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ABSTRACT

In this paper, we examine the resource optimization problem in a
broadcast relay network where a source broadcasts signals to the user
receivers, which are distributed over a service region. The source
does not have direct line-of-sight to the service area and the infor-
mation is delivered through a relay. The objective of this paper is to
jointly optimize the relay position as well as the power allocation be-
tween the source and relay so that the outage probability of the signal
received at the user nodes is minimized. Two different optimization
criteria, which respectively minimize the worst-case outage proba-
bility and the average outage probability, are used. The analyses are
verified by simulation results.

Index Terms— Cooperative communications, broadcast net-
work, joint optimization, resource allocation, outage probability

1. INTRODUCTION

Broadcasting signals to multiple user nodes that are distributed over
a service region is of significant importance in various wireless com-
munications applications. In particular, there is a class of broadcast
networks where the source node does not have reliable wireless links
to the user nodes and, therefore, it becomes necessary to exploit co-
operative relays to assist the broadcast communications [1, 2]. While
cooperative communications have found wide applications in vari-
ous commercial as well as military operations for the purpose from
improving the communication reliability to extending service cover-
age areas [3, 4], our primary interest in this paper lies in unmanned
aerial vehicle (UAV) networks that provide relay function to ground
operations [5]. In particular, low-cost UAV swarms, in addition to
their increasingly important roles in supporting reconnaissance, bor-
der patrol, traffic control, forest fire monitoring, and distributed irri-
gation control [6, 7], have also been found powerful in relaying in-
formation in an environment where the line-of-sight (LOS) between
the source and the user nodes is obstructed due to terrestrial or urban
structure obstructions. The objective of relaying in this case is to
maintain reliable wireless communication links between the source
and user nodes [8]. In such applications, the information may be
targeted to a group of receivers, e.g., a team of soldiers on ground,
and a broadcast relay wireless network is considered effective [1, 2].
Because of the power limitation at the source (which is usually a
portable device) and the relay (which is a small UAV in this case),
an important objective in such a network is to minimize the outage
probability with a low level of overall power transmitted from the
source and relay nodes.

In this paper, we consider a broadcast relay network where a
source broadcasts signals, through a relay, to a group of user re-
ceivers which are distributed over a circular service region. The

source, relay, and each user node is assumed to exploit a single an-
tenna. The decode-and-forward (DF) scheme is applied in the relay.
The source and the user nodes are placed on ground and, due to LOS
obstruction, the direct links between the source and the user nodes
are considered highly attenuated and are thus negligible. On the
other hand, the relay node is positioned with certain height above
ground to achieve high link quality to both source and user nodes,
whereas its position in other dimensions are to be optimized. The
source-relay link as well as the relay-user links are assumed to be
Rayleigh channels with their path attenuation being determined by
their respective distance between the transmitter and the receiver.
The objective of this paper is to jointly optimize the relay position as
well as the power allocation between the source and relay so that
the outage probability of the signal received at the user nodes is
minimized. Two different optimization criteria, which respectively
minimize the worst-case outage probability and the average outage
probability, are considered. The optimized results are verified using
simulation results.

Notations: We use lower-case (upper-case) bold characters to
denote vectors (matrices). In particular, IN denotes the N × N
identity matrix. (.)T denotes the transpose of a matrix or vector,
‖ · ‖ denotes the Euclidean norm of a vector, and Pr(·) denotes the
probability operator.

2. SYSTEM MODEL

Consider a broadcast wireless network, depicted in Fig. 1, where M
user nodes, U1, ..., UM , are uniformly and independently distributed
within a circular area of radius L. The source terminal is located
at a distance of R0 from the center of the service area which is set
as the origin of the coordinate system. The source and all the user
nodes are placed on the ground. Due to LOS obstruction due to,
for example, terrain or urban structures, the direct links between the
source and the user nodes are considered highly attenuated and thus
are negligible.

Both polar and cartesian coordinate systems are used in this pa-
per for the convenience of analysis. In both coordinate systems,
we set the center of the circular service area as the coordinate ori-
gin. In the polar coordinate system, the direction of the source is
set to be zero. The cartesian coordinate system can be correspond-
ingly defined, where the x-axis coincides with the direction of the
source node, and the z-axis points to the the upward elevation di-
rection. The joint probability density function (pdf) of user node
Ui, whose distance from the center of the circular service area is
lUi

∈ [0, L] and its spatial angle is θUi
∈ [0, 2π), is described as

f(lUi
, θUi

) = lUi
/(πL2). The path loss corresponding to a pair of

transmitter and receiver separated by distance l is assumed to be lη ,
where η is the path loss exponent. In this paper, we assume η = 2 for
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Fig. 1. Illustration of the network geometry.

the convenience of analysis. The fast fading of the channels is char-
acterized as a Rayleigh channel with a unit variance. The relay and
each user node have additive zero-mean circular symmetric complex
white Gaussian noise with an identical variance of σ2

n. Signal and
noise are uncorrelated to each other.

We consider a relay R whose altitude is set to be H . In practice,
the relay altitude should be determined by the type of relay and the
operation environment such that it is as low as possible to reduce
the path loss whereas sufficiently high to avoid significant obstruc-
tions in both the source-relay and relay-user links. In this paper, H
is assumed to be fixed, and the optimization of the relay position fo-
cuses, therefore, on the two horizontal dimensions. We adopt the DF
scheme at the relay, and two time slots are used in the relay protocol.
In the first time slot, the source terminal transmits a normalized sig-
nal waveform x(t) with a transmit power ρS to the relay. After the
relay node successfully decodes the received signal, it broadcasts the
decoded signal in the second time slot to the user nodes with a power
ρR. Denote ρ = ρS + ρR as the total power transmitted from both
the source and the relay. We introduce a variable ν, 0 < ν < 1, to
represent the portion of total transmit power designated to the source,
i.e., ρS = νρ. The power transmitted at the relay, therefore, is de-
noted as ρR = (1−ν)ρ. Given the total transmit power ρ, therefore,
the optimization of the power allocation between the source and the
relay nodes becomes the determination of the optimal value of ν.

The signal received at the relay node is expressed as

yR,S(t) =
√

ρS

l2R,S

hR,S(t)s(t) + nR(t), (1)

where s(t) is the source signal, hR,S(t) and lR,S are, respectively,
the time-varying Rayleigh fading channel and the distance between
the source and the relay, and nR(t) ∼ NC(0, σ2

n) is the additive
relay noise. The channel coefficient hR,S(t) is assumed to have unit
variance, i.e., hR,S(t) ∼ NC(0, 1).

The instantaneous receive signal-to-noise ratio (SNR) at the
relay is obtained from (1) as γR,S(t) = ρS|hR,S(t)|2/(l2R,Sσ2

n),
which follows an exponential distribution with parameter λR,S =
(l2R,Sσ2

n)/ρS . The outage probability at the relay is defined as the
probability that the capacity of the channel between the source and
the relay, 1

2
log

2
(1+γR,S), is smaller than a predetermined data rate

requirement, denoted as α. The factor 1/2 is used to emphasize the
half-duplex nature of the relay. Equivalently, the outage probability
can be expressed as the probability that the received SNR is below a
corresponding threshold γ0 = 22α −1. On the other hand, when the
received SNR is higher than the threshold γ0, the user is assumed to
be able to decode the received message with a negligible probability
of error [2]. Therefore, the outage probability from the source to the
relay node is expressed as

PR,S = Pr

[
1

2
log

2
(1 + γR,S) < α

]
= 1 − exp(−λR,Sγ0). (2)

At the second time slot, the relay broadcasts the signal s(t) to
the user nodes only if it correctly decodes the signal. The signal
received at user node Ui becomes

yUi,R(t) =
√

ρR

l2Ui,R

hUi,R(t)s(t) + nUi
(t), (3)

where nUi
(t) ∼ NC(0, σ2

n) is the receiver noise.
The outage probability from the relay to user node Ui, i =

1, ..., M , is

PUi,R =1 − exp(−λUi,Rγ0), (4)

where λUi,R = (l2Ui,Rσ2

n)/ρR.
Because of the absence of the direct path between the source

and the user nodes, a user node can successfully recover the signal
transmitted from the source only when both the source-relay and
the relay-user links are successfully decoded. Therefore, the outage
probability can be expressed as

P Q
Ui

=1 − (1 − PR,S)(1 − PUi,R)

=PR,S + PUi,R − PR,SPUi,R. (5)

Considering a practical situation where PR,S and/or PUi,R take low
values, we can ignore the term PR,SPUi,R, yielding the following
approximation

P Q
Ui

≈ PR,S + PUi,R. (6)

Applying the results of (2) and (4), the first-order Taylor expansion
of the above expression leads to the following approximation

P Q
Ui

≈ λR,Sγ0 + λUi,Rγ0 =
γ0l

2

R,Sσ2

n

ρs

+
γ0l

2

Ui,Rσ2

n

ρR

. (7)

Let three-dimensional (3-D) position vectors of the source, re-
lay, and user node Ui be, respectively, denoted as s

′ = [xS , yS, 0]T ,
r
′ = [xR, yR, H ]T , and u

′

i = [xUi
, yUi

, 0]T , whereas s =
[xS, yS ]T , r = [xR, yR]T , and ui = [xUi

, yUi
]T are their cor-

responding projections to the two-dimensional (2-D) horizontal
plane. Then, the above expression becomes

P Q
Ui

≈γ0σ
2

n

ρ

(
1

ν
l2R,S +

1

1 − ν
l2Ui,R

)

=
γ0σ

2

n

ρ

(
1

ν
‖r − s‖2+

1

1 − ν
‖ui − r‖2+

H2

ν(1 − ν)

)
. (8)

3. OPTIMIZATION BASED ON WORST-CASE OUTAGE
PROBABILITY

We first consider the optimization of the relay position and power
allocation that minimize the worst-case outage probability. This en-
sures the quality of service of all user nodes within the service area.

The optimization problem is expressed as

min
r,ν

sup
{

P Q
Ui

∣∣∣ ‖ui‖ ≤ L
}

. (9)

Utilizing (8), this expression can be rewritten as the following min-
max problem

min
r,ν

max
ui

(
1

ν
‖r − s‖2 +

1

1 − ν
‖ui − r‖2 +

H2

ν(1 − ν)

)
s.t. ‖ui‖ ≤ L. (10)
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Note that the constant terms γ0σ
2

n/ρ included in the outage probabil-
ity is omitted in the above cost function for notational simplicity. We
first solve the inner maximization problem. In this case, we rewrite
it as a minimization objective function using Lagrange method

f(ui, ν, λ) = −
(

1

ν
‖r − s‖2 +

1

1 − ν
‖ui − r‖2 +

1

ν(1 − ν)
H2

)

+ λ
(
u

T
i ui − L2

)
, (11)

where λ ≥ 0 is the Lagrange multiplier. The partial derivative of f
with respect to ui is obtained as

∂f

∂ui

= − 2

(1 − ν)
(ui − r) + 2λui, (12)

and the corresponding Hessian matrix is

H(f) =
∂2f

∂ui∂u
T
i

=

[
− 2

(1 − ν)
+ 2λ

]
I2. (13)

Setting the partial derivative to be zero yields the relationship be-
tween the worst-case user position ui and the relay position r as
ui = r/[1 − (1 − ν)λ]. To eliminate the uncertainty due to ν and
λ, we further consider the complementary slackness, i.e., λ(uT

i ui −
L2) = 0. It is clear that λ = 0 is not a suited solution because it
yields a negative-definite Hessian matrix (and the corresponding so-
lution is ui = r which is the best-case user position in the relay-user
link). Thus, we conclude that λ �= 0, which implies ui = ±Lr/‖r‖.
Among these two solutions, ui = −Lr/‖r‖ is determined to be the
worst-case user position because it yields a positive definite Hessian
matrix and corresponds to a longer distance to the relay than the
other position Lr/‖r‖ does. Substituting this result back to (10), we
are ready to solve the minimization problem with respect to r. The
objective function becomes

g(r, ν) =
1

ν
‖r − s‖2 +

1

1 − ν

∥∥∥∥− r

‖r‖L − r

∥∥∥∥
2

+
1

ν(1 − ν)
H2

=
1

ν
‖r − s‖2 +

1

1 − ν
(L + ‖r‖)2 +

1

ν(1 − ν)
H2. (14)

Setting the partial derivative of g with respect to r to be zero, we
obtain

r + νL
r

‖r‖ = (1 − ν)s. (15)

From (15), it is clear that the vectors r, ui and s are collinear, im-
plying yR = yUi

= 0. Therefore, we can denote s
′ = [R0, 0, 0],

r
′ = [xR, 0, H ]. From (15), we obtain xR = (1 − x)R0 − xL,

and the worst-case user position is u
′

i = [−L, 0, 0]. That is, the
worst-case optimization problem is equivalent to a point-to-point re-
lay problem with the user node located at u

′

i = [−L, 0, 0]. The
objective function g can now be written as

g(ν) =
1

ν
(xR − R0)

2 +
1

1 − ν
(−L − xR)2 +

1

ν(1 − ν)
H2

=(R0 + L)2 +
1

ν(1 − ν)
H2. (16)

It is clear from this expression that the optimal value of ν is ν = 1/2,
which means equal transmit power allocation between the source and
the relay nodes. The best relay position is r

′ = [ 1
2
(R0 − L), 0, H ],

i.e., its projection to the 2-D ground plane lies in the mid-point be-
tween the source and the worst-case user node. The corresponding
outage probability at the worst-case position within the service area,
under the optimum relay positioning and power allocation, is ex-
pressed as

Pworst

min =
γ0σ

2

n

ρ
[(R0 + L)2 + 4H2]. (17)

4. OPTIMIZATION BASED ON AVERAGE OUTAGE
PROBABILITY

In this section, we examine the relay positioning and transmit power
allocation using the average outage probability as the optimization
criterion, i.e., the objective is to minimize the outage probability av-
eraged over all user nodes distributed in the circular service area.

It can be easily verified that, due to symmetry, the optimum relay
position should lie on top of the x-axis, i.e., yR = 0. To show
this, we consider the outage probability of four symmetric nodes
with 2-D coordinates ui1 = (xui

, yui
), ui2 = (xui

,−yui
), ui3 =

(−xui
,−yui

) and ui4 = (−xui
, yui

). The sum outage probability
is expressed as

Q =P Q
Ui1

+ P Q
Ui2

+ P Q
Ui3

+ P Q
Ui4

=
4∑

k=1

γ0σ
2

n

ρ

(
1

ν
‖r− s‖2 +

1

1 − ν
‖uik − r‖2 +

1

ν(1 − ν)
H2

)

=
γ0σ

2

n

ρ

(
4

ν
‖r − s‖2+

1

1 − ν

4∑
k=1

‖uik − r‖2+
4

ν(1 − ν)
H2

)
.

(18)

Equating the partial derivative of Q with respect to r to zero, we
obtain r = (1 − ν)s + (ν/4)

∑
4

k=1
uik = (1 − ν)s, which im-

plies r
′ = [(1 − ν)R0, 0, H ]T . The average outage probability is

evaluated in the polar coordinate system as

P ave =

∫ L

0

∫
2π

0

lUi

πL2
PUi

dθ dlUi

=

∫ L

0

∫
2π

0

lUi
γ0σ

2

n

πL2ρ

(
1

ν
‖r′−s

′‖2+
1

1 − ν
‖u′

i−r
′‖2

)
dθ dlUi

=
γ0σ

2

n

ρ

∫ L

0

∫
2π

0

lUi

πL2

[
1

ν
(−νR0)

2+
1

1−ν
((1−ν)R0

−lUi
cos(θ))2+

1

1−ν
l2Ui

sin2(θ)+
1

ν(1−ν)
H2

]
dθ dlUi

=
γ0σ

2

n

ρ

(
R2

0 +
L2

2(1 − ν)
+

H2

ν(1 − ν)

)
. (19)

The partial derivative of P ave with respect to ν is obtained as,

∂P ave

∂ν
=

γ0σ
2

n

ρ

L22ν(1 − ν) − (νL2 + 2H2)(2 − 4ν)

4ν2(1 − ν)2
. (20)

Equating this to zero yields (only the positive value is kept)

νopt =
√

4κ4+2κ2−2κ2, (21)

which is an increasing function of κ, defined as κ = H/L, and
νopt is upper bounded by 0.5. The corresponding average outage
probability is

P ave
min =

γ0σ
2

n

ρ

(
R2

0 +
L2

2 + 8κ2 − 4
√

4κ4+2κ2

)
. (22)
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5. SIMULATION RESULTS

In the simulations, the noise power is normalized to unity. The total
transmit power is set to be ρ =95 dB, which yields the receive SNR
to be above a threshold of γ =4.78 dB at a distance of 1,000 m. For
each case, the outage probability results are shown as the average
of 10 independent trials. Unless otherwise specified, the following
default parameters are used: L=150 m, R0=1000 m, H=500 m, and
N =100 users are assumed in simulated results.

To demonstrate the validity and the applicability of the opti-
mized results, the analytical results are compared in Fig. 2 with those
simulated using N =10, 100, and 1000 randomly distributed receive
nodes in the service region with a uniform distribution. It is veri-
fied that the analytic result well coincides with the simulated results
when 100 or more receive users are present. Nevertheless, the result
is sufficiently close to the simulation results with only 10 users.

In Fig. 3, the worst-case and average outage probabilities are
plotted with respect to the x-coordinate of the relay for different re-
lay height. For each relay location, the power allocation factor ν is
set to be respectively optimal. For each scenario, the respective ana-
lytic result is shown as a circle. It is seen that the outage probability
degrades with a higher value of relay height due to longer propa-
gation distance. The optimal relay position does not significantly
change for the relay heights computed as they generally yield a large
value of κ.

In Fig. 4, the outage probability is depicted for different values
of the radius of the service region. The optimal relay position un-
der the worst-case outage probability criterion changes accordingly,
whereas that under the average outage probability criterion does not
visibly change. Fig. 5 shows the outage probability with different
source distances. Obviously, as the source moves closer to the ser-
vice region, the relay position also becomes closer.
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Fig. 2. Comparison of the analytical and simulated results of the
optimal relay position.
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Fig. 3. Outage probability with different relay heights.

6. CONCLUSIONS

In this paper, a joint optimization problem of the the relay position as
well as the transmit power allocation has been examined in a broad-
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Fig. 4. Outage probability with different radius of the service region.
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Fig. 5. Outage probability with different source distance.

cast relay network such that the receiver outage probability is min-
imized. Analytical solutions of the relay position and the transmit
power allocation are derived under both the worst-case and the av-
erage outage probability criteria. The optimized results show good
agreement with the simulation results with a moderate number of
distributed receive nodes.
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