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ABSTRACT

This work shows how the combination weights of diffusion strate-
gies for adaptation and learning over networks can be chosen in or-
der for the network mean-square-error performance to match that of
an optimized centralized (or batch) solution. The results show that
this is possible regardless of the network topology, however sparse it
is, as long as the network is connected without disjoint sub-graphs.

Index Terms— Diftusion adaptation, centralized processing,
batch processing, Hastings rule, MRC rule.

1. INTRODUCTION AND RELATION TO PRIOR WORK

Three major classes of distributed strategies for estimation over net-
works have been proposed in the literature: incremental strategy
[1-7], consensus strategy [8—12], and diffusion strategy [13—17]. In-
cremental strategies require the establishment of a cyclic path that
visits all agents in the network sequentially and are therefore prone
to link and node failure. On the other hand, diffusion strategies rely
on in-network processing and local consultation, and were shown in
[18] to have superior mean-square-error (MSE) performance when
compared to consensus strategies. The stability of diffusion net-
works was further shown in [18] to be insensitive to the network
topology, while the stability of consensus networks is sensitive to the
topology and they can become unstable even when all the individual
nodes are stable. For these reasons, we continue our discussion by
focusing on the class of diffusion strategies.

In previous work [19], we established that the MSE performance
of diffusion strategies for adaptation and learning over networks is
dependent on the network topology in an interesting manner. Specif-
ically, we showed that, for sufficiently small step-sizes, the right
eigenvector of the combination matrix that corresponds to the eigen-
value at one determines the network performance in lieu of the other
eigenvectors. By optimizing over left-stochastic combination matri-
ces, we were then able to show that the MSE performance of adap-
tive diffusion networks can attain their lowest (i.e., best) value by
selecting the combination weights according to the Hastings rule. In
this work, we move further to explain how this result implies that
diffusion over arbitrary connected networks can be made to achieve
the same level of performance as provided by clique networks and
by centralized or batch processing. The interesting point to note
is that these results will be seen to be independent of the network
topology. As long as the network is connected so that it does not
exhibit disjoint sub-graphs, and as long as the combination weights
are adjusted according to the Hastings rule, the diffusion networks
can deliver centralized performance no matter how sparse they are.

Notation: We use lowercase letters to denote vectors, upper-
case letters for matrices, plain letters for deterministic variables, and
boldface letters for random variables. We also use (-)* to denote con-
jugate transposition, (-) ! for matrix inversion, Tr(-) for the trace of
a matrix, and p(-) for the spectral radius of a matrix. All vectors in
our treatment are column vectors, with the exception of the regres-
sion vectors, uy,;, which are taken to be row vectors for convenience
of presentation.

2. DATA MODEL

Consider a network consisting of N agents with an arbitrarily
connected topology, as shown in Fig.la. Each agent k is as-
sumed to sense data {d (i), ux,;} that satisfy the linear regression
model [20]:

dk(l) :umwo—b-’vk(i), k=1,...,N (1)

where w® € CM*! is an M x 1 unknown vector, uy; € C'*M
is a regression vector at time 7, and v (i) € C is a noise signal
also at time 7. The agents are interested in estimating w® coopera-
tively through local in-network processing. We adopt the following
assumptions on the statistical properties of the data.

Assumption 1 (Statistical properties of data)

1. The regression data uy ; are temporally white and spatially
independent random variables with zero mean and uniform
. . A *
covariance matrix R, = Euy ;uy; > 0.

2. The noise signals vy (i) are temporally white and spatially
independent random variables with zero mean and variances
2
Uzz,k-

3. The regressors ur,; and the noise signals v (j) are mutually-
independent for all k and ¢, i and j. |

We also adopt the following assumption, which is common in the
literature of stochastic approximation algorithms (see [19]).

Assumption 2 (Small step-sizes) The step-size used in the adapta-
tion strategies is sufficiently small, i.e., i << 1, such that terms de-
pending on higher-order powers of u can be ignored and the strate-
gies are mean-square stable whenever necessary. |

3. DIFFUSION STRATEGIES

Diffusion strategies constitute a powerful class of distributed mech-
anisms for estimating w® cooperatively [14, 15,17]. For each agent,
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(a) An arbitrarily connected topology.

(b) A clique topology.
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Fig. 1. Three different topologies for adaptive networks.

According to the order of these two steps, two variations are possible
[15]: adapt-then-combine (ATC) and combine-then-adapt (CTA). It
has been shown that ATC in general has superior MSE performance
than CTA [15, 19], so we shall focus on the ATC diffusion strategy
in this work even though the conclusions apply equally well to CTA.

For ATC diffusion, the kth agent performs the following opera-
tions at each time instant 4:

Yr,i = Wri—1 + pg ; (di (1) — wp i we i—1)

Wi, = Z aoxPe,i @

LENY

where p > 0 denotes the step-size parameter, N, denotes the neigh-
borhood of agent k, and ayy, is the nonnegative combination weight
that agent k assigns to the data from agent £ € Nj. A sum constraint
is imposed on the combination weights {ay, }:

Z aek = 1,

LENY

k=1,...,N 3)

All weights {as} are collected into a matrix A € R™*" such that
the (¢, k)th entry of A is ag,. Moreover, agr, = 0 wherever £ ¢ Nj.
It follows from (3) that A is a left-stochastic matrix.

The choice of A affects the performance of the distributed strat-
egy. Different combination rules, such as uniform, Laplacian, max-
imum degree, Metropolis, relative degree, relative degree-variance,
and relative variance have been proposed in the literature [15, 17].
The following analysis explains how the choice of A influences per-
formance.

We assume that the network topology is standard (also called
strongly-connected), meaning that it is connected and contains at
least one self-loop (i.e., axr > 0 some k). Let us introduce the
weight error vector:

Wy = w” — Wi “

and the noise variance matrix profile R,:
A g 2 2

R, = diag{o; 1,...,0, N} 5)

In [19], we showed that under Assumptions 1 and 2 and for standard
networks, the network mean-square-deviation (MSD) of the diffu-

sion strategy (2) is given by
1 &
network A . S ~ 2
MSDgr = zlggo N ;EHWMH

M
= ”TpTRvp +0(1?) 6)

and the network excess mean-square-error (EMSE) is given by
1 &
network A 1. S ~ 2
EMSEgg = llil“go N ; EHwk,zHRu

Tr(Ru
= %pTRvP +0(i”) )
where p is the right eigenvector of A corresponding to the eigenvalue

at one and whose entries {pj } are normalized to add up to one:

Ap=p, p'L1=1, pp>0 8)

where 1 is the N x 1 vector with all entries equal to one. We estab-
lished in [19] the following result, which provides one choice for the
combination matrix A to minimize (6) and (7).

Theorem 1 (Optimal mean-square performance for diffusion)
Under Assumptions 1 and 2, one combination rule that minimizes
the MSD and EMSE performance for standard networks is given by
the Hastings rule:

2

Ouk
d , Le Np\{k
T A A
ek =
1- Z Amk, L=k
meN \{k}

where | N | denotes the cardinality of the neighborhood N,. More-
over, the minimum MSD and EMSE performance levels attained by
the network are given by

uM 1

MSDo = 2= ———— 4+ O(p? 10
aiffopt 2 Tr(R;Y) W) (19
TI'(Ru) 1 2
EMSE™ot — B2VW) 2 4 1
aiffopt 2 Tr(R;Y) ) (b
and the dominant mode of mean-square convergence is
mode gy = 1 — 2pAmin(Ruy) + O(1%) (12)
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where Amin (+) denotes the smallest eigenvalue of its positive-definite
argument.

Proof See [19]. [ |

An interesting conclusion that follows readily from this theorem is
that the optimal attainable MSE performance and the corresponding
convergence rate for standard networks are both independent of the
network topology.

Corollary 1 (Insensitivity to topology) Regardless of the topology
linking the N agents, as long as the network is standard, the optimal
MSE performance, e.g., MSD and EMSE, and convergence rate that
it can achieve are given by the same values (10)—(12) up to varia-
tions of the order of 2.

Although the optimal mean-square performance does not change
with the topology, the Hastings rule (9), which defines the combina-
tion rule, does depend on the topology and will change accordingly.

3.1. Clique Networks
Another useful conclusion follows from Theorem 1.

Corollary 2 (Comparison to clique networks) Using the Hast-
ings rule (9), diffusion strategies over arbitrary N-agent standard
networks can achieve the same MSE performance and convergence
rate as N-agent fully-connected networks, i.e., clique networks (see
Fig.1b). The differences in performance are of the order of j1°.

Clique networks can also achieve the same optimal performance lev-
els (10) — (11) by using simpler combination rules than the Hastings
rule (9). For instance, one possible choice of A for clique networks
is the rank-one matrix:

Aclique = pOILT (13)
where
R;'1
o A v
= — 14
P = TR (14

It can be verified that (13) minimizes (6) and achieves the same MSD
performance (10). The choice (13) and (14) has a useful interpreta-
tion. It means that each agent uses a maximal ratio combination
(MRC) rule [20] since forany £ € {1,2,...,N},

-2

g
y
Al =ape =+ =N = Y £ay (15)

lecvz1 U;i
Result (15) means that the information emanating from every agent ¢
is weighted by the same amount a, before it reaches any of the other
agents in the clique network. The weight is inversely proportional to
the noise variance at the source agent ¢, meaning that data emanating
from noisy agents are weighted less heavily. Substituting (15) into
the combination step in the diffusion strategy (2) leads to

N
A
Wi, = W2, =+ = WN,;i = Zaﬂbe,i = w; (16)
=1

Substituting (16) into (2) reduces the diffusion strategy to the fol-
lowing batch algorithm:

N

w; = w1 + uz aguyp,;(de(i) — we;wi—1) 17)
=1

Expression (17) has the form of a centralized solution, as expected.
In a clique network, every agent has access to the data from across
the entire network and therefore every agent can run the batch so-
lution (17). By examining (17), we find that every agent computes
a weighted combination of the instantaneous approximate gradients
from across the network (the terms appearing inside the sum and
weighted by a,). This implementation is conceptually equivalent to
a data fusion center sitting at the hub of a network with a star topol-
ogy as shown in Fig.1lc. We refer to the adaptation rule (17) as a
weighted centralized LMS solution.

4. CENTRALIZED (BATCH) LMS

The argument that led to the centralized LMS implementation (17)
shows that diffusion strategies over arbitrary standard networks us-
ing (9) achieve the same optimal mean-square performance as (17)
using the optimal coefficients (15). In other words, the distributed
diffusion strategy (2) can match the best performance that one can
extract from the batch solution (17); this best performance occurs
when the MRC coefficients (15) are used.

More generally, it is instructive to evaluate the performance of
the batch LMS solution (17) for arbitrary nonnegative weights {a¢}
that are not necessarily chosen according to (15) but are still required
to satisfy

N
> ar=1, ¢=1,2,...,N (18)
=1

Define the steady-state MSD and EMSE for the centralized (or
batch) LMS solution (17) as

MSDhuen 2 lim E| @ 19)
11— 00

EMSEpeh 2 lim E||@w;]|%, (20)
1—> 00

and denote the jth eigenvalue of R, by A;.

Theorem 2 (Mean-square performance for batch LMS) Under
Assumptions 1 and 2, the MSD and EMSE performance of the
centralized (or batch) LMS implementation (17) for arbitrary non-
negative coefficients {a,} satisfying (18) are given by

MSDypach = k1 - a' Roa 1)
EMSEpuch = K2 - a' Roa (22)
where a £ col{ai,...,an} and
M
N ijl Z*ZA]'
F1= aNM 1 (23)
1 flal? S, 554
M KA
a Zj:l zfujxj 24)
- M Aj
1 flal? S, 554
The dominant mode of mean-square convergence is given by
modesaen 2 p ((1 — uA)? + ,u2||a|\2)\)\T) 25)
where A = diag{ A1, ..., Am} and A = col{\1,..., Am}.
Proof Omitted due to space limitations. |
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It is easy to verify that 0 < |la||> < 1. Under Assumption 2, the ——— Diffusion w/ Hastings (9), topology = Fig.1a
scaling factors {1, k2 } in (23) and (24) can be bounded as 10 \ —— Diffusion w/ Hastings (9), topology = Fig.1b i

Diffusion w/ MRC (15), topology = Fig.1b

M M w Centralized or batch LMS w/ MRC (15), topology = Fig.1c
Z j— — X L — — — Theoretical performance (10) or (30) i
1 < < =1 2=pX; 2% 0
: 2—p>\j*m*1_ZM B (26)
Jj=1 J=12—pX; -
[os]
M M B 2
oy Zj:1 PRy s
——— <k —M—M— 27) @
—2—p; T T T oM e =
Jj=1 j=1 2—pAj -

L L
oo ,e800 700

Both upper and lower bounds in (26) and (27) are simultaneously
minimized by the same choice of {a,} as in (15). In addition, it can
be verified that

uM

—_— 2 - i i i i i i
= +0W") (28) 0, 1000 2000 3000 4000 5000 6000 7000
TI"(R ) Number of iterations
Ko = MTu +0(1?) 29) (a) MSD learning curves for various algorithms.
Then, we arrive at the following conclusion, which confirms our ear- 2 ——— Diffusion w/ Hastings (3), fopology = Fig1a
lier analysis. Diffusion w/ Hastings (9), topology = Fig.1b
10 Diffusion w/ MRC (15), topology = Fig. 1 o
Corollary 3 (Optimal mean-square performance for batch LMS) NI P Cenralzed ;’;:j:;“;g"es(ﬁ’)"gfg};s)' fopology = Fig-fe||
Under Assumptions I and 2, the MSD and EMSE performance of the
centralized (or batch) LMS algorithm (17) are minimized by using 0k i
(15) and the optimal MSD and EMSE performance are given by %
w20
opt ,U,M 1 2 2
MSDiaern = 3~ Toimey T OW) G 5|
opt uTr(Ry) 1 2 ol S ER e we W wr e e ey @ e
EMSE g, = T2 ) +0(1”) (€}0) 40 SO ;S
-50 . . s Ny oo / //
respectively. Moreover, the dominant mode of mean-square conver- F-——m—m— 2= === =3 R st e seat .~
gence is -60 ‘ ‘ ‘ ‘ ‘ ‘
0 1000 2000 3000 4000 5000 6000 7000
d =1—=2uMin (R O 2 32 l?lumberof iterations . )
o@Charch HAmin(Fu) + O(17) (32) (b) EMSE learning curves for various algorithms.
g g
5. SIMULATION RESULTS AND CONCLUSIONS £ 15
We illustrate the results via simulations. We compare four differ- % 20
ent cases: (i) ATC diffusion (2) with the Hastings weights (9) over 5_25
the graph in Fig.1a, (ii) ATC diffusion (2) with the Hastings weights Z%
(9) over the graph in Fig.1b, (iii) ATC diffusion (2) with the MRC 30 ; ‘ : ;
weights (15) over the graph in Fig.1b, (iv) batch LMS (17) with VR ebeofegets |

the MRC weights (15) over the graph in Fig.1lc. The step-size is
p = 0.002. The noise variance profile across all agents is shown
in Fig.2(c) and the spectrum of R, is shown in Fig.2(d). The un-
known parameter w® is randomly generated. The MSD and EMSE
learning curves are obtained by averaging over 100 experiments and
are plotted in Figs.2(a) and 2(b), respectively. The theoretical re-
sults (10) and (11), or (30) and (31), are also plotted in Figs.2(a) and
2(b), respectively. It can be seen that theory matches simulations ‘ ‘ ‘ ‘ L ‘ ‘
rather well (where the learning curves for ATC diffusion with MRC o2 3 45 8 7 &8 9 10
weights (15) overlap with the one with the Hastings weights (9) for Number of A(R.)

the same graph in Fig.1b). (d) The spectrum of R,

From Theorem 1 and Corollary 3, we conclude that by adopting
the Hastings weights (9) and using small step-sizes, diffusion strate-
gies can match the performance of optimal centralized (or batch)
LMS solutions. Besides, from (9) and (15), we see that knowledge
of the noise variances is necessary for computing the combination
weights. In real applications where this knowledge is unavailable,
each agent can learn it by the following recursive estimation [19]:

(c) The noise variance profile.

Value of A\(R,,)

Fig. 2. Simulation results.
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