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ABSTRACT

A new signal subspace approach for sinusoidal parameter es-
timation of multiple tones is proposed in this paper. Our main
ideas are to arrange the observed data into a matrix with-
out reuse of elements and exploit the principal singular vec-
tors of this matrix for parameter estimation. Comparing with
the conventional subspace methods which employ Hankel-
style matrices with redundant entries, the proposed approach
is more computationally efficient. Computer simulations are
also included to compare the proposed methodology with the
weighted least squares and ESPRIT approaches in terms of
estimation accuracy and computational complexity.

Index Terms— frequency estimation, subspace method,
singular value decomposition, linear prediction, weighted
least squares

1. INTRODUCTION

Estimating the parameters of sinusoidal signals from noisy
observations is an important research topic in science and en-
gineering. The crucial step is to find the damping factors
and frequencies which are nonlinear functions in the observed
data. Once they have been estimated, computation of the re-
maining parameters reduces to a least squares (LS) fit.
Generally speaking, parameter estimation can be achieved
by either nonparametric or parametric methodologies [1]. In
most of the cases, the parametric approach, which assumes
that the signal satisfies a generating model with known func-
tional form, will have a higher resolution than the nonpara-
metric ones. In estimating multiple nonlinear parameters, the
maximum-likelihood based methodology requires extensive
computations for a multi-dimensional search, which may not
be suitable in many applications. The subspace methods that
separate the data into signal and noise subspaces via eigen-
value decomposition of the sample covariance matrix or the
singular value decomposition (SVD) of the raw data matrix,
such as MUSIC [2] and ESPRIT [3], can achieve a high reso-
lution with a moderate complexity. On the other hand, linear
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prediction (LP) approach, which includes the weighted least
square (WLS) estimator [4], can attain optimum performance
when signal-to-noise ratio (SNR) is sufficiently high. In this
work, we propose to combine subspace and WLS techniques
to achieve sinusoidal parameter estimation with low compu-
tational complexity and high accuracy.

The rest of this paper is organized as follows. The nota-
tion and formulation for sinusoidal parameter estimation are
given in Section 2, then the proposed estimator is derived in
Section 3. In Section 4, simulation results are included to
evaluate the performance of the developed approach by com-
paring with the WLS [4] and ESPRIT [5] algorithms, as well
as Cramér-Rao lower bound (CRLB). Finally, conclusions are
drawn in Section 5.

2. NOTATION AND DATA MODEL

Throughout this paper, bold upper/lower case symbols denote
matrices/vectors. The N7 x Ny zero matrix, N x N identity
matrix and Kronecker product are represented by O, « v, In
and ®, and superscripts 7, #_ * ~1 and T denote transpose,
Hermitian transpose, complex conjugation, matrix inversion
and pseudo-inverse, respectively. Moreover, we use A and A
to represent the noise-free counterpart and estimate of A.

The observed damped sinusoidal signal is:

Tp =58, +&, n=12,--- N (1)

where ol
Sn = Z’Ykazejw’cn7 k=1,2,--- K (2

k=1

The v, o € (0,1], wy € [—m,7) are the complex ampli-
tudes, damping factors and frequencies while {&,} are zero
mean complex white Gaussian noises with unknown variance
2. The number of sinusoids, denoted by K, is assumed
known a priori. It is also assumed that N, the length of the
data, can be factorized as N = N1 N», where N; > K and
Ny are integers. Note that even if N is not factorizable, we
can simply discard a few samples and find N7 and N2 such
that their product is closest to N, and the performance loss
will be negligible for a sufficiently large data length. Under
this definition, stacking x,, into a matrix X € CN1xN2 yields:
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X=S+E 3)
where S = [51 S2 SNQ] 4)
and Sp, = [S(ny—1)N141  S(na—1)Ni+2 SnyN, | for

ny = 1,2,---, Ny while X and = contain {z,,} and {&,}
accordingly.

3. PROPOSED ESTIMATOR

Following [7], S can be factorized as:

S = Gr'H” (&)
where T = diag( ['yl Y2 ’YK]) (6)
G=[g1 g - gkl (7)
H=[h; h, h]| ®)
gk = [gk 91% "'gijcvlf ®)
by = [ B2 -] (10)

gk = appe’*t* and  hy = Brelt* (11)
Apparently, we have ar , = o, wpp = Wi, Br = aivl
and p, = (Nqwg) mod (27) for all k. On the other hand,
decomposing X using SVD gives:

A, O
X =UAV” =[U, U,] [0 A,

H
}h@ v." (12
where U, € CV1*¥lx A, € ClxXlx gnd V; € CN2xlx,
lx = min{ Na, K}, are the signal subspace components. Ac-
cording to the decomposition in (5)—(11), the beit rank-[ 5
approximation of S according to (12), denoted by S, is

S=U,A,VH (13)
As span(U,) C span(G), we have
U, = GQq¢ (14)

where €3¢ is an unknown K xx matrix. Equation (14) shows
that each column of Uy, namely, ag, k = 1,2,--- |lx, is a
sum of K damped cisoids such that the frequencies and damp-
ing factors in {01} are identical but having different ampli-
tudes, which corresponds to a multi-channel spectral estima-
tion problem [6]. For each uj, we have the following linear
prediction (LP) property:
K

ci[Ux]n, —i =0 (15)

i=0

fork=1,2,--- ,Ilg,n1 =K+1,---, Ny with¢yg = 1 and

c = [cl cyg - cK}T being the LP coefficient vector.
By finding the roots of .

g cizf7 =0
=0

says, gx, k = 1,2,..., K. The frequency and damping factor
estimates wy,  and &y, i, are:

(16)

(J:)LJC = Z(@k) and de = |gk‘ (17)

Then the problem is reduced to finding the LP coefficient vec-
tor c. By constructing the LP error vector e = Dc — £, ¢ can
be solved by the WLS technique [6]:

¢ = argmcineHWe = (DfWD) 'DfWf (18)

D= [D! D} p’ " (19)

f=[f £ £ " (20)
Dy, = Toeplitz ( [yl [ug]ict1 [l )"

[[uelxe [ur]r—1 [ug]1]) 21

£ = — [[welx1 [ur]rye il | (22)

where W is a symmetric weighting matrix. Define A =
Toeplitz ([CK 01><(N17K71)]T7 lerT le(leKfl)])

where crp = [cx ¢k cp 1] and Uy = U, +
AU, we have the fact that AUy = Oy, —g)xn,. Itis

shown in [8] that following the Gauss-Markov theorem [9],
the optimal W is:

%% o? [IE) {eeH}r1
= o2 [IE‘, {vec(AUS)VeC(AUs)H}]71
— 02 [E{vec(AAU, Jvec(AAU, )7 }] !
= diag(\}, N3, 0%) @ (AAH) !
diag(Af, A3, -+, A%) ® (AAH)~!

(23)

by approximating N using \j. The estimation of ¢ is done by
an iterative procedure of (18) and (23) with an initial choice of
W = diag(A?, A3, -+, A%) ® Iy,. According to the defini-
tion, we can simply set @, = @y, ; and &y, = &,k and claim
that the work is done. As it is shown in Section 4, setting (17)
as the final estimates will not be accurate enough, while a bet-
ter way is to extract the estimates from /i, and Bk [7], which
can be obtained by applying (14) to (23) to V. However, this
will lead to two problems. First, although the wy,’s are iden-
tical naturally, p1’s might not be identical as p, = (Niwg)
mod (27). Second, an extra pairing step between wy,’s and
wr’s is needed, which is costly. In order to overcome these
problems, we employ another procedure for estimating px’s
and (s as follows.
From (5), we have

X ~ GHT (24)
where G is the estimate of G which is constructed by assign-
ing g = g, and

HT=TH” = [y hy - hg]" (25
hy = vihy. (26)

From (24), the LS estimate of H is
H=X"(GNHT. Q27
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Noting that the elements of hj possess the same LP property
as in hy, we extract hy, from H to construct the equations

T hihy ~ Tohs (28)

where Ty = [Iszl O(Nz_l)xl]T and Ty = [O(szl)xl
IN2—1}T
small error conditions such that gy, — Gk, WE have G — G,
and then X will be independent of G, therefore the distur-
bances among each vector of il.k can be assumed independent
and identically distributed. Following [10], the WLS estimate
of hy, k=1,2,--- , K is computed as:

/A”Lk = ((Tlil,k)H‘I’kTgﬂk)_l(Tlilk)H\I’kTgiLk.

are selection matrices. Considering sufficiently

(29)

The optimum weighting matrix W, has the form:
N . . . ~1
v, = [E {(Tlhkhk — Tohy)(Trhhy — Tghk)HH

= (B,B)™ (30)
where B, =Toeplitz ([—hk OlX(N2,2)}T R
[—hi 1 Oix(na—2)]) - (31)

We start with ‘{lk = Iny_1 in the iterations between (29) and
(30) to obtain hy, k = 1,2,--- , K. Finally, the frequencies
1, and damping factors B fork = 1,2, - - - | K are estimated

as . . .
i = Z(hi) and By, = | (32)
where hy, and gy, are automatically paired up.

As it is shown in [7], fir corresponds to 2| N7/2] + 1
possible estimates of wy, where | | rounds the value to
the nearest integer towards —oo, denoted by Wr i, ¢ =
—[N1/2), = [N1/2] + 1, [N1/2]:

[l + 27t

¥ (33)

WR. ki =
Defining wr 1 = Wr,k, r Where f is computed from

f=arg |OR ks —Wr.k| (34)

min
i€{—[N1/2),—[N1/2]4+1,,[N1/2]}

Al/Nl
k

(33)

and QRi =

It will be shown in Section 4 that using Wg . and &g has a
much higher accuracy than that of wr, ;, and &, . Therefore,

we assign N (36)

wk%d}R,k and dk%&R,k

as the final estimates.

4. SIMULATION RESULTS

Computer simulations have been carried out to evaluate the
performance of the proposed algorithm for multiple damped
sinusoids in the presence of white Gaussian noise. The aver-
age mean square error (MSE) is assigned to evaluate the al-
gorithm performance and the SNR in dB is defined as SNR =

3511

1010g,0(XN, |sn|2/02). All results provided are averages
of 2000 independent runs.

In the first test, we study the performance of the pro-
posed algorithm comparing with the WLS [4] and stan-
dard ESPRIT (SE) [5] approaches. The signal parameters
are ['yl 72] = [1 2ej], [al ag] = [0.99 0.98],
[wl wg] = [O.O57r 0.367@, N = 256 and N1 = Ny =
V/N = 16 in (4). Both using (17) and (36) as the final es-
timates of wy and &y are tested, and the average MSEs for
frequencies and damping factors versus SNR are plotted in
Figures 1 and 2, respectively. It is seen that using (36) as the
final estimates outperforms that of (17), therefore we use (36)
in the following. It is also shown that the proposed scheme
performs almost the same as the SE algorithm, and has a
better threshold performance than the GWLP method.

Figure 3 plots the MSEs for frequencies under different
choices of N1 x Nj for the proposed method with the same
data set as in the first test. The plot for damping factor is
almost the same therefore is not shown here. It shows that the
settings 8 x 32 and 16 x 16 have the best performance among
all the choices, indicating that the proposed scheme performs
the best when the data matrix is approximately square. In
the situations when N1 >> Ny or N1 << No, tlge estimator
will suffer from an inaccurate estimation of g or iy therefore
the performance degrades. The average computation times of
the WLS, SE and proposed schemes under 4 x 64, 8 x 32,
16 x 16, 32 x 8 and 64 x 4 for a single trial are measured
as 3.27 x 10725, 3.55 x 10725, 4.39 x 10™?s, 2.32 x 1035,
2.01 x 10735, 2.31 x 107 3s and 4.21 x 10~3s, respectively,
showing that the proposed method with the choice of N; =
Ny is the best estimator in terms of estimation performance
and/or computational complexity in this experiment.

Figure 4 investigates the MSEs for frequencies when wo
varis from —0.957 to 0.977 at w; = —0.997. The SNR is
set to 40dB while other parameters remain unchanged. We
see that for a larger Ny, the proposed method can correctly
separate more closely spaced sources. It also indicates that
with a properly chosen [NV and N», the proposed scheme has
almost the same frequency resolution performance as the SE
and WLS methods.

5. CONCLUSION

A fast and accurate sinusoidal parameter estimation approach
based on principal singular value decomposition of the data
matrix has been derived. The key point is to employ the left
singular vectors to get a rough estimation of the parameters at
first, and then use the whole data matrix together with these
values to get a better result. Furthermore, it is demonstrated
that the proposed subspace scheme has an outstanding perfor-
mance in terms of computational complexity and/or estima-
tion accuracy.
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