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ABSTRACT

We focus on the effects of intercarrier interference (ICI) in digital
subscriber line (DSL) systems due to asynchronous discrete multi-
tone (DMT) transmission and its impact on dynamic spectrum man-
agement (DSM). ICI arises when the DMT blocks of interfering
users in the network are not aligned in time and it may significantly
impact the system performance. Our contribution is the derivation
of a simple and accurate model for the effect of the ICI. We pro-
pose both an ICI model based on the particular delay between two
users and an ICI model averaged over the delays between two users.
Simulation results show that an accurate characterization of the ICI
positively impacts the performance of DSM solutions.

Index Terms— Digital subscriber lines, dynamic spectrum
management, inter-carrier interference.

1. INTRODUCTION

Digital Subscriber Line (DSL) technology is today one of the main
technologies for broadband access. There has been a strong activity
in the research community to deal with DSL’s main problems. One
such area of research is focused on the optimal allocation of per-
user transmit power so that the impact of multi-user crosstalk, the
main source of performance degradation for DSL, is minimized and
the capabilities of the network are maximized. This is referred to as
dynamic spectrum management (DSM).

Most of this previous work considers a synchronous discrete
multitone (DMT) model, one in which all users have their DMT
blocks perfectly synchronized. This leads to crosstalk that is decou-
pled across tones. This assumption simplifies the DSM optimization
problem significantly. However, the synchronous DMT model may
not be very realistic in practice. There are some proposals to over-
come the asynchronicity of the DMT blocks by adding a cyclic suf-
fix [1], but it must be said that the conditions for synchronous DMT
transmission may not always be easy to attain. Situations where in-
terfering users belong to different service providers or where trans-
mitters are not co-located are especially troublesome. In this paper
we therefore focus on the asynchronous DSM problem [2, 3, 4, 5].
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Leuven, in the frame of the KU Leuven Research Council PFV/10/002
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trum management for fourth generation broadband access networks’. P. Tsi-
aflakis is a postdoctoral fellow funded by the Research Foundation Flanders
(FWO). The scientific responsibility is assumed by the authors.
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The consequence of the time offset between the DMT blocks
from different users is inter-carrier interference (ICI). With ICI, the
crosstalk decoupling is broken: a tone of an interferer user affects
not only the corresponding tone of a victim user, but all neighboring
tones too. One fundamental step for solving the asynchronous DSM
problem is an accurate characterization of the ICI. Such characteri-
zation entails calculating the ICI coefficients vsf n,i,q,k, n #1,
which correspond to the crosstalk that power loaded on user ¢ on tone
j causes to user n on tone k. DSM algorithms mostly need these
coefficients for the solution of the problem. Approximate character-
izations lead to inaccurate power allocation, which in turn leads to
suboptimal performance.

In this paper we derive a simple and accurate model for the ICI,
one that takes into account all peculiarities of DMT transmission.
We take into account ICI coefficients dependent on the specific de-
lay between two users and ICI coefficients averaged over the delays
between two users. We show that an accurate characterization of the
ICI has a positive impact on the final performance of the system.

2. PROBLEM STATEMENT AND PREVIOUS WORK

Consider an N user DMT system with K A ¢-spaced tones and let
P = {pF} € R"*" be a matrix in which p¥ is the transmit power
of user n on tone k. Let 5% be the background noise power observed
by the user n on tone k, h'f” be the channel gain between transmitter
7 and receiver n at tone k and I" be the SNR gap to capacity. The bit
loading for user n on tone k in the asynchronous case is defined as

bt = log, (1 + L)
ok +XTk

where

N K
XT =YY akipl,

6]
i#n j=1
S Al A
ki _ Vit 1P s @
’ |hk |2

Here o = F&ﬁ(|hlfz,n|2)_l. In (2), ai’j and 'yﬁf are respectively,
the normalized channel gain and the ICI coefficient specifically from
user ¢ to user n, and from tone j to tone k. In (1) XTfL is the total
crosstalk for user n on tone k. For the synchronous case, 'yﬁj =
for k = j and zero otherwise for all users and tones. The data rate
for user n is given by Ry, = fs Y & bf;, where fs is the symbol rate.
The DSM problem of interest is that of finding a P that maxi-
mizes the weighted sum of the data rates of all users in the network
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given a power budget for each user, i.e.
. k max k
max Z wn Ry, subject to ;pn < Py Vnandp, >0Vn,k

Previous work on the asynchronous DSM problem includes
three alternative solutions [3, 2, 4]. We will describe what seems
to be the most efficient of these solutions i.e. the modified iterative
waterfilling (MIW) [4], in more detail in Section 4, particularly in
how this algorithm depends on the ICI coefficients.

Our goal is the accurate characterization of the ICI coefficients
and an assessment of how it impacts the DSM problem. For single-
user systems, the modeling of the ICI and inter-symbol interference
due to an insufficient cyclic prefix (CP) length is well studied in the
literature, e.g. [6]. Here, we focus on an ICI that emerges for another
reason, namely the asynchronism between different users sharing the
DSL network. This phenomenon was first studied in the DSL context
by Chan and Yu [3] and all subsequent works followed their model.
Referring to Fig. 1, consider two non-synchronized users. The delay
ism, 0 < n < 1, indicating a fraction of the DMT block length.
According to [3], the ICI coefficients as a function of 7 are given by

<nK>2+<12<—nK>2 j=k;
K b K
2sin? (w(k — j)n) 3)

'yk’J =
o i=1,... K, j 4k
K2sin? (/x(k—j)) ” K57

The authors of [3] also consider a worst case, in which the coeffi-
cients do not depend on the delay and are given by

1, j=kK

el = 2 1K jik @
Kzsin? (Jx(k—g)) AR

The derivation of (3) and (4) involves a few approximations. For
example, the ICI coefficients do not depend on the channel between
user ¢ and n—thus we could drop the subscripts, but we keep the
same notation as in (2) for consistency—and the CP between con-
secutive blocks is not considered. Also note that the ICI coefficients
are symmetric, i.e %(1 TR = 7”””

In [7, 8], the effects of ICT are studied in a wireless OFDMA
scenario, where users do not overlap in frequency. According to [7],

the ICI coefficients are given by

L, L-cos (27"/K(j — k) (K + Lep)v — ch))
Yni = 2(j — k)2 ’

j=1,...,K, j # k. Here the CP is considered—L., represents
its size. Notice that, as (3) and (4), these coefficients also do not
involve the channel.

In [8] the channel is considered. Because of the wireless set-
ting, the derivation includes an expectation operation on the channel
impulse response taps. These taps are considered uncorrelated and
thus the model of [8] involves the power delay profile of the impulse
response. The model distinguishes between five different delay sit-
uations, leading to a set of five different formulas. This approach
could eventually be adapted to a situation where the channel is fixed.

3. DERIVATION OF ICI COEFFICIENTS

This section is divided in two parts. First, we obtain the ICI co-
efficients as a function of the delay 7. Second, we obtain the ICI
coefficients averaged over 7).
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Fig. 1. DMT reception in time for victim user n.

In the following, lower-case boldface letters denote vectors,
while upper-case boldface is used for matrices. When we refer to
DMT symbols, bracketed subscripts refer to time (not to user) and
superscripts to tones. Hence a’(“i) should be read as a quantity in
the ith block at the kth tone. The vector a(;) = [ 1 e If)} T
is representative for the ith symbol. The DMT block has length
K + Lcp, where L, is the length of the CP—we refer to a block as
the symbol plus the CP. Other notation includes £ [-] as expectation,
()™ as conjugate transpose, |-| as rounding down and diag {a} as
a matrix with a on the main diagonal. Also Onx k is the N x K
matrix of zeros and Ik is the K x K identity matrix.

3.1. ICI coefficients as a function of the delay n

Referring to Fig. 1, we consider a victim user n and one interferer
. The victim user transmits a DMT symbol denoted by x &€ cx,
while the interferer transmits the symbol u € CX. Users are not
synchronized, and the delay is n, 0 < n < 1, indicating a fraction
of the DMT block length. We define n as the delay between the
beginning of the CP of the interferer to the end of the DMT block of
the victim user (see Fig. 1). DMT symbols u ;) and u(y) interfere
with the reception of the victim user. Mathematically, reception for
the victim user is given by

r = FéGn,nCFHX-‘r Z FéGn,iS(j)CFHU(j) +z

j=1,2
= diag{hnn}x+ »  FCG,:S;;,CF u;) +z. (5
j=1,2

Here F and F¥ ¢ €¥*¥ represent the DFT and IDFT ma-
trices, respectively; Gn,i € CEHLep)x (KtLep) g o Toeplitz
matrix with first column [g}; 01X<K+LCP_L)}Tand first row
[gn,i(l) OIX(K+LCP—1)L where gn; € C” is the L-tap channel
impulse response from transmitter ¢ to receiver n and is considered
hﬁJT € C¥ is the corre-
sponding channel frequency response; z € C¥ is the background
Gaussian noise vector; and the matrices

constant in time; h,,; = [h}”

6: [ 0K><ch :IK } and C =

where C € REX(K+Lep) gng C € RUISHLer) XK regpectively re-
move and insert the CP. If L., > L, the operation éGnynC results
in a square circulant matrix, which is then diagonalized by pre- and
post-multiplication with the IDFT and DFT matrices. We assume
that the CP is longer than both the direct and crosstalk channel im-
pulse response.

The matrices S(;) and S 4y capture the effect of the time offset.
Define w = \_n(K + ch)J as the number of samples in delay. These
matrices are given by
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Fig. 2. ICI coefficients from (11), (3) and (4). For the first two plots,
1 = 0.5. The crosstalk channel is 1 km long.
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Fig. 3. ICI coefficients for different values of the delay 7. In this
plot we consider a frequency flat channel.

S = O(K+L<~_p w)Xw I(K+L_p w) _ (6)
™ 0w><(K+LCp)
and
Okyr VX (K+Lep)
S :__(+(_p_w____c]’)__. 7
@ |: Iw ) 0w><(K+LCp—w) ( )

Here S(1), S(2) € INUSHEep) x (KtLep) 1f p s equal to zero or one,
then the system is synchronized and S(1) = I(kx+L.,) and S(2) =
O(K+ch) X (K+Lep) or vice-versa. For 0 < n < 1, the operation
CGn ,iS(1)C (and CGn ,iS(2) C) fails to produce a circulant matrix,
and therein lies the effect of the asynchronicity.

Observe that we can write one element of r in (5) as

F=nk b+ Z An,i[k,j]ufn + ZBn,i[k,j}ué) + 2
J J
Here the [k, j] elements of A, ; and B, ; account for the ICI effect
when j # k. These matrices are defined as
A, =FCG, S CF", ®)
B, = FCG,,;S()CF". ©9)
With (8) and (9) in hands and taking into account that the PSD of
the crossta.lk symbols is E[u(l)uﬁ)] = E[u(z)ug>] = diag {p:},
we can write
(1Anilk, 11 + Buslk, j11) p.  (10)

Eq. (10) is easily calculable and it offers an accurate model for the
ICI as a function of g, ; and 7. Note that (10) accounts for all possi-
ble delay situations. This is in contrast with [8], where the derivation

2
v, Pyl =
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of the ICI coefficients is sub-divided in five different situations de-
pending on the delay, which results in five different formulas. Fur-
thermore, the derivation of (10) is simpler and does not need the
addition of unnecessary variables—for example, in [8], a variable is
introduced to account for how many channel taps should be included
in the calculation.

For comparing the ICI coefficients to those of [3], we want
the ICI PSD to be captured by a multiplication of the type M., ; X
diag{|h i , where M, ; € RE*K ig the ICI coeffi-
cients matrix and |hy;|> = [\h;z|2 \hff,i|2]T € R¥. If we
follow the notation of [3], each row of M, ; would contain the ICI
coefficients for one victim tone, i.e. M, ; = [‘y,lu 7,2” —yffl]

where 75,@' ['yi’f 'yf;k]T. Calculating the PSD of the
interference term in (5), we obtain

Mnyidiag{\hn,7i|2}diag{pi} =
(\FéGn,is(l)CFHF + |F6Gn,is(2)CFH\2) diag {pi},

and hence

My = (|Anil? + |Bni?) diag{ ha:} ', (D
where A, ; and By, ; are defined in (8) and (9) and where the [, j]th
element of |Ay, ;| is |Ani [k, ]|

With M, ; calculated as in (11) we can calculate oen’]z with (2)
and crosstalk (1) Notice that we need the crosstalk channel impulse
response, gn,i, to compute (10) or (11). As a consequence, the ICI
coefficients are channel dependent, i.e. different crosstalk channels
have different ICI coefficients. They are also frequency dependent:
the columns of M, i are similar, but they are not delayed replicas of
one another, e.g. vn 7 is usually slightly different than ylifld o

can be shown that the only exception to these two facts is the case of

frequency flat channels, i.e. when g, ; = [V 0K+ch_1X1]T for a
given complex number v. Notice that in this case G,,; = vIx. For
the frequency flat case, the ICI coefficients are also not frequency
dependent, i.e. 7k T A A

In Fig. 2, we plot the ICI coefﬁcwnts for tone 112 of the 224
tones of an ADSL downstream system with AWG 24 cable for a
delay of 7 = 0.5. The crosstalk channel for this example is 1 km
long and was calculated according to [9]. We use a CP of 32 samples
[10]. The plot shows ICI coefficients calculated with (3) and (4),
following the model of [3]; and (11) in this paper. Observe that
the coefficients of (3) for n = 0.5 are usually optimistic and the
coefficients of (4) for the worst case are usually pessimistic.

In Fig. 3, we illustrate the change in the coefficients when we
vary 7 for tone 112 of the 224 tones for the same ADSL system.
For this plot, we assume a frequency flat crosstalk channel. We also
only show the ICI coefficients of the 12 closest tones. As mentioned,
the coefficients are now symmetric and not frequency dependent. In
this same figure, we again show the worst case model of (4). In
this frequency flat situation, the formula of [7] would give the same
results as ours.

3.2. ICI coefficients averaged over 7

In the previous section 77 was considered a fixed variable. In this

section, we consider it to be a random variable, and we calculate the

crosstalk as the expected value of a function of 7. Let M, ;(n) be a

function of the random variable 7. It is defined similarly to (11), i.e.
. -1

2) diag{|hn,: |2}

M.i(n) = (|Anil* + [Ba,




We remind that the dependence on the delay 7 is through the defini-
tion of (6) and (7). Also, let f,,(H) be a given probability distribu-
tion function. The expected value of M, ;(n) is given by [11]

+oo
& [Mn,i(n)] = M,,;(H)f,(H)dH.

—oo

12

We can rewrite (12) in a more convenient form by noticing that the
matrices S¢;) and S(3) in (6) and (7) depend on Ln(K + ch)J.
Hence, we define a discrete random variable w = | (K +Lcp) |. We
consider that 7 is uniformly distributed between O and 1, which leads
us to conclude that w is also uniformly distributed. Mathematically,
we have Pr(w = Q) = k4L, @ ={0,1,...,K + Lep — 1}.
In this way, we can rewrite (12) as a simple average, i.e.

K+Lep—

Z Mm

With Mn,i in hands, we can calculate crosstalk with (2) and (1). In
Fig. 2, we plot the ICI coefficients of (13) for tone 112 of the same
1 km crosstalk channel mentioned on Section 3.1.

Eq. (13) is useful because it is independent of the specific delay
between two users. Calculating the ICI coefficients with (13) may be
more interesting, since it is likely that the delay between the trans-
mission of two users changes over time and is not known accurately.

M, ;2 &M

wil@)] = =

4. EXPERIMENTS

In this section, we illustrate how an accurate characterization of the
ICI coefficients impacts on performance. For assessing this impact,
we use the MIW algorithm [4]. Power allocation for the MIW is
done with the formula
i _ Wi
p.
LoN At

— (o7 + XTY), (14)

where
k-7 (SINRE)?

k(SINR’“ +1) (13

=2 w Z

n#i

Here SINRE = pk (of + XTE) ~. In (14), \,, is a Lagrange mul-
tiplier that is adjusted so that the power budget is respected. The
variable ¢/ is a per-tone penalty that considers damage to other users.

The MIW can be applied in a distributed fashion in the network.
Users can apply (14) locally. After power allocation, users measure
their SINR’s, calculate (SINRF)? (pﬁ(SINRf; + 1))71 for every
tone and send these values to a spectrum management center (SMC).
The SMC then calculates the per-tone penalties with (15) for all users
and tones and sends these values to the users. The process repeats
until convergence. Note that users can measure their SNIR’s accu-
rately without the knowledge of the ICI cocfﬁments but the SMC
needs accurate values for the ICI coefficients fyn 7, which in turn de-

fine an’fi (see (15) and (2)). Inaccurate ICI coefficients on the SMC
can lead to inaccurate values for the per-tone penalties, which in turn
influences the power allocation and performance.

In this section, we assess the performance of the MIW for three
cases. First, we consider the case when the delay 7 is known for
every user pair, the accurate ICI coefficients are calculated with (11)
and used at the SMC; second, we consider the case when the delay is
not known, the averaged ICI coefficients are calculated with (13) and
used at the SMC; and, third, we consider the case when the delay is
not known, the worst case ICI coefficients in (4) are calculated and
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Fig. 5. Rate region for the scenario of interest.

used at the SMC. All simulations in this section consider a standard
downstream ADSL scenario.

The scenario consists of 4 users. See Fig. 4. Define the vectors
1=[h - 1a]" =[54353] kmandd = [dy --- da]" =
[0 23 d4]T. ‘We simulate three different values for d4, dy = 4,
ds = 4.25 and dy = 4.5 km.

Consider the delay between user ¢ and n to be given by 7, ;. We
consider users 1 and 2 to be synchronized, so 71,2 = 12,1 = 0. We
also consider 73,4 = 14,3 = 0. Users 1 and 2 have a delay of 0.5 in
relation to users 3 and 4, so 94,1 = 1,4 = 0.5, 32 = 12,3 = 0.5
and so on.

We depict the rate regions for the three cases of interest regard-
ing the knowledge of the ICI coefficients on the SMC and for the
three different values of d4 in Fig. 5 . For all points, we have Ry = 2
Mbps and R3 = 3 Mbps. As we can see from the plot, using the av-
eraged ICI coefficients on the SMC provides a performance which is
practically the same as that using the actual coefficients. This sug-
gests that the accurate (non-averaged) coefficients may not be all the
time strictly necessary. Performance is clearly worse with the worst
case ICI coefficients. For ds = 4.5 km, the difference can be up to
10 %.

5. CONCLUSION

Previous work on DSM has mostly focused on the synchronous
transmission case, which makes the problem easier but not always
realistic. In this paper, we have focused on the asynchronous DSM
problem. We have provided a simple and accurate ICI characteri-
zation for the asynchronous DMT transmission in DSL networks,
as well as an ICI characterization averaged over the possible delays
between two users. Simulation results show that an accurate char-
acterization of the ICI coefficients can has a positive impact on the
performance of distributed DSM algorithms.
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