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ABSTRACT
We consider an asynchronous two-way relay network, where

multiple asynchronous relays cooperate to establish a connection be-
tween two transceivers. In such an asynchronous relay network,
a certain signal path (originating from one transceiver and going
through a certain relay) introduces a propagation and/or relaying de-
lay to the corresponding relayed signal. We assume that such de-
lays are different for different signal paths which correspond to dif-
ferent relays. Based on this model, the end-to-end communication
link can be viewed as a multi-path channel, and thus, it can cause
inter-symbol-interference (ISI) at the two transceivers when the data
rate is sufficiently high. To tackle such an ISI, the two transceivers
are herein assumed to employ orthogonal frequency division multi-
plexing (OFDM) technology. The relays however use amplify-and-
forward relaying to materialize a distributed beamforming scheme.
For such a communication scheme, we use a max-min fair design
approach to optimally obtain the relay beamforming weights and
the transceivers’ subcarrier powers such that the smallest subcarrier
signal-to-noise ratio (SNR) is maximized under a total power budget.
Furthermore, we prove that this approach (which has been shown to
equivalent to a SNR balancing scheme) leads to certain relay selec-
tion solution. We then present a semi-closed-form solution to obtain
the relay beamforming weights and the associated maximum bal-
anced SNR. Simulation results show that the performance of this
solution is superior to an equal power allocation approach, where all
relays and two transceivers consume the same level of power.

Index Terms— Cooperative communication, asynchronous re-
lay networks, SNR balancing, distributed beamforming, power allo-
cation.

1. INTRODUCTION

In a two-way relay network where a reliable connection may not
be achievable through direct link between two transceivers, the co-
operation of multiple relays can enable a reliable communication
between the two transceivers. Amplify-and-forward (AF), decode-
and-forward (DF), estimate-and-forward (EF) and filter-and-forward
(FF) relaying protocols are among some of the well-known relaying
schemes. The AF relaying approach is of particular interest as it is
considered to be the simplest among various relaying methods. Dif-
ferent features and applications of the AF method have been widely
studied in [1] - [2]. Different bidirectional relaying schemes have
been proposed and studied in [3–28]. For different relaying strate-
gies, the problem of power allocation between the source and the
relay node(s) has been well studied in the literature [29].

In this paper, assuming an AF protocol, we consider a two-way
asynchronous relay network, where multiple relays are deployed

to enable bidirectional communication between two transceivers.
It is herein assumed that the propagation/relaying delay for each
relay’s signal path can be different from those for the other relays’
paths. Such potentially different propagation/relaying delays cause
inter-symbol-interference (ISI) at the two transceivers. As such,
the network is assumed to employ orthogonal frequency division
multiplexing (OFDM) technology at the two transceivers in order
to combat the inter-symbol-interference (ISI) caused by lack of
synchronization in different relays’ signals. Note that the OFDM
scheme could be used at the relays as well [7]. However, in this
paper, to keep the relays as simple as possible, we propose to use
the AF protocol at the relays and use the OFDM scheme only at
the two transceiver. For such a network, under individual relay
and transceiver power constraints, we presented a max-min fair ap-
proach in [30] to optimally design the beamforming weights and
the transceivers’ subcarrier powers. In [31], we used a max-min
fair design approach under a total power constraint to obtain the re-
lay beamforming weights as well the transceivers’ subcarrier power
loading at the two transceivers. A numerical approach was presented
to obtain the solution to this max-min problem. No proof of global
optimality was provided in [30].

In this paper, using the signal model developed in [31], we de-
vise a semi-closed-from solution to the max-min fair design prob-
lem studied in [31]. We prove that this solution guarantees global
optimality. We also prove that this approach leads to certain relay
selection solution. More specifically, in the proposed solution. only
relays, which contribute to a certain tap of the end-to-end channel
impulse, participate in relaying and the remainder of the relays have
to be turned off. Indeed, our solution has a semi-closed form solu-
tions for the optimal beamformig weights of the active relays and for
optimal power loading at the two transceivers.

Notations: Complex conjugate, transpose and Hermitian trans-
pose are represented by (·)∗, (·)T and (·)H , respectively. Continuous-
time and discrete-time convolution are denoted by ⋆c and ⋆d respec-
tively. E{·} denotes the statistical expectation and diag{a} stands
for a diagonal matrix whose diagonal entries are given by the ele-
ments of vector a.

2. SIGNAL MODEL

We consider a two-way AF relay network consisting of L single-
antenna relay nodes to establish a bidirectional communication
between two transceivers. We represent the signal transmitted by
Transceiver p as

sp(t) =

∞
∑

k=−∞
sp[k]ϕ(t− kTs) p ∈ {1, 2} (1)
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where ϕ(t) is the rectangular pulse shaping filter, sp[k] denotes the
kth symbol transmitted by Transceiver p, and Ts is the symbol time
period. The propagation delay for each flat fading channel path from
Transceiver p, going through the lth relay, and ending at Transceiver
q, for p, q ∈ {1, 2} is denoted by τl. Let glp represent the flat fad-
ing channel coefficient between the lth relay and Transceiver p and
let wl stand for the complex relay weight of the lth relay. As such,
αl , wlglpglq is the total path gain (or loss) of the lth relaying
path. Hence, the impulse response of the end-to-end channel be-
tween Transceivers 1 and 2, denoted as h(t), can be formulated as

h(t) =

L−1
∑

l=0

αlδ(t− τl) for p, q ∈ {1, 2}

Sampling the signal received by Transceiver q at the rate of 1/Ts

gives us

rq[nTs] =

(

2
∑

p=1

sp(t) ⋆c h(t)

)

∣

∣

∣

t=nTs

=

2
∑

p=1

sp[n] ⋆d h[n] (2)

where h[·] is the equivalent discrete-time end-to-end channel im-
pulse response and its nth tap is given by

h[n] ,
L−1
∑

l=0

αlϕ(nTs − τl). (3)

At sufficiently high data rates, the frequency selectivity of the end-
to-end channel causes ISI at the two transceivers. As depicted in
Fig. 1, orthogonal frequency division multiplexing (OFDM) can be
deployed at the transceivers to tackle ISI. In this figure, Tcp and Rcp

denote the cyclic prefix insertion and deletion matrices, respectively,
F represents the DFT matrix, while S/P and P/S represent serial-to-
parallel and parallel-to-serial convertor. Let us introduce an N × L
matrix B whose (n, l)th element is defined as

B(n, l) =

{

glpglq, (n− 1)Ts ≤ τl ≤ nTs

0, otherwise.
(4)

Assuming that the duration of ϕ(t) is equal to Ts, the lth relay con-
tributes to the nth tap of h[·] only if 0 ≤ nTs − τlpq ≤ Ts or,
equivalently, (n− 1)Ts ≤ τl ≤ nTs. Using the latter inequality and
approximating ϕ(t) with a rectangular pulse, we can write the vector
of discrete-time channel taps, as

h ,

[

h[0], . . . , h[N − 1]
]T

= Bw (5)

where N denotes the length of discrete-time end-to-end channel im-
pulse response h[·], which is assumed to be equal to the number of
subcarriers, and w , [w1, . . . , wL]

T is the complex vector of the
relays’ weights. Let γl(t) denote the lth relay’s noise which is as-
sumed to be spatially and temporally white with variance 1. This
noise is amplified by wl and is received by Transceiver q with delay
τ ′
lq. Let us define the (m, l)th element of the M × L matrix Γq as

Γq(m, l) , γl(mTs − τ ′
lq), m = 1, . . . ,M, l = 1, . . . , L (6)

where M = N + Ncp is the length of the OFDM block and Ncp

represents the length of the cyclic prefix. Defining the M × 1 mea-
surement noise vector of Transceiver q as n′

q , the vector of the total
noise at this transceiver can be represented as

nq , ΓqGqw + n
′
q q ∈ {1, 2} (7)

where Gq , diag{g1q , . . . , gLq}, for q ∈ {1, 2} . Let sq ,
[

sq[1], . . . , sq[N ]
]T

be the vector of symbols transmitted by

Transceiver q. The received signal at each transceiver can then
be represented as

zq , AqCqsq +ApDsp +FRcpnq for p, q ∈ {1, 2} (8)

where D , diag{Fh} is a diagonal matrix whose diagonal entries
are the frequency responses of the end-to-end channel impulse re-
sponse h[·] at the subcarrier frequencies, Cq is a diagonal matrix
whose diagonal entries are the frequency responses of the “self-
interference channel impulse response” at the subcarrier frequencies
of Transceiver q [31], and Aq , diag{

√

Piq }i=N
i=1 is a diagonal

matrix which determines the power loading of different subcarriers
at Transceiver q. Note that Piq is the allocated power to the ith sub-
carrier at Transceiver q. After self-interference cancelation [31], the
residual signal

z̃q = ApDsp + FRcpnq for p, q ∈ {1, 2} (9)

is used at Transceiver q to extract the desired symbol vector sp.

3. MAX-MIN FAIR DESIGN APPROACH

In this section, we aim to obtain jointly optimal relay beamforming
weight vector as well as the transceivers’ subcarrier powers by max-
imizing the worst SNR across all subcarriers subject to total power
budget. We formulate this optimization problem as

max
p1,p2≥0

max
w

min
i∈{1,··· ,N}

min
q∈{1,2}

SNRiq(w) (10)

subject to
1Tp1

N
+

1Tp2

N
+

L
∑

l=1

P̃l ≤ Pmax

where Pmax denotes the maximum power budget, P̃l represents the
transmitted power of the lth relay, pq , [P1q , . . . , PNq ]

T is the
vector of subcarrier powers at Transceiver q, and SNRiq(w) ,=
Pip|fHi Bpqw|2
wHDqw+1

, i = 1, . . . , N . and p 6= q. In light of the results
of [31], the optimization problem (10) leads to all subcarrier SNRs
being balanced, thereby leading to an SNR balancing scheme, and it
can be written as

min
w

N
∑

i=1

1

φi(w)
subject to ‖w‖2 ≤ Pmax (11)

where φi(w) ,

(

Pmax −w
H
w
)

|wH
ai|2

2
(

w
H
D1w + 1

)(

w
H
D2w + 1

) , according

to the results of [3], represents the maximum achievable balanced
SNR for a given beamforming relay weight vector w, when the
total power budget Pmax is assigned to the ith subcarrier. Note that
ai , BHfi, where fi is the ith Vandermonde column of FH and it is

given byfi = 1√
N

[

1 e

(

j
2π(i−1)

N

)

· · · e

(

j
2(N−1)(i−1)π

N

)
]T

and Dq , GH
q ΓH

q RT
cpfif

H
i RcpΓqGq is an L × L diagonal ma-

trix, whose its lth diagonal element, as proven in [32], is given by
Dq(l, l) = |glq|2 for l = 1, . . . , L.

Lemma: The following inequality holds true for any set of pos-
itive numbers {φi}Ni=1:

N
∑

i=1

1

φi
≥ N2

∑N
i=1 φi

(12)
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Fig. 1. System model

where equality holds when all {φi}Ni=1 are equal to each other.
Proof: The arithmetic mean of positive numbers {φi}Ni=1 is

larger or equal to their harmonic mean:

1

N

N
∑

i=1

φi ≥
1

1
N

∑N
i=1

1
φi

and equality holds iff φi = φj , for i 6= j. �

Note that if {φi}Ni=1 have a certain structure described as
φi = φi(w), the equality holds iff one can find such structured
{φi(w)}Ni=1 that they are all equal, i.e., iff one can find a value
for w such that all φi(w)’s are all equal. Let W represent the set
of such values of w. Then, without any loss of optimality, we can
rewrite the optimization in (11) as

min
w

N
∑

i=1

1

φi(w)
subject to ‖w‖2 ≤ Pmax and w ∈ W (13)

Note that the feasible set of the optimization problem (13) is not
empty as this feasible set includes w = 0. Since for any w ∈ W ,
we have that

∑N
i=1

1
φi(w)

= N2(
∑N

i=1 φi(w))−1, we can rewrite
(13) as

min
w

(

N
∑

i=1

φi(w)

)−1

s.t. ‖w‖2 ≤ Pmax and w ∈ W (14)

or, equivalently, as

max
w

(

Pmax −wHw
)
∑N

i=1 |w
H
ai|2

2
(

w
H
D1w + 1

)(

w
H
D2w + 1

) (15)

subject to ‖w‖2 ≤ Pmax and w ∈ W

Using Parseval’s theorem, we can write

N
∑

i=1

|wH
ai|2 =

N
∑

i=1

|wH
B

H
fi|2 = ‖Bw‖2 = w

H
B

H
Bw (16)

Using (16), we can rewrite the optimization problem (15) as

max
w

(

Pmax −wHw
)

wHBHBw

2
(

w
H
D1w + 1

)(

w
H
D2w + 1

) (17)

subject to ‖w‖2 ≤ Pmax and w ∈ W

The equality of φi(w)’s characterizes the set W such that for any
w ∈ W , |wHai|2 = |wHaj |2 holds true for any i 6= j. In other

words, the constraint w ∈ W is equivalent to the following set of
constraints on w:

|fHi Bw|2 = |fHj Bw|2, for i 6= j (18)

The set of constraints in (18) requires the amplitude of the Fourier
representation of the discrete-time FIR end-to-end channel impulse
response h[·] to be constant [32]. Since allpass FIR filters can have
only one non-zero tap, the constraint in (18) implies that h has only
one non-zero tap. Therefore, when w ∈ W , only one of the elements
of h is non-zero. This means that all relays corresponding to the zero
taps of h[·] should be turned off (i.e., they should have zero weight).
In other words, we should only turn on the relays which contribute
to the only non-zero tap of h[·]. Now, the crucial question is how
to find the only non-zero tap of h[·] which results in the maximum
value of the objective function in (17). To answer this question, we
need to find all relay sets each of which contributes to one tap of
the channel impulse response and compare the SNRs resulting from
each set. For different taps, the set of relays which leads to maximum
balanced SNR should be chosen and the rest of the relays have to
be turned off. Such a relay selection scheme turns the end-to-end
link into a frequency flat channel1. As such, the approach of [25],
developed for two-way relay network with frequency flat channels,
can be used to obtain the corresponding maximum balanced SNRs.
In [3], a semi-closed-form solution is presented for this approach.
According to (18) the potential non-zero elements of h = Bw are
determined by the rows of B which include at least one non-zero
element. Defining wn as the vector of those elements of w which
contribute to the nth non-zero entry of h[n], the optimal value of wn

has the following semi-closed-form solution:

wn(µn) = κ(µn)
√
2νn
(

2µnD1 + 2νnD2 + I
)−1

bn (19)

where νn , 0.5Pmax − µn, bH
n is the vector of non-zero ele-

ments of the (n + 1)th row of B, κ(µn) is defined as κ(µn) ,

(bH
n (I+ 2µnD1) (2µnD1 + 2νnD2 + I)−2

bn)
−1/2 ., and µn is

the unique solution to the following equation which satisfies 0 ≤
µn ≤ 0.5Pmax:

(Pmax − 4µn)b
H
n (2µnD1 + (Pmax − 2µn)D2 + I)−1

bn

− µn(Pmax − 2µn)b
H
n (2µnD1 + (Pmax − 2µn)D2 + I)−2

× (2D1 − 2D2)bn = 0 (20)

The bisection method developed in [3] can then be used to solve
(20) and to compute µn. When those relays, which contribute to the

1Note that OFDM can still be used to provide multiplexity gain at the
price of reducing the diversity gain of our communication system.
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nth tap of the channel, are turned on and the rest of the relays are
deactivated, the corresponding maximum balanced SNR is given by

SNR(n)
max = µn(Pmax − 2µn)b

H
n (2µnD1 + 2νnD2 + I)−1

bn .

The only non-zero tap of the impulse response channel is determined
by the value of n ∈ {0, 1, . . . , N−1} which yields the largest value
of SNR

(n)
max.

4. SIMULATION RESULTS

We consider an OFDM-based bidirectional communication scheme
including 8 cooperating relays and 16 subcarriers. We also assume
that the flat fading relay-transceiver channel coefficients follow i.i.d.
complex Gaussian distribution with zero-mean and unit variance.

All noises at the relays and transceivers are assumed to have a vari-
ance equal to one. As we are modeling an asynchronous network, the
propagation delay for each relaying path is different from those for
other relaying paths and it is drawn, at each simulation run, from a
uniform distribution in the interval [0, 8Ts]. We compare the perfor-
mance of our proposed SNR balancing scheme with an equal power
allocation (EPA) approach, where the total available power is equally
allocated to all the relays and to the two transceivers. As depicted
in Fig. 2, the average maximum balanced SNR achieved by our pro-
posed method is about 4.5 dB higher than that achieved by the EPA
method. The performances of both methods in terms of bit error rate
(BER) have been shown in Fig. 3. As can be seen from this figure,
our proposed approach outperforms the EPA technique. Fig. 4 com-
pares the sum-rate of our proposed algorithm with that of the EPA
technique. As depicted in this figure, compared to the EPA method,
our SNR balancing approach offers a higher sum-rate for any given
power budget.

5. CONCLUSION

In this work, we considered an asynchronous bidirectional relay net-
work with propagation/realying that can be different from one re-
lay to another relay. Under the assumption that the transceivers are
equipped with OFDM to combat ISI, an SNR balancing algorithm is
introduced to jointly design the optimal relay beamformer as well as
the subcarrier power loading at the two transceivers via maximiza-
tion of the smallest SNR across all subcarriers. We proved that such
an SNR balancing approach results in a single-tap end-to-end chan-
nel impulse response and leads us to select a subset of the relays
which all contribute to the only non-zero tap of the impulse response
of the end-to-end channel. To obtain the relay beamforming weights
and the associated maximum balanced SNR, a semi-closed-form so-
lution was then presented. Our simulation results showed that our
proposed method outperforms the equal power allocation approach
(where all nodes consume the same level of power) in terms of aver-
age SNR, bit error rate, and sum-rate.
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