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ABSTRACT

In this work a low-complexity strategy for accelerating the conver-
gence of convex combinations of adaptive filters is proposed. The
idea is based on an instantaneous transfer of coefficients from a fast
adaptive filter to a slow adaptive filter, which is performed accord-
ing to a pre-defined window length. A theoretical model that is ca-
pable of predicting the excess mean squared error (EMSE) of the
proposed strategy is also presented. Simulation results illustrate the
good performance of the proposed strategy and the effectiveness of
the proposed model to predict the EMSE.

Index Terms— Adaptive filters, convex combinations, cooper-
ative learning.

1. INTRODUCTION

Cooperative learning schemes may greatly improve the performance
of an adaptive filter, since they combine the best features of the
cooperating algorithms. For example, using cooperative schemes
one may robustly avoid the traditional adaptive filtering compromise
between low steady-state misadjustment and fast convergence rate
[1]. Several interesting applications have been proposed: convex
[1, 2] or affine [3, 4] combinations of adaptive filters with different
learning rates, combinations of filters from different families to ob-
tain faster tracking [5], iterative determination of the optimum filter
length [6, 7]. In addition, distributed cooperative adaptive schemes
have been proposed and analysed in [8, 9].

When using cooperative schemes with filters of different learn-
ing rates, the fast filter will quickly converge and track variations of
the optimum weight vector, whereas the slow filter will reduce the
excess mean-square error in steady-state [1, 2]. During the initial
convergence, or after abrupt changes of the optimum weight vector,
the slow filter may lag considerably behind the fast filter, slowing
down the overall convergence of the combined filter. A solution for
this problem was proposed in [10, 11], in which the adaptation of
the slow filter is modified by the addition of a small multiple of the
fast filter. Although this solution works very well, it is somewhat ex-
pensive, requiring 2M extra multiplications, M extra sums and one
comparison per input sample, where M is the filter length. A differ-
ent kind of combination, in which the filters are combined in series,
instead of in parallel, was recently proposed in [12]. The algorithm
proposed in [12] achieves fast initial convergence with low cost, but
in its current state, the method does not behave well when tracking
fast changes of the optimum filter.

In this work, we propose a simple modification to the solution
proposed in [10] which requires only one comparison and one ad-
dition more than the standard combination. The strategy is based
on an instantaneous transfer of coefficients performed according to a
pre-defined window length. We also present a theoretical model that
is capable of predicting the excess mean squared error (EMSE) of
the proposed strategy. Simulation results illustrate the good perfor-
mance of the proposed strategy and the effectiveness of the proposed
model to predict the EMSE.

This paper is structured as follows. Section 2 reviews the fun-
damentals of cooperative estimation and states the problem. The
proposed strategy to instantaneously transfer coefficients is detailed
in Section 3. Section 4 is devoted to the proposed theoretical model,
whereas Section 5 presents and discusses the simulations. Section 6
gives the conclusions of the paper.

2. COOPERATIVE ESTIMATION

In the cooperative combination schemes considered here, two adap-
tive filters are run in parallel, with the same inputs, and their outputs
are linearly combined, as shown in Fig. 1. As in [1, 5], we use as
coefficients η(n) and 1− η(n) with 0 ≤ η(n) ≤ 1, so that the com-
bination is convex. If the mixing parameter η(n) is properly chosen,
the overall filter will perform at least as well as the best filter in the
combination at each time instant [2].

x(n)
wo

w1(n)

w2(n)

y(n)

v(n)

d(n)

e(n)

e1(n)

e2(n)

y1(n)

y2(n)

η(n)

1− η(n)
+

+

+

+

+

+
+

−

−

−

Fig. 1. Convex combination of two adaptive filters.

In Fig. 1, {x(n)}∞n=0 and {d(n)}∞n=0 are the regressor and de-
sired sequences, respectively. The output and error for each compo-
nent filter are, respectively, yi(n) and ei(n), i = 1, 2. The overall
output is

y(n) = η(n)y1(n) + (1− η(n))y2(n), (1)

and similarly the overall error is e(n) = η(n)e1(n)+(1−η(n))e2(n).
In order to smoothly constrain the mixing parameter to the interval
[0, 1], we use an auxiliary variable a(n), such that [1]

η(n) =
1

1 + e−a(n)
, (2)

and a(n) is adapted through [13, 2] (we omit the time index in η(n)
for concision)

a(n+ 1) = a(n) +
μa

ε + p(n)
e(n)(y1(n)− y2(n))η(1− η), (3)

where ε > 0 is a regularization constant and p(n) is a normalization
factor, given by the recursion (0� ν < 1 is a forgetting factor)

p(n+ 1) = νp(n) + (1− ν)(y1(n)− y2(n))
2
. (4)
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We use two modifications to these recursions, proposed in [1]. In
practice, a(n) should be restricted to the interval [−a+, a+], other-
wise the factor η (1− η) would make adaptation virtually stop when
η is close to zero or one. In addition, the gradient noise is reduced if
we use η = 1 when a(n) = a+, and η = 0 when a(n) = −a+. In
general, a+ = 4 gives good results [1, 5].

The component filters may be adapted using any algorithm, such
as least-mean squares (LMS), recursive least-squares (RLS), normal-
ized LMS (NLMS). It is not necessary to adapt both filters using the
same algorithm (in effect, using different algorithms has advantages
for tracking, as shown in [5, 14]). For simplicity, we consider here
the combination of two least-mean square (LMS) filters of the same
length, and assume that all signals are real.

Define the regressor vector as

x(n) = [x(n) x(n− 1) . . . x(n−M + 1)]
T
,

where M > 0 is the filter length. Using the LMS algorithm, the
component filters are updated through the recursion

wi(n+ 1) = wi(n) + μiei(n)x(n), i = 1, 2, (5)

where μi are the step-sizes. If the desired and regressor sequences
have zero mean and finite variances σ2

x and σ2
d, there exists wo(n) ∈

R
M such that [15]

d(n) = w
T
o (n)x(n) + v(n),

When running two filters of the same kind, as here, one uses
different step-sizes, so that one filter (the fast filter, i = 1 in (5))
has a relatively large step-size and thus converges quickly and tracks
well fast-varying parameters, while the other filter (the slow filter,
i = 2 in (5)) has a relatively small step-size, such that its excess
mean-square error (EMSE) will be small during periods in which
the optimum weight vector wo(n) varies slowly.

The combination will thus have both fast tracking and small
EMSE. However, as Fig. 2 shows, during the initial adaptation or
after an abrupt change of the optimum weight parameters, after the
fast filter reaches its steady-state EMSE, the overall filter stops con-
verging, waiting for the slow filter to reach the same performance
level. Only after the slow filter catches up with the fast filter will the
overall structure resume improving the EMSE. In order to speed-up
the overall filter convergence, [10] proposes a so-called transfer of
coefficients scheme: when η(n) is close to 1 (so the fast filter gives
better estimates), the fast filter weight vector is used to bias the re-
cursion of the slow filter, as follows. Choose 0� α0 < 1, and

If a(n+ 1) ≥ a+, then α(n) = α0, else α(n) = 1,

w2(n+ 1) = α(n) (w2(n) + μ2e2(n)x(n))+

+ (1− α(n))w1(n). (6)

This algorithm, which will be called here linear transfer of coef-
ficients, works very well, as can be seen in Fig. 2. However, its cost is
relatively high: when α(n+1) = a+ and the transfer of coefficients
is active, (3) requires 2M extra multiplications and M extra addi-
tions, with respect to the standard combination. We describe here a
method with a better or equivalent performance, which operates at
a much smaller cost. The problem we are interested in solving is to
find a cost-effective strategy that can accelerate the adaptation of the
slow filter during the initial adaptation or after an abrupt change.

3. PROPOSED INSTANTANEOUS TRANSFER STRATEGY

Inspired by the reduced-rank schemes of [16], in which the reduced-
rank filter is obtained by switching instantaneously between com-
peting models, we propose here a low-cost alternative to the linear
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Fig. 2. Ensemble-average learning curves of convex combination of
two filters, average of 50 realizations. {x(n)} is a stationary first-
order AR process with unit power, white Gaussian input and pole
at 0.5. Noise with variance σ2

v = 10−3. Filter parameters: μ1 =
0.025, μ2 = 0.0025, μa = 1, ε = 10−4, ν = 0.9, α0 = 0.6,
M = 10. wo is kept constant, except for a random perturbation at
iteration 104. Learning curves smoothed using a 10-coefficient MA
filter with unit gain and the filtfilt Matlab function to avoid distortion.

transfer of coefficients. The algorithm is as follows. Define a win-
dow length N0. Then, if n mod N0 = 0 and a(n + 1) = a+,
instead of using (5) to compute w2(n+ 1), do

w2(n+ 1) = w1(n+ 1). (7)

The additional cost with relation to the standard combination (with-
out transfer) is just one addition and one comparison — in fact, the
standard combination already requires checking if a(n + 1) = a+,
so the only additional operation is the n mod N0 operation. This
can implemented by using an auxiliary variable m initialized with
N0 and decremented at each time instant until it becomes zero, at
which point we reset m = N0. When (7) is applied, the cost of this
algorithm is actually smaller than that of the original combination,
since only one filter is being adapted.

We tested several values of N0, in different situations. The
method is not very sensitive to this choice, but it turns out that the
best option is N0 = 2. Small values of N0 do not affect the per-
formance in a noticeable way, but large values of N0 make the slow
filter lag behind the fast filter (see Sec. 5). The pseudo-code of the
proposed algorithm is shown below.

Instantaneous transfer
Initialize both component filters. Letm← N0, a(0)← a+, n← 0.
At each step, repeat:

1. Compute yi(n) and ei(n) for the component filters, and the
overall output using (1).

2. Update fast filter according to (5). Let m← m− 1.

3. Compute a(n+1) and η(n+1) using (2)-(3). If a(n+1) <
−a+, let a(n+ 1)← −a+, η(n+ 1)← 0.

4. If a(n+1) ≥ a+, let a(n+1)← a+, η(n+1)← 1. If also
m = 0, let w2(n+ 1)← w1(n+ 1) and m← N0.

5. If the conditions in step 4 are not met, update the slow filter
according to (5).

6. Let n← n+ 1 and return to step 2.
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4. THEORETICAL MODEL

The model derived in [11] can be easily extended to this new algo-
rithm. The model in [11] uses Taylor expansions of η in (2) and (3)
to obtain a recursion for the mean of a(n),

ā(n) = E{a(n)}, and E{η(n)} ≈ η̄(n) =
1

1 + e−ā(n)
.

In order to describe the model, we need the following definitions:
for each filter its weight error vector is w̃i(n) = wo −wi(n), and
the a-priori errors are ea,i = w̃T

i (n)x(n), i = 1, 2.
Models for combinations of adaptive filters need approximations

for the excess mean-square errors (EMSEs) of each filter, as well as
for the cross-EMSE [1, 5, 4]

ζi(n) = E{e2a,i(n)}, ζ12(n) = E{ea,1(n)ea,2(n)}, (8)

where E{·} denotes expected value.
Following [11], we assume that the regressor sequence {x(n)}

is independent, identically distributed (iid) and independent of the
noise sequence {v(n)}, which is also assumed iid. In this case, the
regressor autocorrelation matrix R = E{x(n)xT (n)} is constant.
Its eigenvalue expansion is R = UT

ΛU , where U is an orthogonal
matrix, i.e., UTU = UUT = I. The diagonal matrix Λ contains
the eigenvalues λk, k = 1 . . .M of R, that is, Λ = diag(λk).

In order to take into account the effect of a non-stationarywo(n),
we assume a simple random-walk model for its evolution [15]

wo(n+ 1) = wo(n) + q(n), (9)

where {q(n)} is an iid random vector sequence, independent of
{v(n)} and of {x(n)}, with autocorrelation matrix

E{q(n)qT (n)} = σ
2
qI.

The models for the EMSEs and cross-EMSE can be obtained
through recursions for the diagonals of the rotated autocorrelation
matrices [11]

sii(n) = diag
(
E{Uw̃i(n)w̃

T
i (n)U

T }
)
, i = 1, 2

s12(n) = diag
(
E{Uw̃1(n)w̃

T
2 (n)U

T }
)
.

(10)

Defining � = [λ1 . . . λM ]
T , it can be shown that ζij(n) =

�Tsij(n), i, j = 1, 2 [11]. A recursion for s11(n), assuming that
x(n) is Gaussian, is given by

s11(n+ 1) = A1s11(n) + μ
2
1σ

2
v�, (11)

whereA1 = I−2μ1Λ+μ2
1

(
2Λ2 + ��T

)
. This is a well-known re-

sult in adaptive filtering [17]. The recursions for s22(n) and s12(n)
must be modified with respect to what is described in [11] to ac-
count for the transfer of coefficients (7). Assuming that ā(n+ 1) is
available, we have

If ā(n+ 1) < a+, then

s12(n+ 1) = A12s12(n) + μ1μ2σ
2
v�+ σ

2
q1,

s22(n+ 1) = A2s22(n) + μ
2
2σ

2
v�+ σ

2
q1,

(12)

where 1 = [1 1 . . . 1]
T
∈ R

M , and

A1 = I − (μ1 + μ2)Λ+ μ1μ2

(
2Λ2 + ��

T
)
, (13)

A2 = I − 2μ2Λ+ μ
2
2

(
2Λ2 + ��

T
)
. (14)

Otherwise, when ā(n+ 1) ≥ a+, then

s12(n+ 1) = s11(n+ 1), s22(n+ 1) = s11(n+ 1). (15)

The recursions (12)-(15) constitutes the main novelty with re-
spect to the model in [11] — having s12(n) and s22(n), we can use
the recursions described in that reference to obtain ā(n) and η̄(n).
The overall EMSE is given by

ζ(n) = E
{
(η(n)ea,1(n) + (1− η(n))ea,2(n))

2}
.

At this point it should be noted that the analytical expression above
can be simplified by discarding the contributions of σ2

a(n) and σ2
η(n).

Therefore, the EMSE can be approximated by the expression

ζ(n) ≈ η̄
2[
ζ11(n)− 2ζ12(n) + ζ22(n)

]

+ 2η̄
[
ζ12(n)− ζ22(n)

]
+ ζ22(n). (16)

The recursion for ā(n) is given in terms of the following functions

f1(a) = − η
2(1− η), f2(a) = η(1− η)2, (17a)

f3(a) = η(2η − 1)(1− η), f4(a) = η(1− η). (17b)

Defining f̄i = fi(ā(n)), we obtain (note that in (4), y1(n)−y2(n) =
ea,2(n)− ea,1(n)):

ā(n+ 1) ≈ ā(n) + μa

[
f̄1ζ11(n) + f̄2ζ22(n) + f̄3ζ12(n)

]
ε+ p̄(n)

, (18)

p̄(n+ 1) = νp̄(n) + (1− ν) (ζ1(n)− 2ζ12(n) + ζ2(n)) (19)

Following what is done in the algorithm itself, we restrict ā(n+ 1)
to the interval [−a+, a+].

5. SIMULATIONS

In this section, the performance of the proposed instantaneous trans-
fer strategy and the existing schemes for combinations of adaptive
filters are evaluated. In particular, the EMSE expression obtained
in (16) is employed to obtain curves that are compared with those
computed via simulations.

Fig. 3 shows the performance of the instantaneous transfer (7) in
the same stationary (σ2

q = 0) setting as Fig. 2. The EMSE resulting
from the instantaneous transfer is shown in green, indistinguishable
from that of the linear transfer (3) behind it. The theoretical model
of the previous section is also plotted, showing good agreement with
the simulations.
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Fig. 3. Ensemble-average learning curves, instantaneous transfer.
Conditions are those of Fig. 2, withN0 = 2. Broken line: theoretical
model.

The new algorithm works well also if the optimum filter wo

varies according to (9). Fig. 4 shows the performance of the new
algorithm when M = 10 and Q = 10−8I, and Fig. 6, when M =
50 and Q = 10−10I . Fig. 5 shows the models for ā, η̄. As can be
seen, the theoretical models approximate well the means.
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6. CONCLUSION

In this paper we have proposed a new low-cost method for accel-
erating the convergence of convex combinations of adaptive filters.
We have also devised a theoretical model to predict the EMSE of
the new method, which agrees well with simulations. Although we
exemplified the new method using combinations of LMS filters, our
proposal can be used equally with other choices of filters.
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