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ABSTRACT

In this paper, an asynchronous bidirectional relay network is consid-
ered. We assume that the signal path going through each relay has
a propagation delay which is different from those of the other re-
laying paths. Such an assumption leads to inter-symbol-interference
(ISI) at the two transceivers. As such, orthogonal frequency divi-
sion multiplexing (OFDM) is deployed at the two transceivers to
tackle ISI, while the relays, for the sake of simplicity, use amplify-
and-forward relaying technique. Using a max-min fair design ap-
proach, an SNR balancing technique is presented to jointly obtain
the beamformer weights and transceivers’ subcarrier power loading
under a total transmit power budget. Simulation results are presented
to show the performance of this approach.

Index Terms— Relay networks, cooperative communication,
SNR balancing, distributed beamforming, power allocation, Asyn-
chronous relaying.

1. INTRODUCTION

Different aspects of collaborative communication schemes have
been significantly investigated in the literature. Distributed beam-
forming belongs to a subclass of collaborative communication
schemes where linear processing (i.e., amplify-and-forward pro-
tocol) is deployed at the relays [1, 2, 3]. Recently, distributed
beamforming has been the center focus of the design and analy-
sis with the aim to develop bandwidth-efficient two-way relaying
schemes [4, 5, 6, 7, 8]. The majority of the reported results are
based on the assumption that the relay nodes are synchronized at
the symbol level and/or ignore the fact the rely paths impose dif-
ferent processing/propagation delays on the signal. In fact, lack
of time synchronization and/or different relay path delays result
in frequency selectivity of the effective channel between the two
transceivers and causes inter-symbol-interference (ISI).

In [9], the filter-and-forward (FF) relaying technique was intro-
duced as a means to combat the ISI caused by the frequency se-
lectivity of the channel links in one-way relay networks. In the FF
approach, the channel equalization is implemented in a distributed
manner, by deploying finite impulse response (FIR) filters at the re-
lays. Thus, in FF relaying, the burden of compensating the ISI is on
shoulders of the relays.

In this paper, we consider simple amplify-and-forward relaying
techniques for an asynchronous two-way relay network which aims
to establish a reliable link between two transceivers. To combat ISI
caused by unknown relay path delays in the network, the OFDM
technology is used at the transceivers. We then aim to optimally de-
termine the subcarrier power loading at the transceivers and relay
beamforming weights. To do so, we present a max-min fair design
approach under a total power constraint. We formulate the corre-
sponding optimization problem and present that in a compact form
which can be solved using sequential quadrature programming.

Notation: Continuous-time and discrete-time convolutions are
represented by �c and �d, respectively. We use E{.} to denote sta-
tistical expectation. Complex conjugate, transpose and Hermitian
transpose are denoted by (·)∗, (·)T and (·)H , respectively. Also
diag{·} stands for a diagonal matrix.

2. SYSTEM MODEL

We consider a two-way relay network which consists of L single-
antenna relay nodes establishing a bidirectional connection between
two transceivers. Relays are assumed to adopt amplify-and-forward
relaying protocol. Signals transmitted by Transceiver p, going
through the lth relay and received at Transceiver q, for p, q ∈ {1, 2}
are assumed to be subject to different propagation delays denoted
by τlpq . Assuming flat fading and reciprocal channels between
relays and transceivers, we can represent the effective linear time-
invariant (LTI) channel between Transceivers p and q by a 2 × 2

channel impulse response matrix as H(t) =

(
h11(t) h12(t)
h21(t) h22(t)

)
.

Considering wl as the complex weight of the lth relay and repre-
senting the amplitude of the flat fading channel coefficient between
Transceiver p and the lth relay as glp, the total gain of the signal
path originating from Transceiver p, going through the lth relay, and
ending at Transceiver q, can be written as αlpq � wlglpglq . The
finite impulse response (FIR) representation of hpq(t) can then be
written as

hpq(t) =
L∑

l=1

αlpqδ(t− τlpq ), for p, q ∈ {1, 2}

Assuming that the pulse shaping filter has a representation as ϕ(t),
we can write the transmitted signal from Transceiver p as

sp(t) =

∞∑
k=−∞

sp[k]ϕ(t − kTs), p ∈ {1, 2} (1)

where sp[k] is the kth symbol transmitted by Transmitter p, and Ts

is the symbol period. Hence, the received signal at Transceiver q,
sampled a rate of 1/Ts, can be written as

rq[nTs] = rq(t)
∣∣∣
t=nTs

=
2∑

p=1

sp[n] �d hpq [n] (2)

where

hpq[n] �
L∑

l=1

αlpqϕ(nTs − τlpq ). (3)

It follows from (3) that the effective channels are frequency selec-
tive and inter-symbol interference (ISI) is inevitable at high data
rates. Hence, we deploy orthogonal frequency division multiplex-
ing (OFDM) scheme at the two transceivers to combat such an ISI.
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Fig. 1. System model

As depicted in Fig. 1, for the sake of simplicity at the relays, the
amplify-and-forward protocol is deployed at the relays. In this fig-
ure, the cyclic prefix insertion and deletion operations are repre-
sented by matrices Tcp and Rcp, respectively, F is the N × N
DFT matrix and serial-to-parallel and parallel-to-serial operations
are presented, respectively, by S/P and P/S. Let N denote the max-
imum of the lengths of all discrete-time channel impulse responses
{hpq [·]}2p,q=1, for p, q ∈ {1, 2}. We also choose the number of sub-
carriers equal to N . Considering ϕ(t) as a rectangular pulse with a
length of Ts and introducing an N ×L matrix Bpq whose (n, l)th is
given by

Bpq(n, l) =

{
glpglq, (n− 1)Ts ≤ τlpq ≤ nTs

0, otherwise,
(4)

the contribution of the lth relay to the nth tap of hpq [·] can be de-
scribed by Bpq(n, l)wl. Using (4), the vector of discrete-time chan-

nel coefficients, defined as hpq �

[
hpq [0], . . . , hpq [N − 1]

]T
, can

be written as
hpq = Bpqw (5)

where w � [w1, . . . , wL]
T is an L×1 vector representing the com-

plex relay weights. The noise process is assumed to be spatially and
temporally white with a variance of σ2 and it is denoted, at the lth
relay, as γl(t). This noise is amplified by wl, goes through the chan-
nel glq , and is delayed by τ ′

lq , and then, it is received at Transceiver
q. Note that τ ′

lq < τlpq . Let us define

Gq � diag{g1q , . . . , gLq}, for q ∈ {1, 2} (6)

Γq(m, l) � γl(mTs − τ ′
lq), m = 1, . . . ,M, l = 1, . . . , L (7)

where Ncp represents the length of cyclic prefix, and M = N +
Ncp is the total length of an OFDM symbol. Here, Γq(m, l) is the
(m, l)th element of the M ×L matrix Γq . Representing the receiver
noise at Transceiver q by an M × 1 vector n′

q , we can formulate the
noise vector at Transceiver q as

nq � ΓqGqw + n
′
q q ∈ {1, 2} (8)

where the first term is the relay received noises, after amplifica-
tion by the relays and after propagation through the corresponding
channels, when they add up at Transceiver q. The vector of in-
formation symbols transmitted by Transceiver q can be written as

sq �

[
sq[1], . . . , sq [N ]

]T
for, q ∈ {1, 2}. The received signal

after going through cyclic prefix removal and DFT blocks can be
represented as

z1 � A1D11s1 +A2D21s2 +FRcpn1 (9)

z2 � A1D12s1 +A2D22s2 +FRcpn2 (10)

where Dpq � diag{Fhpq} is a diagonal matrix whose diagonal ele-
ments are equal to thr frequency response of hpq [n] at different sub-
carriers, Aq � diag{√Piq }i=N

i=1 is a diagonal matrix with diagonal
elements equal to the amplification factors for each subcarrier, and
Piq is the power allocated to the ith subcarrier at Transceiver q (i.e.,
E
{|sq [ i ]|2} = 1). Also, the cyclic prefix removal matrix is defined

as Rcp � [O IN ], where IN is the N ×N identity matrix and O

is an all-zero N ×M matrix. After canceling the self interference,
the received signals are given by

z̃1 � z1 −A1D11s1 = A2D21s2 + FRcpn1 (11)

z̃2 � z2 −A2D22s2 = A1D12s1 + FRcpn2 . (12)

In the next section, we present our joint power allocation and
distributed beamforming algorithm.

3. SNR BALANCING APPROACH

The main goal of this section is to maximize the quality of transceivers’
signals (which are expressed in terms of transceivers’ received
SNRs) for both transceivers across all subcarriers. Our proposed
approach is to jointly design the optimal relay beamforming coef-
ficients and subcarrier transmitted powers at the two transceivers
such that the smallest received SNR, across all subcarriers of the
two transceivers, is maximized subject to a total power constraint.
Denoting the received SNR of Transceiver q on the ith subcarrier as
SNRiq, this maximization can be formulated as

max
p1,p2≥0

max
w

min
i∈{1,··· ,N}

min
q∈{1,2}

SNRiq(w) (13)

subject to
1Tp1

N
+

1Tp2

N
+

L∑
l=1

P̃l ≤ Pmax .

where Pmax is the maximum available total power, P̃l is the trans-
mited power of the lth relay, and pq � [P1q , . . . , PNq ]

T , for q ∈
{1, 2}. In the remainder of the paper, we assume that p, q ∈ {1, 2}
and p �= q, i.e, p = 1 if q = 2 and p = 2 if q = 1. Let us define the
ith Vandermonde column of FH as

fi =
1√
N

[
1 e

(
j
2π(i−1)

N

)
· · · e

(
j
2(N−1)(i−1)π

N

) ]T
.

Using (11) and (12) along with the fact that E
{|sp[ i ]|2} = 1 for

p ∈ {1, 2} and i ∈ {1, 2, . . . , N}, the power of the ith subcarrier
signal, received by Transceiver q is denoted by P s

iq and is written as

P s
iq = PipE

{∣∣∣sp[ i ]
∣∣∣2
}
h
H
pqfif

H
i hpq = Pip|fHi Bpqw|2 . (14)
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Also, it follows from (8) that the power of the noise on the ith sub-
carrier received at Transceiver q is given by

P n
iq � E{wH

G
H
q Γ

H
q R

T
cpfif

H
i RcpΓqGqw}

+E{n′H
q R

T
cpfif

H
i Rcpn

′
q} = w

H
Dqw + σ2 (15)

where Dq � GH
q ΓH

q RT
cpfif

H
i RcpΓqGq can be proven to be an

L× L diagonal matrix whose its lth diagonal element is Dq(l, l) =
σ2g2lq , for l = 1, . . . , L, (see [10] for details). Now using (14) and
(15), the received SNR on the ith subcarrier at Transceiver q can be
formulated as

SNRiq(w) �
P s
iq

P n
iq

=
Pip|fHi Bpqw|2
wHDqw + σ2

, i = 1, . . . , N . (16)

Let us define γl � [γl(Ts) γl(2Ts) · · · γl(MTs)]
T as the noise

vector at the relays. In order to obtain the transmit power of the lth
relay, and according to Fig. 1, the signal relayed by the lth relay can
be expressed as

xl � wl

(
gl1TcpFH

A1s1 + gl2TcpF
H
A2s2 + γl

)
(17)

where g1 � [g11 g21 · · · gL1]
T and g2 � [g12 g22 · · · gL2]

T

are the channel coefficient vectors. Let s̃iq be the ith entry of s̃q �

FHAqsq , for q = 1, 2. Then, we can write the power of this element
as

E{|s̃iq |2} = f
T
i AqE{sqsHq }AH

q f
∗
i =

1

N
1
T
pq . (18)

As it is shown in (18), the power of different entries of s̃q are all
equal to 1

N
1Tpq for different subcarriers. On the other hand, the

cyclic prefix insertion matrix has no effect on the average power
of signals going through Tcp block, which are defined by šq �

TcpFHAqsq . Hence,

E{šHq šq} =
M

N
1
T
pq . (19)

Therefore, it follows from (17) and (19) that the transmit power of
the lth relay can be obtained as

P̃l =
1

M
E{xH

l xl} =
|wl|2
N

(
g2l11

T
p1 + g2l21

T
p2 +Nσ2

)
(20)

Now using (16) and defining ai � BH
pqfi, for i ∈ {1, · · · , N} we

rewrite the optimization problem (13) as

max
p1,p2≥0

max
w

min
i∈{1,··· ,N}

min
q∈{1,2}

Pip|aH
i w|2

wHDqw + σ2
(21)

subject to
1Tp1

N
+

1Tp2

N
+

L∑
l=1

P̃l ≤ Pmax .

Without loss of optimality, we can assume that all SNRs in (13)
are balanced, i.e., SNRip = SNRjq for p, q ∈ {1, 2} , i, j ∈
{1, 2, . . . , N} .To show this, assume for any values of i, j, p and
q, SNRiq is greater than SNRjp. Then, we can balance the SNRs
by decreasing Pip (which does not violate the constraint nor does
it change the optimal value of objective function) ensuring that
SNRiq = SNRjp. This property leads us to the following relation-
ships between the subcarrier transmit powers:

Piq =
P1q |aH

1 w|2
|aH

i w|2 (22)

P11

wHD2w + σ2
=

P12

wHD1w + σ2
. (23)

Defining J(w) �

[
1

|aH
1 w|2

, · · · , 1

|aH
N

w|2

]T
and using (22), we

can write pq as
pq = P1q |aH

1 w|2J(w) (24)

Using (20) and (24), we rewrite the optimization problem (21) as

max
p1,p2≥0

max
w

P11|aH
1 w|2

wHD2w + σ2
(25)

subject to Pip =
P1p|aH

1 w|2
|aH

i w|2 , p ∈ {1, 2}, i ∈ {1, 2, . . . , N}
P11

wHD2w + σ2
=

P12

wHD1w + σ2

P11|aH
1 w|21TJ(w)

N
+

P12|aH
1 w|21TJ(w)

N

+
L∑

l=1

|wl|2
N

(
g2l11

T
p1 + |gl2|21T

p2 +Nσ2
)
≤ Pmax .

Using (23), we rewrite (25) as

max
P11≥0

max
w

P11|aH
1 w|2

wHD2w + σ2
(26)

s.t.
(
σ2 +w

H
D1w

) 2P11|aH
1 w|21TJ(w)

σ2N
+ σ2

w
H
w ≤ Pmax .

At the optimum, the constraint in (26) can be shown to be satisfied
with equality [10]. Hence, we can rewrite the optimization problem
(26) in the following compact form:

max
w

Nσ2
(
Pmax − σ2wHw

)
2 [(wHD2w + σ2) (wHD1w + σ2)] 1TJ(w)

(27)

subject to w
H
w ≤ Pmax

σ2

This constrained nonlinear optimization problem can be solved us-
ing a sequential quadratic programming (SQP) solver package. Note
that no global optimality can be claimed at this time and there is a
possibility for obtaining a local solution. Interestingly, the optimiza-
tion problem (27) can be rewritten as

max
w

1
N∑
i=1

1

φi(w)

subject to ‖w‖2 ≤ Pmax/σ2 (28)

where φi(w) �

(
Pmax − σ2

w
H
w
)
|wH

ai|2(
w

H
D2w + σ2

)(
w

H
D1w + σ2

) is, in light

of the results of [11], is the maximum SNR, for a given beam-
forming weight vector w, in a virtual one-way relay network from
Transceiver 1 to Transceiver 2 or (vice versa) over the ith subcarrier
that can be achieved under a total power budget Pmax. Thus solv-
ing the optimization problem (28) means that we aim to maximize
the harmonic mean of such maximum SNRs.

4. NUMERICAL RESULTS

We assume 8 relays are to cooperate to establish a bidirectional re-
lay network. The signal paths going through the relays are subject
to random propagation delays that are uniformly distributed in the
interval [0, 8Ts]. The number of subcarriers is assumed to be equal
to 128 and the flat fading channel coefficients are considered to be
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Fig. 2. Maximum balanced SNR versus total transmit power budget
Pmax

independent and identically distributed (i.i.d) complex Gaussian ran-
dom variables with zero-mean and unit variance. Also, the variances
of all noises are assumed to be equal to one. The performance of the
proposed algorithm, in terms of the maximum balanced SNR ver-
sus total transmit power, is depicted in Fig. 2 In Fig. 3, total relay
transmit power is compared with the total available transmit power.
Interestingly, this figure shows that the relays collectively consume
half of the available transmit power and the two transceivers spend
the remaining half. We have observed that this power allocation
scheme holds not only in average but also per channel realization.
We have also observed that the SQP approach to solve the SNR bal-
ancing problem always yields the same solution regardless of the
initial point of the method.

5. CONCLUSION

In this work, we investigated an asynchronous two-way relay net-
work where different relay paths are subject to different process-
ing/propagation delays. Orthogonal frequency division multiplex-
ing (OFDM) is adopted at the transceivers, while relays are required
to use simple amplify-and-forward protocol. We proposed an algo-
rithm in order to maximize the smallest SNR over all subcarriers
subject to a total transmit power constraint. This approach results in
SNR balancing. Simulation results show that using this method, the
obtained transmitted power of the relays is equal to the transmitted
power of transceivers.
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