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ABSTRACT
This paper focuses on the performance of time of arrival estimators
for distress beacon signals which are defined by pulses with smooth
transitions. These signals are used in the satellite-based search and
rescue Cospas-Sarsat system. We propose a signal model based
on sigmoidal functions. Closed-form expressions for the modified
Cramér-Rao bounds associated with the parameters of this model are
derived. The obtained expressions are easy to interpret since they an-
alytically depend on the system parameters. Simulations conducted
on realistic search and rescue signals show good agreement with the
theoretical results.

Index Terms— Time of arrival, edge detection, symbol width,
modified Cramér-Rao bound, Cospas-Sarsat

1. INTRODUCTION

The international Cospas-Sarsat system [1] is designed to detect and
locate distress beacons, providing data to assist search and rescue
(SAR) operations. Source localization is currently performed using
low Earth orbit (LEO) satellites, through Doppler processing. The
actual constellation is gradually being replaced by the satellites from
the next generation medium Earth orbit (MEO), which will cover
larger areas of Earth surface, permitting almost instantaneous alerts
[2]. However, due to higher orbits, the MEO satellites will receive
weaker signals and will have to handle smaller Doppler shifts. In
this scenario, which is similar to the one used in satellite navigation
systems, estimation methods based on times of arrival (TOA) or joint
TOA and frequencies of arrival (FOA) are currently investigated [3].

The purpose of this work is to study the performance of time
of arrival estimators for Cospas-Sarsat rescue signals. We propose
to introduce sigmoidal functions (as in [4, 5]) to model the transi-
tions of the Manchester pulses used in the Cospas-Sarsat system.
The main contribution of this paper is then to compute the modified
Cramér-Rao bounds (MCRBs) [6] for the parameters of the resulting
SAR signals already mentioned. The obtained bounds can be easily
interpreted, as they analytically depend on the system parameters.

The paper is structured as follows. Section 2 introduces the
proposed signal model whose transitions are modeled by sigmoidal
functions. Section 3 derives the MCRBs for estimators of TOA and
symbol width for the resulting SAR signals. Simulation results are
presented in Section 4. Conclusions and relations with prior works
are reported in Sections 5 and 6.

The authors would like to thank Thales Alenia Space and the CNES
(French government space agency) for funding.

2. SIGNAL MODEL

According to the distress beacon specifications [7], the SAR signal
is a binary phase-shift keying (BPSK) signal where the message is
bi-phase level encoded, which is equivalent to a Manchester code.
The received signal can be modeled as

r(t) = s(t) + w(t) (1)

with

s(t) = A exp

{
j

[
2πνt+ β

N−1∑
n=0

bn g(t− nT − τ)

]}
(2)

where w(t) is an additive complex white Gaussian noise with two-
sided power spectral density (PSD) 2N0 (the real and the imaginary
part of w(t) have a PSD equal toN0),A is the signal amplitude, ν is
the residual carrier frequency resulting from synchronization errors,
N is the number of symbols, β is the modulation index in radians,
b = {bn} is a zero-mean independent and identically distributed
(iid) sequence of random variables associated with the information
bits, T is the symbol width and τ is the transmission delay. Fig. 1(a)
shows the signal phase φ(t) and Fig. 1(b) illustrates the signal space,
where sR(t) and sI(t) are the real and imaginary parts of s(t). In
order to consider the smooth phase transitions between −β and β,
we propose the following model for the real pulse g(t)

g(t) =
1

2
fα(t)− fα(t− T/2) +

1

2
fα(t− T ) (3)

where fα(t) is a sigmoid function defined as

fα(t) = erf(αt) =
2√
π

∫ αt

0

e−x
2

dx. (4)

The main motivation for using (4) is that the derivative of the error
function is a Gaussian pulse, which has a simple Fourier transform.
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(a) Phase of s(t) for b = (1, 1,−1).
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Fig. 1. Illustration of (a) phase and (b) signal space of s(t).
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Fig. 2. Sigmoidal function fα(t) for different rise times Tr .
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Fig. 3. Manchester pulse g(t) for different rise times Tr .

As will be seen later, this characteristic is important for obtaining
a closed-form expression of the MCRBs of interest. The parameter
α allows the signal rise and fall times (both represented by Tr) to
be adjusted. For the phase-modulated Cospas-Sarsat signal, the rise
time is defined as the time taken by the phase to change from 10%
to 90% of the step size [7], i.e., for the sigmoidal function fα(t) to
change its amplitude from −0.9 to 0.9 (Fig. 2). Thus

α =
2 erf−1(0.9)

Tr
≈ 2.3262

Tr
(5)

where erf−1(·) is the inverse error function. The shape of the SAR
pulse g(t) is illustrated in Fig. 3 for the minimum (Tr = 50 µs),
nominal (Tr = 150 µs) and maximum (Tr = 250 µs) values of the
rise time following the system specifications [7].

3. MCRB FOR TOA AND SYMBOL WIDTH

Estimating the TOA is closely related to the accurate knowledge of
the symbol width, which varies according to the range allowed for
the bit rate,Rs = 1/T = 400 bps±1%, in [7]. This section studies
the MCRBs for the joint estimation of the unknown parameter vector
λ = (T, τ)T containing TOA and symbol width. The covariance
matrix of an estimator of λ, denoted as Cλ̂ (where λ̂ = (T̂ , τ̂)T ),
satisfies the following inequality [8, 9]

Cλ̂ − I−1
M (λ) ≥ 0 (6)

where ≥ 0 means that the matrix is positive semi-definite and
IM (λ) is the 2 × 2 modified Fisher information matrix (MFIM).
The elements of the MFIM are classically defined as

[IM (λ)]ij = Er,u

[
∂ ln p(r|u,λ)

∂λi

∂ ln p(r|u,λ)
∂λj

]
(7)

where r is the vector of coefficients obtained from an orthonormal
expansion of r(t), u = (A, ν,b)T is the nuisance parameter vector
and p(r|u,λ) is the probability density function of the observation
vector. The MFIM contains p(r|u,λ) instead of p(r|λ) in the clas-
sical FIM, which is much easier to use. It is usually more convenient
to use a formalism based on continuous waveforms. As explained

in [10, p. 292], in the limit, as the dimension of r tends to infinity,
p(r|u,λ) can be replaced by

p(r|u,λ) = exp

[
− 1

2N0

∫
T0

|r(t)− s(t)|2dt
]

(8)

where T0 is the signal duration. After replacing (8) in (7), following
the derivations of [6], the MFIM elements can be written as

[IM (λ)]ij =
1

N0
Eu

[∫
T0

It(λi, λj) dt

]
(9)

where

It(λi, λj) =
∂sR(t)

∂λi

∂sR(t)

∂λj
+
∂sI(t)

∂λi

∂sI(t)

∂λj
. (10)

The next part of this section computes the off-diagonal element of
the MFIM for λ = (T, τ)T . Using the notations φν(t) = 2πνt

and φg(t) = β
∑N−1
n=0 bn g(t− nT − τ), sR(t) and sI(t) can be

expressed as
sR(t) = A cos[φν(t) + φg(t)] (11)
sI(t) = A sin[φν(t) + φg(t)]. (12)

Thus the integrand It(T, τ) in (9) can be written

It(T, τ) = A2 ∂φg(t)

∂T

∂φg(t)

∂τ
. (13)

Computing the partial derivatives of φg(t) with respect to T and τ
yields

It(T, τ) =A
2β2

N−1∑
n=0

N−1∑
m=0

bnbmpn,T (t)pm,τ (t) (14)

where pn,T (t) = ∂g(t−nT −τ)/∂T and pm,τ (t) = ∂g(t−mT −
τ)/∂τ . Since the symbols bn and bm are independent for n 6= m,
E[bnb∗m] = δnm (where δnm is the Kronecker delta), hence

[IM (λ)]12 =
A2β2

N0

N−1∑
n=0

∫
T0

pn,T (t) pn,τ (t) dt. (15)

The integral
∫
T0
pn,T (t) pn,τ (t)dt (denoted as Ep,n) can be evalu-

ated in the frequency domain by considering a bandwidth B and the
sigmoidal Manchester pulse

Ep,n =

∫
T0

pn,T (t) p
∗
n,τ (t)dt (16)

=

∫ B/2

−B/2
Pn,T (f)P

∗
n,τ (f)df. (17)

Straightforward computations and approximations detailed in the
Appendix (see (39)) lead to

Ep,n =
3α√
2π

(2n+ 1) (18)

for B ≥ α
√
2. After replacing the expression of Ep,n in (15), the

off-diagonal element of the MFIM can be written

[IM (λ)]12 =
3√
2π

(
αA2β2

N0

)
N2 (19)

for B ≥ α
√
2. The diagonal elements of the MFIM are obtained

in a similar fashion by setting λi = λj = T for [IM (λ)]11 and
λi = λj = τ for [IM (λ)]22. The MFIM matrix IM (λ) can finally
be expressed as

IM (λ) = 3

√
2

π

(
αA2β2

N0

)[
N3

3
N2

2
N2

2
N

]
. (20)

The closed-form expression (20) can be used to derive the modified
Cramér-Rao bounds for the joint estimation of (T, τ), for the esti-
mation of τ (known T ) and for the estimation of T (known τ ). The
results are summarized in the next sections.
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(a) Tr = 50 µs.
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Fig. 4. Performances for TOA and symbol width estimation for (a) minimum and (b) maximum rise times allowed on the SAR system.

3.1. Joint estimation of (T, τ)

The diagonal elements of the matrix I−1
M (λ) define the MCRBs of T

and τ for the joint estimation of these two parameters. The inverse
of (20) can be computed easily, leading to

I−1
M (λ) = 4

√
π

2

(
N0

αA2β2N3

)[
1 −N

2

−N
2

N2

3

]
. (21)

Hence, with B ≥ α
√
2, the following results are obtained

MCRBJ(T ) = 4

√
π

2

1

αβ2
(
C
N0

)
N3

, (22)

MCRBJ(τ) =
4

3

√
π

2

1

αβ2
(
C
N0

)
N

(23)

whereC = A2 and the index J denotes joint estimation. These latter
expressions show that a higher carrier-to-noise-density ratio (C/N0)
provides more accurate results, which is usually expected for min-
imum variance bounds. Also, increasing α, i.e., reducing the rise
time, or increasing β (the amplitude of the phase-modulated pulse),
produces more abrupt pulses and thus better estimation results. Fi-
nally, the MCRB for T is inversely proportional to N3, which is a
classical property already obtained for other symbol width bounds
[11, 12]. The MCRB for τ is inversely proportional to N which is
also a classical result (see similar TOA bounds derived in [6, 13]).

3.2. Estimation of T for known τ

Inverting [IM (λ)]11 in (20) gives the modified bound for any unbi-
ased estimator of T for a known value of τ

MCRB(T ) =

√
π

2

1

αβ2
(
C
N0

)
N3

(24)

for B ≥ α
√
2. By comparing this result with (22), one can appreci-

ate the loss of performance regarding the estimation of T when τ is
estimated. More precisely,

MCRBJ(T ) = 4MCRB(T ). (25)

3.3. Estimation of τ for known T

Inverting [IM (λ)]22 in (20) gives the modified bound for any esti-
mator of τ when T is known

MCRB(τ) =
1

3

√
π

2

1

αβ2
(
C
N0

)
N

(26)

for B ≥ α
√
2. By comparing this value with (23), one can appreci-

ate the loss of performance regarding the estimation of τ when T is
estimated. The following result can be obtained

MCRBJ(τ) = 4MCRB(τ) (27)
as will be verified in the next Section devoted to simulation results.

4. SIMULATION RESULTS

This section compares the MCRBs for the joint estimation of the
TOA and symbol width estimation with mean-square errors (MSE)
computed from Nm = 1000 Monte Carlo runs (i.e. Nm = 1000
simulated distress messages), using the proposed signal model. The
estimation of T and τ is carried out with the so-called resampling
method inspired by the works conducted in [14] exploiting the cyclic
correlation of the SAR signal and the symmetry of the pulse. More
precisely, the integration of a sequence of Manchester pulses leads
to a sum of triangular functions located at time instants kT , k =
1, . . . , N , which are concave or convex depending on the informa-
tion bit bn of each symbol. This integration is performed for different
values of τ and T within a pre-specified grid whose resolution is cho-
sen sufficiently fine (40 values for T and 40 values for τ ) to ensure
good estimation performance. Finally, the value of λ = (T, τ)T

maximizing a contrast function provided in [14] is used to build λ̂.
The simulation parameters used in this paper are displayed in

Table 1 and correspond to the system specifications given in [7].
Figs. 4(a) and 4(b) compare the square roots of the MCRBs with
the root mean square errors (RMSE) of τ and T for Tr = 50 µs
and Tr = 250 µs, respectively. Note that these values of Tr cor-
respond to the minimum and the maximum values allowed for the
SAR signal. The RMSEs of the estimates are close to the corre-
sponding bounds, illustrating the good performance of the estima-
tors. For lower C/N0, we notice a threshold effect, as it is nearly
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Table 1. Simulation parameters.

Parameter Symbol Value Unit

Symbol rate Rs 404 symbols/s
Number of symbols N 144 symbols
Modulation index β 1.1 radians
Bandwidth B α

√
2 Hz

Number of messages Nm 1000 messages

always exhibited by nonlinear estimators [8]. Moreover, more accu-
rate estimations are obtained for a shorter rise time (corresponding to
Fig. 4(a)), as expected. These curves can be used to assess a given
system performance for different values of the system parameters,
such as the number of symbols N . For instance, in order to im-
prove the performance of the next-generation distress beacons, the
message length could be adjusted accordingly [15].

5. CONCLUSION

This paper derived modified Cramér-Rao bounds for the symbol-
width and the time of arrival of a search and rescue signal model
based on smooth transitions. This model is interesting to describe
the smooth rise time and fall time of signals received by medium
Earth orbit satellites that might be used for the future generation of
distress beacons. The obtained bounds provide a reference for the
mean square errors of estimators and can be used to adjust some
system parameters. Better accuracies can be achieved, e.g., by aug-
menting the number of symbols, or constraining the signal rise and
fall times. Future works could be oriented to the estimation of the
frequencies of arrival of search and rescue signals, as well as the es-
timation of the distress beacon position, considering the parameters
already estimated.

6. RELATION TO PRIOR WORK

TOA lower bounds are usually defined as a function of spectral
second-order moments, e.g. in [16]. However, these bounds can
be difficult to interpret. A bound based on derivatives of the pulse
shaping function was introduced in [17]. However, the obtained
integral-based expression is still difficult to be studied. This paper
derives simple closed-form expressions for the modified Cramér-
Rao bounds of symbol width and TOA based on a sigmoidal model
for the transitions of search and rescue signals. These results are
easy to analyze, in particular regarding the effect of the rise time
parameter or the value of the model parameters (number of symbols,
carrier-to-noise-density ratio and modulation index).

7. APPENDIX

This Appendix derives a closed form expression of Ep,n using its
expression in the frequency domain. Using (3) and (4), pn,T (t) and
pn,τ (t) and their Fourier transforms can be expressed as

pn,T (t) =
α√
π

[
(2n+ 1)e−α

2(t−nT−T/2−τ)2 (28)

− (n+1)e−α
2(t−nT−T−τ)2− ne−α

2(t−nT−τ)2
]

pn,τ (t) =
α√
π

[
2e−α

2(t−nT−T/2−τ)2

− e−α
2(t−nT−T−τ)2 − e−α

2(t−nT−τ)2
] (29)

Pn,T (f) = e−
π2f2

α2 e−j2πf(nT+τ) (30)

×
[
(2n+ 1)e−jπfT − (n+ 1)e−j2πfT − n

]
Pn,τ (f) = e−

π2f2

α2 e−j2πf(nT+τ)

×
[
2e−jπfT − e−j2πfT − 1

]
.

(31)

Thus,

Pn,T (f)P
∗
n,τ (f) = e−

2π2f2

α2
[
6n+ 3− (4n+ 1)ejπfT

− (4n+3)e−jπfT+nej2πfT+(n+1)e−j2πfT
]
.

(32)

As the imaginary part of (32) is composed of odd functions, its inte-
gral on the symmetric interval [−B,B] reduces to zero, hence

Ep,n = (2n+1)

∫ B/2

−B/2
e−

2π2f2

α2 [3− 4 cos(πfT ) + cos(2πfT )]df.

(33)

Using the following identity [18, p. 108]∫
e−(ax2+2bx)dx =

1

2

√
π

a
e
b2

a erf

(
x
√
a+

b√
a

)
(34)

with a 6= 0, and considering the interval f ∈
[
−B

2
, B

2

]
,∫ B

2

−B
2

e−
2π2f2

α2 cos(2πfx)df=
αe−

x2α2

2
√
2π

Re

[
erf

(
πB+jxα2

α
√
2

)]
(35)

the integral in (33) is evaluated as

Ep,n = (6n+3)
α√
2π

Re

[
erf

(
πB

α
√
2

)]
(36)

− (8n+4)
α√
2π
e−

T2α2

8 Re

[
erf

(
πB + j(T/2)α2

α
√
2

)]
+ (2n+1)

α√
2π
e−

T2α2

2 Re

[
erf

(
πB+jTα2

α
√
2

)]
.

At this point, an approximation is used. Due to the exponential en-
velope in (32), when considering a bandwidth B = α

√
2, it occurs

that erf(π) = 99.9991% of the integral of the envelope is comprised
in this bandwidth:∫ B/2

−B/2
e−

2π2f2

α2 df =
α√
2π

erf

(
Bπ

α
√
2

)∣∣∣∣∣
B=α

√
2

=
α erf(π)√

2π
(37)

Hence, the result obtained for B = ∞ can be used as an approxi-
mation to the case of interest when the condition B ≥ α

√
2 is met.

Also, considering the rise and fall times of the modulated waveform,
and the symbol width specifications, the following result can be ob-
tained

e−
T2α2

8

∣∣∣Tr=250 µs
T=0.0025 s

= 4.2163× 10−30 (38)

As a consequence, the two terms in (36) e−
T2α2

2 and e−
T2α2

8 can
be neglected leading to the final result

Ep,n =
3α√
2π

(2n+ 1), B ≥ α
√
2. (39)
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