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ABSTRACT

This paper presents a widely-linear (WL) distributed beamform-

ing algorithm that takes advantage of strictly second-order (SO)

non-circular source signals. We consider a single-antenna source-

destination pair, which is assisted by multiple relays but suffers

from strong interference. Assuming that perfect channel state in-

formation (CSI) is available, we design our algorithm based on the

maximization of the signal-to-interference-plus-noise ratio (SINR)

under a total relay power constraint after applying WL processing.

We prove that in the case of no interference, the proposed WL

distributed beamforming algorithm provides an SINR gain of 3 dB

over its linear counterpart due to a virtual doubling of the number

of relays. Also, the complexity is analyzed and simulations for the

interference scenario show the performance gains in terms of the

SINR and the bit error rate (BER).

Index Terms— Widely-linear processing, non-circular sources,

distributed beamforming, ad-hoc relay networks.

1. INTRODUCTION

The establishment of reliable and energy-efficient transmissions in

distributed ad-hoc networks of nodes has recently sparked a great in-

terest in the field of wireless communications. One of the main con-

cepts to improve the performance of a wireless network, i.e., its cov-

erage, capacity, and reliability, is exploiting the cooperation between

nodes, termed user cooperation diversity [1]-[6]. In such schemes,

non-transmitting nodes assist each other by relaying source signals

through multiple independent paths in the network, which are con-

structively combined at the destination. These relays create a virtual

array of transmit antennas, and thereby provide spatial diversity in

order to combat signal fading effects and interference without the

need of multiple antennas at the users.

A very effective approach to obtain cooperative diversity is

distributed relay beamforming [7]-[13] based on the amplify-and-

forward (AF) relaying protocol [6], which is of special interest

due to its simplicity. References [7]-[9] consider a single source-

destination pair and compute the beamforming weights based on the

assumption that the instantaneous channel state information (CSI) is

available at the receiver. Thus, the weights are fed back to the relays.

The studied strategies to determine the beamforming weights mini-

mize the total relay power subject to a certain target signal-to-noise

ratio (SNR) at the receiver [7], maximize the receiver SNR subject to

certain power constraints [8], i.e., individual relay power constraints

and a total relay power constraint, and minimize the mean squared

error (MSE) at the destination [9]. Techniques that only rely on the

statistics of the CSI were examined in [10] and [11], and extensions

to multiple source-destination pairs were developed in [12] and [13].
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Fig. 1. A network of K sources, L relays, and one destination.

Recently, the concept of widely-linear (WL) processing has been

applied to the conventional beamforming problem [14]-[17] to take

advantage of the second-order (SO) non-circularity [18]-[20] of cer-

tain source signals. Examples of such signals are BPSK, Offset-

QPSK, PAM, and ASK-modulated signals. It was shown that pro-

cessing the non-circular data and its conjugate version separately

leads to significant performance improvements over the traditional

linear filtering [14]-[17]. However, WL processing has so far not

been exploited in the design of cooperative diversity techniques, e.g.,

distributed beamforming, for ad-hoc relay networks.

In this paper, we propose an optimal WL distributed beam-

forming (WL-DB) algorithm that fully exploits the SO statistics

of strictly non-circular (rectilinear) source signals. We consider a

single-antenna source-destination pair that is subject to interfer-

ence and assume that perfect CSI is available at the receiver. We

maximize the signal-to-interference-plus-noise ratio (SINR) at the

receiver under a total power constraint and prove that the presented

WL-DB algorithm provides an SINR gain of 3 dB over the linear

distributed beamforming (L-DB) algorithm if there is no interfer-

ence. Moreover, we analyze the complexity and show simulations

that illustrate the performance gains in terms of the maximum SINR

and the bit error rate (BER). Extensions to other strategies of com-

puting the beamforming weights, individual relay power constraints

as well as to multiple source-destination pairs are straightforward.

2. SYSTEM MODEL

Let us consider a single-antenna relay network with one source-

destination pair, L relays and K − 1 interfering source nodes, as

illustrated in Fig. 1. There is no direct link between the K sources

and the destination, all the relays work in half-duplex mode, and

we have flat-fading channels. It is also assumed that the network is

perfectly synchronized and that all the nodes operate in the same fre-

quency band. Each transmission from the sources to the destination

is implemented in two stages, e.g., in two consecutive time-slots. In

the first time-slot, all the sources simultaneously broadcast their sig-

nals to the relays. In the second time-slot, the received signals at the

relays are scaled by a complex beamforming weight to be designed,
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and retransmitted to the destination.

The noisy mixture of source signals received by the relays can

be modeled as

x = F
√
Ps+ µ ∈ C

L×1, (1)

where F = [f1, . . . ,fK ] ∈ C
L×K is the channel matrix be-

tween the sources and the relays, and fi = [fi,1, . . . , fi,L]
T , i =

1, . . . ,K, contains the channel coefficients from the i-th source to

all the relays. The vector s = [s1, . . . , sK ]T ∈ C
K×1 represents

the transmitted source signals, P ∈ R
K×K is the matrix with the

source powers on its diagonal, and µ ∈ C
L×1 is the additive noise

at the relays.

Then, the retransmitted signal from the relays in the second step

can be expressed as
r = W

H
x ∈ C

L×1, (2)

where W = diag{w} and diag{·} places the elements of w on

the diagonal of W , and w = [w1, . . . , wL]
T ∈ C

L×1 contains the

complex beamforming weights for each relay. Let us denote g =
[g1, . . . , gL]

T as the channel coefficient vector between the L relays

and the destination. Using (1) and (2), the received signal at the

destination can be written as

y = g
T
r + n (3)

=
√
Pd g

T
W

H
fdsd

︸ ︷︷ ︸

desired signal

+ g
T
W

H

K∑

k=1,k 6=d

√
Pkfksk

︸ ︷︷ ︸

interference
+ g

T
W

H
µ+ n

︸ ︷︷ ︸

effective noise

,

(4)

where n is the zero-mean noise at the destination with variance σ2
n

and the subscript d denotes the desired signal component. Further-

more, we use the following assumptions:

i) The relay noise is assumed to be zero-mean and i.i.d. with equal

variance σ2
µ for each relay.

ii) The source symbols are uncorrelated, i.e., E{ssH} = IK .

iii) The channels are time-invariant during the transmission.

iv) The channel coefficients, the source symbols, and the noise at

the relays and the destination are statistically independent.

3. WIDELY-LINEAR PROCESSING

In this section, we introduce the concept of WL processing to dis-

tributed relay beamforming. WL signal processing aims to take

advantage of the SO non-circularity of the transmitted source sig-

nals by processing the non-circular data and its conjugate version

separately. The statistics of non-circular signals are fully described

by their SO moments, i.e., the covariance matrix and the pseudo-

covariance matrix, whereas the latter is ignored in the linear pro-

cessing [18]-[20]. Thus, by exploiting the additional information

contained in the pseudo-covariance matrix, large gains in terms of

the performance can be achieved [14]-[17]. In order to establish

if this concept can also be applied to the distributed beamforming

model from the previous section, we define the augmented relay vec-

tor xa = [xT ,xH ]T ∈ C
2L×1 to be processed in the sequel. As

shown in this section, it is evident that this WL transformation does

not violate the assumptions i)-iv), hence, WL processing is directly

applicable to the distributed beamforming design.

Due to the assumption of strictly SO non-circular source sig-

nals, where the complex symbol amplitudes lie on a line in the I/Q

diagram, we can decompose the symbol vector in (1) as

s = Ψs0, (5)

where s0 ∈ R
K×1 is a real-valued symbol vector and Ψ =

diag{ejϕi}Ki=1 contains arbitrary complex phase shifts on its di-

agonal that are usually different for each signal.

Expanding the augmented relay vector xa ∈ C
2L×1 and insert-

ing (5), yields

xa =

[
x

x∗

]

=

[
F
√
Ps

F ∗
√
Ps∗

]

+

[
µ

µ∗

]

(6)

=

[
F

F ∗
Ψ

∗
Ψ

∗

]√
Ps+

[
µ

µ∗

]

= Fa

√
Ps+ µa, (7)

where Fa = [fa1 , . . . ,faK ] ∈ C
2L×K and (7) is written similarly

to (1) so that assumptions i)-iii) are still fulfilled. The extended di-

mensions of xa can be interpreted as a virtual doubling of the num-

ber of relays. According to (2), we have the augmented retransmitted

vector

ra = W
H
a xa ∈ C

2L×1, (8)

where Wa = diag{wa} and wa ∈ C
2L×1 contains twice as many

complex beamforming weights as in the linear case (2). The associ-

ation of these weights to the L physical relays will be discussed in

Section 4.2. Next, we define the augmented channel vector ga as

ga = [gT , gT ]T ∈ C
2L×1, (9)

where the complex conjugation as in (6) has to be omitted. In anal-

ogy to (4) and using (7)-(9), the received signal at the destination

after the WL processing is obtained as

ya =
√
Pd g

T
a W

H
a fad

sd
︸ ︷︷ ︸

augm. desired signal

+ g
T
a W

H
a

K∑

k=1,k 6=d

√
Pkfaksk

︸ ︷︷ ︸

augm. interference
+ g

T
a W

H
a µa + n

︸ ︷︷ ︸

augm. effective noise

.

(10)

Note that also assumption iv) still holds after applying WL process-

ing. Therefore, we base our further developments on (10).

4. SINR MAXIMIZATION

In this section, we derive a WL-DB algorithm based on the SINR

maximization criterion. Using the model in (10), we compute the

2L beamforming weights such that the SINR at the destination in

the WL case is maximized subject to a total relay power constraint.

The presented development is inspired by the one in [10] that uses

linear processing. In contrast to [10], we incorporate WL process-

ing, consider an interference scenario as shown in Fig. 1, and avoid

the computationally expensive eigendecomposition to solve the re-

sulting generalized eigenvector problem.

4.1. WL Relay Weight Computation

The optimization problem is stated as

max
wa

SINRWL

subject to Pr ≤ Pmax.
(11)

Here, Pr is the total relay power, Pmax is the maximum allowable to-

tal transmit power, and SINRWL is the SINR in the WL case, which

is defined as

SINRWL =
Ps

Pi + Pn

, (12)
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where Ps, Pi, and Pn represent the power of the desired signal, the

interference power, and the noise power at the receiver, respectively.

Similar to [10]-[13], we next derive the expressions for the pow-

ers required in (11) and (12). For the total relay power Pr, we have

Pr = E{‖ra‖2} = w
H
a Dawa, (13)

where wa = diag{Wa} ∈ C
2L×1 and diag{·} extracts the diag-

onal from Wa, Da ∈ R
2L×2L is a diagonal matrix with [Da]ll =

[Ta]ll, l = 1, . . . , 2L, and the augmented covariance matrix Ta can

be expressed as

Ta = E{xax
H
a } = FaPF

H
a + σ2

µI2L, (14)

where we have used assumptions i)-iv). From (10) and assumptions

ii) and iii), we obtain the power of the desired signal component as

Ps = E{|
√
Pd g

T
a W

H
a fad

sd|2} = w
H
a Rawa (15)

where Ra = Pd had
hH

ad
∈ C

2L×2L with had
= ga ⊙ fad

and

⊙ is the Schur-Hardamard (element-wise) matrix product. Using

assumptions ii), iii), and the model (10), the interference power can

be written as

Pi = E

{∣
∣
∣g

T
a W

H
a

K∑

k=1,k 6=d

√
Pkfka

sk

∣
∣
∣

2}

= w
H
a Qiawa, (16)

where Qia =
∑K

k=1,k 6=d
Pk hak

hH
ak

∈ C
2L×2L with hak

= ga ⊙
fak

. The expression for the noise power at the receiver can be writ-

ten as

Pn = E{|gT
a W

H
a µa + n|2} = w

H
a Qna

wa + σ2
n, (17)

where Qna
= σ2

µdiag{gag
H
a } ∈ R

2L×2L and we have used as-

sumptions i) and iv). Whereas Da and Qna
are real-valued diagonal

matrices, the augmented covariance matrices Ra and Qia possess

the block structure

Ra =

[
R C

C∗ R∗

]

and Qia =

[
Ri Ci

C∗
i R∗

i

]

, (18)

where the covariance matrices R and Ri of size L × L, and the

pseudo-covariance matrices C and Ci of size L× L appear in con-

jugate pairs. The additional information C and Ci contained in the

signal and the interference component respectively, will be exploited

by the proposed WL-DB algorithm.

Finally, using (13), (15), (16), and (17), the WL-DB optimiza-

tion problem (11) can be rewritten as

max
wa

wH
a Rawa

wH
a (Qia

+Qna
)wa + σ2

n

subject to w
H
a Dawa ≤ Pmax.

(19)

Note that the virtual doubling of the relay weights due to the WL

processing at the receiver does not affect the maximum available

relay transmit power Pmax used for the linear processing [10]. Thus,

the power is merely allocated across twice as many virtual relays.

In order to simplify the optimization problem in (19), we find

that at optimality the inequality constraint has to be satisfied with

equality [10], i.e., wH
a Dawa = Pmax. Inserting the equality con-

straint into the objective function in (19), the original problem can

be reformulated as the unconstrained optimization problem

max
wa

wH
a Rawa

wH
a (Qia

+Qna
+

σ2
n

Pmax
Da)wa

. (20)

This type of optimization problem is known to be a generalized

eigenvector problem [10]. Hence, if w̄a is the solution to (20), the

objective function is globally maximized when w̄a is chosen as

w̄a = P
{(

Qia +Qna
+

σ2
n

Pmax

Da

)−1

Ra

}

, (21)

where P{·} is the normalized principal eigenvector operator. Note

here that Ra is of rank one and, therefore, any matrix multiplication

with Ra is also rank-one, which gives

w̄a = P
{

Pd

(

Qia +Qna
+

σ2
n

Pmax

Da

)−1

hdah
H
da

}

(22)

= P
{

Pd v h
H
da

}

. (23)

The eigendecomposition in (23) provides only one non-zero eigen-

value whose corresponding eigenvector is a scaled version of v.

Thus, it can be avoided and we can express (21) after the normal-

ization directly as

w̄a =
v

‖v‖ . (24)

However, the beamforming vector that solves (19) still needs to be

scaled properly to satisfy the power constraint, i.e., the final solution

is given by

wa =

√
Pmax

w̄H
a Daw̄a

w̄a. (25)

4.2. WL Relay Weight Association

Having obtained the WL beamforming weights for the 2L virtual

relays from the WL optimization problem (19), these weights have

to be associated to the L physical relays. By decomposing wa =
[wT

1 ,w
T
2 ]

T , where wn ∈ C
L×1 and n = 1, 2, defining Wn =

diag{wn}, and using (6) and (9), we rewrite (10) as

ya = g
T
a W

H
a xa + n = g

T
W

H
1 x+ g

T
W

H
2 x

∗ + n

= g
T
rWL + n (26)

such that the physical relays transmit the widely-linear combination

rWL = W
H
1 x+W

H
2 x

∗. (27)

Note that w1 and w2 are not complex conjugate versions of each

other as in conventional WL receive beamforming [14]-[17]. This is

due to the stacking in (9), which ensures that both terms in (27) pass

through the same channel in (26).

4.3. Achievable SINR Performance

In order to analyze the SINR performance of the WL-DB algo-

rithm as compared to its linear counterpart, we consider the non-

interference case, i.e., K = 1, for simplicity and formulate the

following theorem:

Theorem 1. The WL-DB algorithm for K = 1 provides a 3 dB gain

over the L-DB algorithm in terms of the maximum SINR.

Proof. The SINR expression for K = 1 in (19) reduces to

SINRWL =
wH

a Rawa

wH
a Qna

wa + σ2
n

for w
H
a Dawa = Pmax. (28)
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Fig. 2. Maximum SINR versus the maximum total relay power Pmax for
K = 5 and SNR = 0 dB at the relays and the destination.

Let us define w ∈ C
L×1 as the solution to the linear SINR maxi-

mization problem such that

SINRL =
wHRw

wHQnw + σ2
n

for w
H
Dw = Pmax, (29)

where R and the diagonal matrices D and Qn are the first L × L
block matrices of Ra, Da and Qna

, respectively. As D is real-

valued and contained in both diagonal L×L blocks of Da, we have

‖w‖ = ‖wa‖ but the total relay power Pmax is divided equally

into w1 and w2 and we obtain the symmetry |wm|2 = |w1m |2 +
|w2m |2, m = 1, . . . , L. The same property applies to Qn and

Qna
so that the denominators of (28) and (29) are equal. It can be

shown that due to the structure of the rank-one matrix Ra in (15) and

(18), and the aforementioned symmetry, the result of each of the four

quadratic forms of the block matrices in Ra is equal to 1
2
·wHRw

in the numerator of (29). Thus, we can conclude that

SINRWL = 2 · SINRL, (30)

which completes the proof.

We have observed that in the case of interference, i.e., K > 1, the

SINR gain may increase.

4.4. Complexity Analysis

The computational complexity of the proposed WL-DB algorithm

is dominated by the computation of the rank-one matrices in (19)

and the matrix inversion in (22). Thus, the computational cost is

O((2L)3 + (2L)2), where the factor 2 is due to the virtual doubling

of the number of relay nodes caused by the WL processing. The

proposed algorithm only requires a slight increase of the necessary

mathematical operations by a single factor compared to its linear

counterpart whose computational complexity is O(L3 + L2).

5. SIMULATION RESULTS

In this section, we show simulations that demonstrate the perfor-

mance of the proposed WL-DB algorithm based on the SINR max-

imization under the total relay power constraint. As a compari-

son, its linear counterpart (L-DB) is used to illustrate the maximum

gain achieved by the WL processing. In the simulations, we as-

sume Rayleigh flat-fading channels with unit-variance channel co-

efficients. The variances of the relay and the destination noise are
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Fig. 3. BER versus the SNR at the relays and the destination for L = 5 and
Pmax = 1 dBW.

equal to each other and the desired user as well as the K − 1 inter-

ferers transmit with the same power of 0 dBW. Moreover, we assume

that all the sources use the binary phase shift keying (BPSK) modula-

tion for their transmission. All the curves are obtained by averaging

over 1000 Monte Carlo trials.

In Fig. 2, we display the maximum achievable SINR as a func-

tion of the maximum total relay transmit power. We have fixed

the number of sources to K = 5, the SNR at the relays and

the destination is 0 dB, and we vary the number of relay nodes

L. The non-circularity phases ϕi contained in Ψ are given by

ϕ = [0, π/2, π/8, π/4, π/16]. It is evident that the WL-DB al-

gorithm provides significant gains of about 3 dB over its linear

counterpart for different numbers of relays L. Note that the curve of

the WL-DB with L = 5 matches the one of the L-DB with L = 10,

which is due to the virtual doubling of the relay nodes.

Fig. 3 depicts the BER as a function of the SNR, which is the

same at the relays and the destination. To obtain the BER curves,

a symbol-by-symbol maximum likelihood (ML) decoder is used at

the receiver. Here, the number of relays is fixed to L = 5, the total

relay transmit power is Pmax = 1 dBW, and we vary the number

of interferers K − 1. The non-circularity phases of the sources are

separated by π/4 starting from 0. It can be seen that the WL-DB

algorithm achieves a lower BER than its linear counterpart and that

the gain increases as the number of interferers grows.

6. CONCLUSION

In this paper, we have presented a WL-DB algorithm that fully ex-

ploits the SO statistics of strictly non-circular sources in a network,

which consists of a single-antenna source-destination pair, multiple

relays and multiple interferers. The WL processing procedure virtu-

ally doubles the number of relays so that twice as many beamform-

ing weights need to be designed. The weight computation is based

on the SINR maximization under a total relay power constraint af-

ter applying WL processing, assuming that perfect CSI is available

at the receiver. We have shown that in a non-interference scenario,

the proposed WL-DB algorithm provides a 3 dB SINR gain over its

linear counterpart, requiring only a slight increase in the computa-

tional complexity. Simulations demonstrate the significant perfor-

mance gains in terms of the SINR and the BER.
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