 2D spatial allstop filters, where M is
the number of bands. For given M and ε, Mh is obtained
as the integer k ∈ {1, 2, . . . ,M/2 − 1} that minimizes
|(2k+1)/M − tan ε|. The passband of the cone filter bank is
approximated using the 2D spatial allpass filter and the 2Mh

2D spatial circularly symmetric highpass filters as illustrated
in Fig. 3(b). The 2D spatial allstop filters are utilized for the
stopband.

3.2.1. Design of the 1D Temporal Modified DFT Filter Bank

Both analysis filters Hk(zt) and synthesis filters Fk(zt) (zt ∈
C and k = 0, 1, . . . ,M −1) of a 1D modified DFT filter bank
are obtained by means of uniform complex modulation of a
zero-phase FIR lowpass prototype filter P (zt), having a cut-
off frequency π/M [17]. Consequently, the design of the 1D
modified DFT filter bank is effectively limited to the design
of the prototype filter. For the proposed cone filter bank, the
length of the prototype filter is selected as 2M since, for this
case, the impulse response of the prototype filter, p(nt), can
be given [17], [18], in closed form, as

p(nt) =
−1

2
√
M

+
1√
2M

cos
( π

2M
(2nt + 2M)

)
,

nt = −M + 0.5,−M + 1.5, . . . ,M − 0.5. (3)
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Îout(nx, ny, nt)
�H0(zt) ↓M1

F0(zt)↑M1

↓M2

↓M2 j ·� ↑M2

↑M2

�

H1(zt) ↓M1

F1(zt)↑M1

↓M2

↓M2

j ·�

↑M2

↑M2

z−1
t

z−1
t

z−1
t

z−1
t

�

HM−1(zt) ↓M1

FM−1(zt)↑M1

↓M2

↓M2

j ·�

↑M2

↑M2

z−1
t

z−1
t

... ...

G0(zx, zy)

G1(zx, zy)

GM−1(zx, zy)

G0(zx, zy)

G1(zx, zy)

GM−1(zx, zy)

(a)

ωx

ωt

π tan ε

−π tan ε

π

−π O

Mh 2D highpass filters

{

{

Mh 2D highpass filters2D allpass filter

{

(b)

Fig. 3. (a) Proposed 3D spatio-temporal wide-angle FIR cone filter bank, where M1 = diag [1 1 M/2] and M2 =
diag [1 1 2]. (b) Approximation of the passband using a 2D spatial allpass filter and 2Mh 2D spatial highpass filters; a
planar view on the ωxωt plane.

3.2.2. Design of the 2D Spatial FIR Filters

The 2D spatial filter corresponding to the 0th band is allpass
and its impulse response is given by g0(nx, ny) = δ(nx, ny),
where (nx, ny) ∈ Z

2. The 2D spatial filters corresponding to
k = 1, 2, . . . ,Mh and k = M−Mh,M−(Mh+1), . . . ,M−
1 are 2D spatial circularly symmetric highpass filters, and the
design is carried out using the windowing technique in con-
junction with the 2D circular Hamming window [12](ch. 3),
[19](ch. 4). The cutoff frequencies ωc,k are selected as

ωc,k =
2kπ

M
cot ε, k = 1, 2, . . . ,Mh, (4)

and ωc,k = ωc,M−k, k = M−Mh,M−(Mh+1), . . . ,M−1.
The impulse responses of the 2D spatial allstop filters are sim-
ply zero, i.e. gk(nx, ny) = 0, k = Mh+1,Mh+2, . . . ,M −
(Mh − 1).

3.2.3. Near-Perfect Reconstruction and Efficient Implemen-
tation of the 3D Spatio-Temporal Wide-Angle FIR Cone Filter
Bank

Following a similar analysis presented in [15], it can be
proved that the proposed cone filter bank provides near-
perfect reconstruction, and the transfer function is given by

C(zx, zy, zt) =
z
−M/2
t

M

M−1∑
k=0

Hk(zt)Gk(zx, zy)Fk(zt). (5)

Furthermore, the proposed cone filter bank can be efficiently
implemented using the structure proposed for 3D spatio-
temporal FIR frustum filters in [15](Fig. 3). Due to the
limited space, the efficient implementation is not presented
here, and the reader is referred to [15] for more details of the
derivation.

Fig. 4. −3 dB iso-surface of the magnitude response of the
3D spatio-temporal wide-angle FIR cone filter bank.

4. NUMERICAL SIMULATION RESULTS

The performance of the proposed 3D FIR filter in enhancing
heavily corrupted approximately LT signals is illustrated in
this section. Furthermore, a comparison of the computational
complexity of the proposed 3D FIR filter with that of the 3D
IIR filter in [7] and the 3D FIR filter in [10] is presented.

For the design of the cone filter bank, M and ε are se-
lected as 128 and 4◦, respectively. For these values, Mh is
obtained as 4, and the order of the 2D spatial circularly sym-
metric highpass filters is selected as 30 × 30. The −3 dB
iso-surface of the magnitude response of the cone filter bank
C(zx, zy, zt) is shown in Fig. 4. It is observed that the mag-
nitude response approximates well the required passband.

4.1. Performance in Enhancing a Heavily Corrupted Ap-
proximately LT Signal

In this case, we employ a test video signal, of size 256 ×
256× 512, containing an approximately LT signal of interest

1176



(a) (b)

Fig. 5. The 275th frame of (a) 3D input signal (b) 3D output
signal

xl(nx, ny, nt), an interfering signal xi(nx, ny, nt) and addi-
tive white Gaussian noise. Both the LT signal of interest and
the interfering signal consist of a highly-detailed black (in-
tensity = −0.5) and white (intensity = +0.5) checkerboard
xc(nx, ny, nt) of 64×64 pixels in a gray (intensity = 0) back-
ground as in [7], [8]. These two signals are numerically gen-
erated as

xl(nx, ny, nt) = xc(
⌈
5 + 0.1nt + 0.0005n2

t

⌉
, 	100

+0.09nt − 7 sin(2πnt/800)
 , nt) (6a)

xi(nx, ny, nt) = xc(
⌈
180− 0.7nt + 0.0007n2

t

⌉
, 	50

+0.09nt − 7 sin(2πnt/800)
 , nt), (6b)

where 	·
 is the ceiling function. The energy of the interfering
signal and the noise are selected as the same and 10 times the
energy of the LT signal of interest, respectively, to represent
a heavily corrupted input signal. The resulting SINR at the
input is −10.41 dB. To estimate the SINR at the output, the
portion of the 3D output signal corresponding to the temporal
steady state, {(nx, ny, nt)|1 ≤ nx, ny ≤ 256, 129 ≤ nt ≤
384}, is used. The SINR at the output is 2.84 dB implying
a 13.25 dB improvement. The 275th frame of the input and
output test video signals are shown in Fig. 5. Note that the LT
signal of interest and the interfering signal partially overlap in
the input frame, and the LT signal of interest is successfully
enhanced by the proposed 3D FIR filter.

4.2. Comparison with Existing Techniques

The number of real multiplications and additions (excluding
the trivial multiplications with ±1 and ±j and the trivial ad-
ditions with 0) required to process a sample of a 3D input
signal is considered as a measure of the computational com-
plexity. The numerical values for the proposed 3D FIR filter,
the 3D IIR filter in [7] and the 3D FIR filter in [10] having
similar passbands and providing similar SINR improvement
are presented in Table 1. Note that the cone filter bank is effi-
ciently implemented using the structure proposed in [15](Fig.
3), which employs maximal decimation in the temporal di-
mension and the polyphase realization of the 1D modified
DFT filter bank. The filters are implemented using direct form
structures, and the symmetry of the coefficients are utilized to

Table 1. Numbers of nontrivial real multiplications and ad-
ditions required to process a sample of a 3D input signal by
different 3D filters.

Filter Mul. Add.

Proposed 3D FIR filter 52.84 177.5

3D IIR filter [7] 231 440

3D optimal FIR filter [10] 3375 3374

reduce the number of real multiplications. Furthermore, 2D
spatial allpass and allstop filters do not require any arithmetic
operations. According to Table 1, the proposed 3D FIR filter
provides significant reduction in the computational complex-
ity.

One disadvantage of the proposed 3D FIR filter compared
to the 3D IIR filter in [7] and the 3D FIR filter in [10] is that
the proposed 3D FIR filter has a higher temporal group de-
lay due to the high order of the prototype filter employed in
the 1D modified DFT filter bank. Furthermore, the proposed
3D FIR filter may provide poor approximation to the ideal
passband at frequencies near the origin due to the low num-
ber of 2D spatial highpass filters employed in the cone fil-
ter bank. This may be partially avoided by employing a 1D
non-uniform temporal filter bank at the expense of additional
computational complexity.

5. CONCLUSION AND FUTURE WORK

A low-complexity 3D FIR filter is proposed for enhancing
severely corrupted approximately linear trajectory signals.
The proposed 3D FIR filter employs 2D spatial shifts before
selectively filtering the 3D input signal with a low-complexity
3D spatio-temporal wide-angle FIR cone filter. The low com-
plexity is achieved by employing maximal decimation in the
temporal dimension, by exploiting the symmetry of the pass-
band with respect to the temporal frequency axis and due to
the higher percentage of the 2D spatial allpass and allstop
filters, which require no arithmetic operations. The effec-
tiveness of the proposed 3D FIR filter in enhancing a heavily
corrupted video signal having an approximately linear trajec-
tory signal of interest is demonstrated by using a test video
signal. The proposed 3D FIR filter provides significant reduc-
tion of the computational complexity compared to existing
techniques for similar SINR improvement.

As future work, the proposed 3D FIR filter can be em-
ployed to enhance nonlinear trajectory signals. In this case,
the 3D spatio-temporal wide-angle FIR cone filter is not re-
quired to be designed adaptively. Only the 2D spatial shifts
are required to be implemented adaptively. Consequently, the
proposed 3D FIR filter has a great potential to be employed
in real-time applications.
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