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ABSTRACT

Loudness restoration approaches to hearing aid fitting pre-
scribe gain and compression so as to restore the loudness per-
ceived by a hearing-impaired listener to that perceived by a
listener with normal-hearing. Restoring the loudness percep-
tion to normal is complicated by the spread of excitation at
high stimulus levels that causes intense stimuli at low fre-
quencies to be ”heard” and to contribute to the perceived loud-
ness at high frequencies, producing excess loudness growth
and poor sound quality. We apply derivative-free optimiza-
tion algorithms to find a configuration of hearing aid gain
and compression parameters that restores specific loudness
perception of a hearing impaired listener to that of a normal
hearing listener, while simultaneously minimizing the across-
frequency spreading of excitation, and ensuring the feasibility
of the resulting hearing aid parameters.

Index Terms— Hearing aids, loudness, dynamic range
compression, spread of excitation, derivative-free optimiza-
tion

1. INTRODUCTION

Modern digital hearing aids apply dynamic range compres-
sion, a form of automatic gain control, to treat the abnormal
perception of loudness that is typical of sensorineural hear-
ing loss. By amplifying quiet sounds more than loud sounds,
compressive amplification can provide audibility and comfort
for patients with hearing loss over a wider dynamic range than
linear amplification [1]. In multichannel compression, the sig-
nal is filtered into several frequency channels,and compres-
sion is applied independently to the signal in each channel, al-
lowing compression to be prescribed differently in each chan-
nel according to the patient’s hearing loss. Various strategies
have been proposed for configuring multichannel hearing aid
compressors to compensate for hearing loss [2, 3, 4, 5]. Loud-
ness restoration approaches prescribe compression intended
to restore the loudness perceived by a hearing-impaired lis-
tener to the loudness that would be perceived by a normal-
hearing listener [6]. Not only the overall loudness, but also
the specific loudness, the loudness density as a function of fre-
quency, is restored for a range of stimulus spectra. The loud-

ness restoration principle is a component of several hearing
aid fitting rationales, and is the foundation of the Cambridge
Loudness Restoration (CAMREST) algorithm [6].

At high stimulus levels, significant upward spread of
excitation causes intense stimuli at low frequencies to be
“heard” and to contribute to the perceived loudness at high
frequencies. This may produce excess loudness and loudness
growth at high frequencies, and may also produce distortion
and poor sound quality, because of the abnormal response of
the cochlea to off-frequency stimulation [7]. Our objective in
this work is to compute hearing aid compressor parameters
that restore loudness perception to normal while simultane-
ously minimizing the spread of excitation caused by excessive
amplification.

Moore [6] used a model of loudness perception to itera-
tively adjust hearing aid gains to restore loudness for speech
spectra at two different levels, and the compressor parameters
were inferred from the resulting gain profiles. More recently,
Jepsen and Nordahn [8] used an excitation pattern (closely
related to specific loudness) model to devise hearing aid gain
and compression parameters predicted maximize speech in-
telligibility. Genetic algorithms have also been employed to
search for perceptually optimal hearing aid parameters set-
tings [9, 10], though not, to our knowledge, to achieve a bal-
ance between competing objectives, as in the present work.

We incorporate a loudness model into the cost function
of a non-convex optimization problem. The model is used to
assess both loudness restoration and spread of excitation. Be-
cause the model is non-linear and non-invertible, we employ
derivative-free techniques to find optimal hearing aid param-
eters. We present a two-stage approach that encourages the
global optimality of the final solution. Our work builds on
the work of Moore, generalizing the loudness restoration ap-
proach to any number of training spectra, and admitting any
number, variety, and weighting of additional constraints and
optimality criteria. The present work complements empirical
results recently presented by the authors [11] by providing
details of the formulation of the optimization problem, and of
the two-stage algorithm of deriving optimal hearing aid gain
and compression.
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Fig. 1. Compression gain of channel i is determined by the
input level p and parameters r and l.

2. PROBLEM FORMULATION

2.1. Hearing aid compression

The hearing aid is modeled as a compressor with C non-
overlapping channels. Within each channel i, the gain, gi,
applied to a stimulus spectrum, s, is computed from the
spectrum level in the channel, psi , according to

gi(p
s
i , ri, li) =

{
ri, if psi ≤ Ti
ri + li(p

s
i − Ti), if psi > Ti

(1)

where ri is the maximum channel gain, li is the compres-
sion slope, and Ti is the compression threshold, a constant
level, below which the applied gain in the channel is fixed at
ri. The parameters ri and li are bounded within the feasible
ranges [LBr UBr] and

[
LBl UBl

]
respectively. The input-

gain function is depicted in Figure 1. The C by 1 vectors
g, ps, r, l denote the collection of gi, psi , ri, ri from each
channel i, respectively, and the problem solution consists of
the optimal sets r and l.

2.2. Restoration of loudness

We use the loudness model developed by Moore et al. [12, 13]
to estimate the specific loudness for listeners with hearing
impairment. This model predicts the loudness deficit due to
hearing impairment, as well as the spread of excitation at high
stimulus levels. Hearing loss is described by the loss of sensi-
tivity to pure tones of various frequencies relative to the sensi-
tivity of a listener having “normal” hearing (no impairment).
All predictions of loudness are implicitly dependent on the
hearing loss specification, but for brevity, we omit this depen-
dency in our notation.

Since our objective is to find the single set of parame-
ters (r, l) that restore loudness for a variety of sounds, we
select a variety of stimulus spectra, describing, for example,
the long-term average spectra of speech at different levels of
vocal effort, and optimize over this stimulus set.

For a single stimulus spectrum ps, the amplified output
of hearing aid is described by ps + g(ps, r, l), where the
gain g(·) is determined from the spectrum level ps and the
compression parameters r and l, as described by Equation 1.

Let ν̄(ps) be the loudness predicted for a listener with nor-
mal hearing in response to ps, and ν(ps, r, l) be the loud-
ness predicted for a listener with hearing loss for the ampli-
fied spectrum ps+g(ps, r, l). Optimal loudness restoration is
achieved by minimizing the average difference between aided
impaired loudness and normal loudness, defined

D(r, l) =
1

S

S∑
s=1

‖(ν(ps, r, l)− ν̄(ps))‖1 (2)

2.3. Spread of excitation

The loudness induced at excitation frequency f by amplifi-
cation in channel i can be characterized by the accumulated
variation in loudness with respect to the parameters (r, l) as

Λi,f (ps, r, l) (3)

≡
∫ 0

li

∫ ri

0

|∂νf
∂ri

(ps, r̃i, l)|+ |
∂νf
∂li

(ps, r, l̃i)|dr̃idl̃i

where r̃i = [r1, . . . , ri−1, r̃i, ri+1 . . . , rC ], all channels but i
invariant, and similarly l̃i = [l1, . . . , li−1, l̃i, li+1 . . . , lC ].

Equation 3 is not separable with respect to channel, since
ν is not separable. However, ν is monotonically increasing
with respect to spectrum level, and g(ps, r, l) is also mono-
tonically increasing w.r.t the parameters r and −l. If we fur-
ther require that gi(psi , ri, li) = 0, for ri = 0, then the inte-
gration can be simplified to

Λi,f (ps, r, l) (4)
= [νf (ps, r, l)− νf (ps, r̃i, l|r̃i = 0)]

+[νf (ps, r̃i, l̃i|r̃i = 0, l̃i = 0)− νf (ps, r̃i, l|r̃i = 0)]

= νf (ps, r, l)− νf (ps, r̃i, l̃i|r̃i = 0, l̃i = 0)

that is, the loudness difference between parameter configura-
tion (r, l) and the configuration without gain in channel i, i.e.,
r̃i = 0, l̃i = 0.

We define the non-locality penalty,L(r, l), as the frequency-
weighted induced loudness combined across channels and
averaged over training spectra,

L(r, l) ≡ 1

S
∑

1 ≤ s ≤ S
1 ≤ i ≤ C
f ∈ Floud

ωi,fΛi,f (ps, r, l) (5)

where ωi,f is a frequency distance weighting that places in-
creasing weight on loudness contribution at frequencies more
distant from the center frequency of compressor channel i,
and F loud is the set of excitation frequencies at which spe-
cific loudness is estimated by the model.

2.4. Problem formulation

We propose a two-stage algorithm that finds compressor pa-
rameters (r, l) that simultaneously minimize the aided im-
paired loudness deviation from normal, D(r, l) (2), and the
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spread of excitation, L(r, l) (5). The problem is formulated

min
r,l

D(r, l) + αL(r, l). (6)

One-dimensional enumeration of the objective function veri-
fies that this problem is indeed non-convex.

3. TWO-STAGE ALGORITHM

The quality of the solution to a non-convex optimization prob-
lem often depends critically on the initial point. We therefore
propose a two-stage scheme that first solves, in parallel, the
particular gain-only subproblems with respect to each training
spectrum. From the particular solutions, we can derive a suit-
able initial point for the universal (compressive) optimization
problem (6).

Algorithm 1 Proposed Two-Stage Optimization Scheme
Stage 1: Find particular (gain-only) solutions xs

1: for all ps ∈ S do
2: Initial point x0 ← 1

3 of hearing loss
3: Find particular solutions to gain-only subproblems

x̂s ← arg min
xs

DG(xs) + αLG(xs)

4: end for
Stage 2: Find the universal (compressive) solution (r̂, l̂)

5: Initial point (r0, l0)← LeastSquare(x̂s)
6: Find universal solution to compressive gain problem

(r̂, l̂)← arg min
r, l

D(r, l) + αL(r, l)

7: return (r̂, l̂)

3.1. Gain-only particular solutions

We first consider the optimal gain for each training spec-
trum individually. This is a simpler problem that does not
involve compression, but only finds the optimal amplification
with respect to a single spectrum. The compression function
g(ps, r, l) is replaced in the problem formulation of Equa-
tion 6 by a single gain parameter xs that is optimized directly,
yielding

min
0≤xs≤UBr

DG(xs) + αLG(xs)

s.t. DG(xs) = ‖ν(ps + xs)− ν̄(ps)‖1
LG(xs) = 1

C
∑

1 ≤ i ≤ C
f ∈ Floud

ωi,f [ν(ps + xs)− ν(ps + x̃s
i )]

(7)
where x̃s

i = [xs1, . . . , x
s
i−1, 0, x

s
i+1, . . . , x

s
C ].

3.2. Compressive universal solution

The particular solutions x̂s are used in the second stage of
the algorithm to determine an initial point for the universal
compressive gain problem (Equation 6). The method of least
squares fitting is applied to find parameters (r0, l0) that best
reproduce x̂s for all s = 1 . . .S.

(r0, l0) = arg min
r,l

S∑
s=1

‖g(ps, r, l)− x̂s‖2 (8)

=

[
arg min

ri,li

S∑
s=1

(gi(p
s
i , ri, li)− x̂si )2

]
i=1,2,...,C

which is a vector least square problem with components cor-
responding to channels. If the spectrum levels are always
greater than the compression threshold, psi ≥ Ti,∀i, s, Equa-
tion 8 is a linear least square problem solved by

[
ri
li

]
= (XTX)−1XT


x1i
x2i
...
xSi

 , X =


1 (p1i − Ti)
1 (p2i − Ti)
...

...
1 (pSi − Ti)


The solution will produce gains g(ps, r0, l0) that exactly
match x̂s only for S ≤ 2. From this initial point, we apply
derivative-free optimization (DFO) [14] to find the optimal
compressive solution that balances loudness restoration and
spread of excitation according to the problem formulation in
Equation 6.

4. RESULTS

We illustrate the performance of our proposed optimization
scheme by applying different weighting criteria to the com-
peting objectives for a typical sloping audiogram, describing
a hearing loss that is mild (10 dB HL) in the low frequencies,
and increases to moderate (65 dB HL) at high frequencies.
We applied the proposed two-stage optimization approach to
find optimal loudness-restoring compression parameters for
three speech-shaped training spectra, plotted in Figure 3.

The specific loudness predictions plotted in Figure 2 il-
lustrate the quality of loudness restoration achieved through
this approach. Loudness is plotted for each of the three train-
ing spectra, and for several different cost function weights for
the spread of excitation penalty, α (see Equation 6). Figure 2
shows that while the match to normal loudness is degraded
by increasing the α, the spread of excitation is reduced in
Figure 4, as intended. In Figure 2, The average restoration
error for α = 0, 0.01, 0.05 are 0.88, 0.96, 2.29 and the
average weighted spread of excitation are 181.98, 94.2, 7.4
respectively. The tradeoff between restoration of normal spe-
cific loudness and spread of excitation is, thus, governed by
the weighting parameter α.
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Fig. 2. Loudness Matching

Fig. 3. Long-term average speech spectra used in simula-
tions: ‘Standard’ male speech at 65 dB SPL, ‘Loud Female’
speech at 75 dB, and ‘Child’ speech at 65 dB (spectra de-
rived from [15, 16])

Fig. 4. The amount of weighted nonlocality contributed by
each channel for each spectrum. The corresponding weight
setups from left to right are α = 0, 0.01, and 0.05.

The quality of the final solution is ensured using the two
stage approach, which solves a set of simpler optimization
problems (Equation 7) to find a suitable initial point for the
solving universal problem (Equation 6).

5. CONCLUSION

We have shown that it is feasible to apply non-invertible, non-
differentiable perceptual models in a hearing aid fitting ra-
tionale. We devised a two-stage optimization approach that
guides a derivative-free optimization solver to the neighbor-
hood of a globally optimal solution. By first identifying an
initial point that is a nearly optimal for simpler subproblems,
we are assured that the solver does not get stuck at a local opti-
mum far from the global optimal solution. Although currently
too computationally demanding for clinical application, this
approach opens up new avenues for research in hearing fitting
strategies.

In this work, we have demonstrated that derivative-free
optimization utilizing such a model in the cost function, can
be used to balance the competing objectives of restoring nor-
mal specific loudness and minimizing spread of excitation.
Previously, there has been no way to systematically trade off
spread of excitation against loudness restoration, so little is
known about how best to balance those objectives, or how
to set α to achieve a good hearing aid fitting. We have ex-
plored elsewhere [11] the introduction of other cost function,
such as a gain non-smoothness penalty, and have also shown
that the loudness model can be further tuned to the particu-
lar pathology of the patient. Actually, any number and vari-
ety of competing constraints all can be incorporated into the
optimization by extending the definition of the cost function
(Equation 6), without altering the basic structure of the algo-
rithm. This flexibility and expandability are key strengths of
our approach.
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