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ABSTRACT 

 
A framework for learning sensing kernels adapted to signals 
that follow a Gaussian mixture model (GMM) is introduced 
in this paper. This follows the paradigm of statistical 
compressive sensing (SCS), where a statistical model, a 
GMM in particular, replaces the standard sparsity model of 
classical compressive sensing (CS), leading to both 
theoretical and practical improvements. We show that the 
optimized sensing matrix outperforms random sampling 
matrices originally exploited both in CS and SCS. 
 

Index Terms— Compressive Sensing, Gaussian 
Mixture Models, Learning, Structured Sparsity. 
 

1. INTRODUCTION 
 

Compressive sensing (CS) theory states that signals having a 
concise (sparse) or well approximated (compressible) linear 
representation on an appropriate sparsifying dictionary, can 
be recovered with zero (sparse) or minimum (compressible) 
information loss, from a number of linear projections of 
dimension considerably lower than the number of samples 
required by the Shannon–Nyquist Theorem [1].  

Besides signal sparsity or compressibility on an 
appropriated dictionary, CS also requires the sensing matrix 
(kernel) to be as incoherent as possible with this dictionary. 
Random matrices, such as Gaussian or ±1 random matrices, 
are largely incoherent with any fixed sparsifying dictionary 
with overwhelming probability. On the other hand, it has 
been shown that deterministic matrices can be more 
effective than random ones for sensing real signals [2-6], 
motivating the sensing kernel learning here developed.  

It has been noted that off-the-shelf dictionaries are not 
flexible enough to capture the complexity of natural signals, 
and learned overcomplete dictionaries are very popular and 
lead to improved results [7]. Such dictionaries define a large 
search space [8,9]; the search space on an unstructured 
overcomplete dictionary with N atoms consists of  
possible combinations for a signal with sparsity . 
This renders the overall representation unstructured and 
unstable. Structured overcomplete dictionaries have been 
proposed to reduce the size of the search space and improve 
the sparse representation of such complex signals [9].  

In CS and sparse modeling, the sensed signal is 

reconstructed via non-linear optimization strategies. A 
piecewise linear inversion model (PLM) based on the 
maximum a posteriori expectation-maximization method 
(MAP-EM), for signals following a statistical Gaussian 
Mixture Model (GMM), was recently introduced [8,10] (see 
also [11]). The PLM relates to structured sparsity, since 
each Gaussian defines a PCA, and therefore the GMM can 
be considered as a dictionary of PCAs. The PLM, and 
GMMs in general [8,11], have been shown to be very 
effective and computationally efficient to reconstruct signals 
that have been degraded by noise, blurring, sub-sampling, or 
other linear filters, such as CS random matrices. In addition, 
theoretical analysis in [10,11], which mainly considers 
random sensing matrices, indicates numerous advantages of 
such GMM when compared to standard sparsity models.  

Motivated by such recent results, as well as the classical 
studies, popularity, and proven relevance of GMMs, we here 
develop a framework that simultaneously learns, from data, 
the GMM and the corresponding sensing kernel adapted to 
it, replacing the random sensing matrices studied in 
[8,10,11]. This brings together the benefits of adapted 
deterministic sensing and those of GMM.  

In Section 2 we integrate the PLM [8,10] and the 
optimization of the sensing matrix [4]. Experimental results 
are presented in Section 3. We discuss the results, caveats, 
and future directions in Section 4.  
  

2. SENSING KERNELS FOR GMM/PCA 
 
2.1 General simultaneous dictionary and sensing learning  

Let  be a discrete signal,  an  overcomplete 
sparsifying dictionary ( ),  the sparse 
representation of  in D, such that , and  the 

) sensing matrix. We can simultaneously learn, 
off-line, the dictionary and sensing matrix [4]: 

 
  

where ,  is the compressed signal with 
additive Gaussian noise ,  is a small positive number,  a 
weight (trade-off) factor, and  correspond to 
the 0 (sparsity), 2, and Frobenius (energy) (pseudo-)norms, 
respectively. As indicated in [4], the 0-norm can be replaced 
by the 1-norm. 
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Notice that in (1), we have imposed the condition that the 
Gramm matrix ( ) should be as close as possible to the 
identity. This condition tries to satisfy the incoherence 
principle in CS (see Section 1). More specifically, this is 
aimed at satisfying the restricted isometry property (RIP), 
stating that the power set of columns from , of cardinality 
less than L, must be as orthogonal as possible [1]. The RIP 
ensures low coherence between  and , and helps 
optimization algorithms such as -minimization and 
(regularized) orthogonal matching pursuit (OMP) to succeed 
in finding  from its projection . 
 
2.2 GMM/PCA as dictionaries 
 

Instead of solving (1) with a basis pursuit algorithm 
minimizing a Lagrangian penalized by a sparse -norm 
[12,13], or with a greedy matching pursuit-type algorithms 
[14] as in [4], we propose here to use the MAP-EM 
framework introduced in [8,10], which is based on principal 
component analysis (PCA) and GMMs instead of standard 
sparsity.  

Let us assume that there exist K Gaussian distributions 
such that the signal of interest  corresponds to a realization 
of exactly one of these Gaussian distributions (one-block 
sparsity), i.e., 

 

where  is the mean vector and  the  
covariance matrix for the kth Gaussian distribution, 

, and  represents the determinant of .  
In analogy to structured sparsity, define the dictionary 

   

based on the PCAs of the covariance matrices. Therefore,  
is represented in this sparsifying dictionary as 

 

where , and L corresponds to 
the L largest eigenvalues of , hence, the sparsity condition 
is met by design. Notice that the dictionary D has a 
predefined structure, where each  block corresponds to 
a PCA basis, which is expected to capture most of the 
variability of the signals, modeled by the corresponding 
Gaussian distribution. This structure significantly reduces 
the search space from  on an unstructured overcomplete 
dictionary to K, simple select the best Gaussian/PCA.  
 As shown in [8], for a given fixed linear filter , we can 
solve (1), in closed form, using a MAP-EM iterative 
algorithm that alternates between an E-step and an M-step, 
simultaneously reconstructing the signal and learning the 
GMM (see [8] for a discussion on the initialization of the 
MAP-EM). In the E-step, the Gaussian parameters ( ) 

are assumed known and the MAP estimate of  (for each 
candidate Gaussian) is found solving 

 

where the noise  and we have made  
(subtracting the mean from each distribution). Equation (5) 
can be efficiently solved using the Wiener filter  for each 

, 

 

In practice,  is estimated solving the equivalent linear 
system 

 

From the estimated , we select the best Gaussian model k 
(intrinsically incorporating the model/Gaussian complexity 
[8]), and the corresponding sparse representation of the 
signal, , that minimizes (5), as well as the signal 
reconstruction. 
 Once we have chosen the model and sparse representation 
of the signal (this is done for all the available sensed signals, 
e.g., all patches in the sensed image), we perform an M-step 
consisting of re-estimating the Gaussian parameters 
( ). This is obtained via the empirical mean and 
covariance, considering all the S signals that were assigned 
to the same Gaussian and reconstructed with it during the E-
step (see [8] for a discussion on the optimality of this): 

 

Clearly the GMM-based PLM is computational very 
efficient, and without the need for learning from large 
databases, operating just on the sensed image, it has been 
shown to outperform algorithms based on standard sparse 
models [8,11]. 

2.3 Putting it all together: Learning to sense the GMM 

 So far we have assumed a given fixed sensing matrix  in 
PLM (see equations (5-7)). We can update, however, the 
sensing matrix to the GMM, before each E-M step. This is 
explained next. 

We can approximate  on (1) as (the 
dictionary  is now composed of the being learned PCAs) 

 

Let the PCA decomposition of the symmetric matrix  
be , we simplify (9) as 

 
giving the closed form solution , where, 

 is the reduced diagonal matrix containing the non-zero 
eigenvalues of , ordered in decreasing order. Alternatively, 
we can update the sensing kernel  using the iterative 
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algorithm also proposed in [4], which is more stable in the 
presence of noise. In fact, the iterative algorithm has lower 
reconstruction error than the optimal CS for structured 
dictionaries, proposed in [15], based on [4]. 

This concludes the presentation of the proposed sensing 
kernel design for GMMs. We now proceed to present 
numerical examples showing the relevance of this 
adaptation. 

 
3. EXPERIMENTAL RESULTS 

 
We test on two different data sets. The first corresponds to 
the MNIST handwritten digits image database,1 and the 
second corresponds to natural images taken from the 
Berkeley segmentation data set.2 The MNIST digit images 
were resampled from 28×28 pixels to 8×8 pixels (using 
subsampling and cubic interpolation). While we present here 
illustrative results for images, GMMs and the sensing kernel 
design framework here introduced are applicable to other 
classes of signals as well. 
 For the case of the digit images, we use different training 
( ) and testing sets ( ), each one consisting of 2000 
images per digit (0-9). We learn the best sensing  and 
GMM/PCA dictionary  from the estimated compressed 
signals, , that are updated as soon the matrix  
is updated. After learning the GMM dictionary  and 
sensing kernel  that minimizes (1), we use this sensing 
matrix to sense the testing signals , from which we 
obtain . Then, we reconstruct the testing signals 

 from  and the pre-learned  and . Since the testing 
signals are different from the training signals, we can use 
MAP-EM (PLM) to adapt the dictionary (with a fixed ) to 
the new data, further improving the quality of the 
reconstructed signals.  

During the training phase, the M-step uses the original 
signals ( ) to compute the Gaussian parameters in (8). 
This is valid in the design phase, we are just learning the 
sensing and dictionary matrices that are going to be used 
later on the reconstruction phase, where we only use the 
sensed signals, , and  has been fixed (learned). 
 For the case of natural images, we use overlapping 
patches from each image to learn the GMM dictionary and 
adapted sensing kernel that minimizes (1). In this case the 
initialization provided by K=18 directional PCAs following 
[8] leads to good enough reconstructions. Hence, the 
original signals are not used in the M-step during training.  
 The reconstruction error is measured in terms of the peak 
signal to noise ratio (PSNR), given by 

 

where corresponds to the maximum image intensity.  

                                                
1 http://yann.lecun.com/exdb/mnist/ 
2 http://www.eecs.berkeley.edu/Research/Projects/CS/vision/bsds/ 

 Given that different random sensing matrices can produce 
slightly different reconstructions, we report, when 
comparing with the adapted sensing case, the average 
reconstruction error obtained using 20 different realizations 
of random Gaussian sensing matrices. For the case of 
overlapping patches extracted from natural images, we 
report the average reconstruction error obtained using 20 
different images, each one using a different random matrix.  

Since we are averaging the reconstruction error from a 
large amount of signals (2000 handwritten digit images per 
digit, and  overlapping image patches), and for 20 
different random realizations, by the Central Limit 
Theorem, we can assume that these errors follow a normal 
distribution, and hence, we can test the statistical 
significance of these average differences using a paired t-
test.  

Table 1 compares the mean PSNR of the reconstructed 
(testing) digits using random versus optimized sensing 
matrices, at three different levels of compression . This 
table also indicates the significance level (p-value) of the 
mean differences found using a paired t-test. This p-value 
indicates that the differences found are very statistically 
significant. A per-digit comparison is presented in Figure 1, 
improvements of up to 3.35 dbs. are observed. 

Table 1: Mean PSNR digit reconstruction 

 
 

 
Figure 1: Per-digit comparison between the learned and random 
sensing kernels at  = 5.3 (bar errors correspond to three 
standard deviations of the estimated distribution of the mean). 
 

Table 2 compares the mean PSNR of the reconstructed 
natural image patches using random and optimized sensing 
matrices, again at three compression levels. The paired t-test 
also indicates here that these differences are very significant 
statistically (improvements of up to 1.25 dbs. are observed).  

Table 2: Mean PSNR natural image patches reconstruction 
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4. DISCUSSION AND CONCLUSIONS 
 
The reported results clearly indicate that the simple GMM-
adapted sensing matrices achieve higher accuracy than 
random sensing ones. We plan to study in the future a 
structured sensing matrix that satisfies physical sensor 
constrains and that better exploits the underlying dictionary 
structure and GMM paradigm. The model can be further 
improved with a larger number of Gaussians (only K=18, 
following [8], have been used for the experiments here 
reported), and considering two or more mixed Gaussian 
models to represent the signals (going from one-block 
sparsity to more general structured sparsity models). As 
discussed in [8], the initialization of the PLM is critical, and 
this has been designed for natural images. For digits, as well 
as other signals, such initialization has to be re-designed. 
This might explain in part the observation that in Table 1 the 
PSNR difference between random and optimized sensing 
matrices increases as the compression rate decreases, while 
in Table 2, the highest PSNR difference corresponds to the 
maximum compression. Such difference also depends on the 
level of sparsity in the signal’s class. 
 While here we considered mixtures of Gaussians, the 
framework can be extended to other mixtures as well 
following the recent results in [16]. In addition, the off-line 
kernel learning here reported can be augmented by an on-
line paradigm [16,17]. The combination of the results here 
reported with the techniques in [16,17] is the subject of 
current efforts. Additional details such as computational 
complexity and extensions can be found in [18]. 

To conclude, we have shown that an optimized sensing 
matrix can outperform random sensing matrices within the 
statistical compressive sensing framework, considering 
GMMs in particular. The framework analyzed here, using 
small digit images and overlapping patches, can be used as 
well for other classes of signals. The PLM and underlying 
GMM has been shown to be very powerful also for matrix 
completion [19] and audio (see [11] for other applications 
and datasets), further supporting the need to optimize kernel 
design for this type of statistical signal models.  
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