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ABSTRACT

For multi-user (MU) amplify-and-forward (AF) cooperative net-
works, their spectral efficiency can be upgraded within the or-
thogonal transmission of each source node to an assigned subset
of all available relays while their information throughput can
be improved through optimized power allocation. We consider
the joint optimization in both relay assignment for each source-
destination pair and power allocation, which is in fact among
the hardest problems in optimization. This is the minimization
of a nonconvex objective function subject to mixed integer con-
straints. The existing numerical algorithms could rarely address
to its solutions through computationally affordable procedures.
Even the conventional relaxation of the integer constraints by
linear constraints does not lead to convex optimization, so the
standard convexification does not work either. Nevertheless, we
show that it can be effectively solved in the d.c. (difference of
two convex) programming context. Numerical simulation con-
firms the effectiveness of our setting.

Index Terms— Amplify-and-Forward relay, relay selection,
power allocation, maxmin SNR, d.c. programming

1. INTRODUCTION

Multi-user relay-assisted wireless communication systems
have been a very active research area recently (see e.g. [1, 2]
and references therein). Distributed relays are employed to
assist communication between source-destination links. Co-
operative diversity is also exploited to improve link quality
and reliability, and to enlarge network coverage [3]. A variety
of cooperative schemes have been proposed in the literature
addressing different scenarios, among which, Amplify-and-
Forward (AF) relaying schemes are of special interest due
to its low complexity for implementation. To avoid inter-
ference among different transmission links, they are often
made orthogonal [4] so the network spectral efficiency can be
gradually deteriorated. This is particularly sensitive in a net-
work with many nodes [5]. To address this issue, an effective
approach is to assign only a limited subset of relays for each
source-destination link. Indeed, the network coverage can be

effectively expanded with the help of multi-relay selection in
location-based networks [6]. However, most researches have
been dedicated to single-relay schemes only and their results
could not be easily extended to multi-relay cases (see e.g [3]
and references therein). Beside unpractical exhaustive enu-
meration, authors in [3] and [7] proposed several heuristics,
which activate a fixed number of relays with the strongest
up-links or up-down links for each user. On the other hand,
Phan et al [8] considered the joint power and relay selection
problem and proposed an one-round power and selection al-
ternation. With maximum-ratio-combining (MRC) assumed
at all destination nodes, the optimization objective is shown
convex and so the optimized power allocation for all available
relays selected is solved firstly by means of convex program-
ming. Next, based on the power ranking of the solution by
the convex program, a number of the strongest relays for each
user are selected. Lastly, under such selection, the optimal
power allocation is alternated. It has been shown in [8] that
this alternation is better than the random selection based ap-
proach.
In this paper, MRC at destinations is no longer employed so
even the power allocation optimization for all relays selected
is not convex and the above mentioned standard convex re-
laxation cannot be applied. Nevertheless, we show that the
integer (discrete) constraint of relay selection can be repre-
sented by continuous d.c. (difference of two convex) sets [9],
while the objective function in the joint power and relay se-
lection is a d.c. function [9]. Furthermore, we show that
the problem is losslessly transformed to the minimization
of a d.c. function over convex constraints, which can be
effectively solved by a tailored algorithm, which is another
development in this paper.
The paper is organized as follows. Section 2 is devoted to the
problem statement while Section 3 is devoted to its solution.
Simulation is Section 4 shows the viability of our results.
Some conclusions are drawn in Section 5.
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2. MATHEMATICAL MODELING

Consider an AF relay network with M source nodes com-
municating in pairs to the other M destination nodes with
the help of N relays. Orthogonal transmissions and time-
multiplexing are enabled from the user side. Although bi-
directional communication is enabled, due to the symmetry
of network, we only study the communication from the M
source to the M destination nodes. It is also worth men-
tioning that the proposed scheme also applies to reversed-
directional communication (from destination to source nodes)
given enough channel state information.

Let s = (s1, s2, ..., sM )T be the vector of signals in-
dependently sent by M sources. Each component si is
normalized to zero mean and variance E[|si|2] = 1. Let
hn = (hn1, hn2, ..., hnM )T ∈ CM , n = 1, 2, ..., N be
the uplink channel vector from relay n to all users and
�n = (�n1, �n2, ..., �nM )T ∈ CM , n = 1, 2, ..., N be the cor-
responding down-link channel vector. Also let σ2

r and σ2
d be

the variance of additive circularly symmetric white Gaussian
noise at each relay and destination node, respectively. Sup-
pose xxxnm is the link between relay n and source/destionation
m. Accordingly, xxxnm = 1 if and only if relay n is assigned
to assist communication between source m and destination
m (otherwise xxxnm = 0). For spectral efficiency, the number
of relays for each user assistance is restricted,

N∑
n=1

xxxnm ≤ NR, m = 1, 2, ....,M. (1)

Under orthogonal transmission, the received signal at relay
n from user m is ynm = xxxnmhnmsm + nn, which is then
amplified by αααnm ∈ C before being transmitted to its desti-
nationm. Practically, the following power constraint must be
imposed

M∑
m=1

(xxxnm|αααnm|)2(|hnm|2+σ2
r ) ≤ Pn, n = 1, 2, ..., N. (2)

With the relays allowed to send the signal immediately, the
received signal at destinationm is

ydm =
N∑

n=1

xxxnmαααnm�nm(hnmsm + nn) + ndm.

Using the polar representation αααnm = |αααnm|ejarg(αααnm) it is
clear that the optimal arg(αααnm) is −arg(�nmhnm) so αααnm =
|αααnm|e−jarg(�nmhnm) and

ydm =

N∑
n=1

xxxnm|αααnm|(|�nmhnm|sm+e−jarg(�nmhnm)nn)+ndm

(3)

Thus the signal-to-noise (SNR) at destinationm is

ϕm(xxx, ᾱαα) :=

N∑
n=1

(xxxnm|αααnm|)2|�nmhnm|2

σ2
r

N∑
n=1

(xxxnm|αααnm|)2|�nm|2 + σ2
d

under the definition

xxx = (xxx1, ..,xxxN ) ∈ {0, 1}N×M , (4)

xxxn = (xxxn1, ...,xxxnM )T ∈ {0, 1}M and ᾱαα = (ᾱαα1, ..., ᾱααN ),
ᾱααn = (|αααn1|, ..., |αααnM |).
The joint optimization in power allocation and relay selection
can now formulated as

max
xxx,ααα

min
m=1,2,...,M

ϕm(xxx, ᾱαα) s.t. (1), (2), (4). (5)

Beside the hard integer constraint xxx ∈ {0, 1}NM , one can
see that the objective function in (5) is highly nonconvex, so
(5) is a very hard optimization. The next section addresses
computational solutions of this program.

3. MAXMIN SNR OPTIMIZATION

We now propose a program to tackle problem (5). Firstly, we
show an effective d.c. representation for its objective func-
tion. Secondly, the integer constraints in (5) are equivalently
represented by d.c. constraints [9]. Finally, (5) is exactly
transformed to minimization of a d.c. objective function sub-
ject to convex only constraints with an iterative procedure for
the optimal solution proposed.

3.1. D.C. Representation of Objective Function

By introducing a joint power allocation and relay selection
variable ᾱααnm = xxxnm|αααnm|, problem (5) is equivalently
rewritten by

max
xxx,y,ᾱαα

min
m=1,2,...,M

ϕm(ᾱαα,ym) =

N∑
n=1

ᾱαα2
nm|�nmhnm|2

σ2
rym + σ2

d

(6a)

s.t. : (1), (4);

M∑
m=1

ᾱαα2
nm(|hnm|2 + σ2

r ) ≤ Pn, n = 1, 2, . . . , N ; (6b)

N∑
n=1

ᾱαα2
nm|�nm|2 ≤ ynm,m = 1, 2, . . . ,M ; (6c)

0 ≤ ᾱααnm√
Pn

≤ xxxnm, n = 1, 2, ..., N,m = 1, 2, ...,M, (6d)

Note that each ϕm is a convex function in its variables. In-
deed, for variable tttm the constraint ϕm(ᾱαα,y) ≤ tttm is equiv-
alent to the (convex) semi-definite constraint[

tttmIN ᾱαα.m � |�.mh.m|
(ᾱαα.m � |�.mh.m|)T ym + σ2

d

]
≥ 0, (7)
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where ᾱαα.m := (ᾱαα1m, ᾱαα2m, ..., ᾱααNm)T , |�.mh.m| = (|�1mh1m|,
..., |�NmhNm|)T ,m = 1, 2, ...,M , and� stands for Hadamard
product operation.
Then (6) is equivalent to

− min
xxx,y,ᾱαα,

[f1(ᾱαα,y)−f2(ᾱαα,y)] : (1), (4), (6b), (6c), (6d) (8)

with functions

f1(ᾱαα,y) = max
m=1,2,...,M

∑
i�=m

ϕi(ᾱαα,yi) (9)

f2(ᾱαα,y) =

M∑
m=1

ϕm(ᾱαα,ym) (10)

both convex as maximization of convex functions and as sum
of convex functions [9].

3.2. Exact Penalty Function Approach

Note that the integer (discrete) constraint (4) is equivalent to
the following continuous constraints

0 ≤ xxxnm ≤ 1, n = 1, 2, ..., N,m = 1, 2, ...,M, (11a)
N∑

n=1

xxxnm −
N∑

n=1

xxx2nm ≤ 0, m = 1, 2, ...,M (11b)

where (11a) is convex and (11b) is reverse convex [9]. For an
effective d.c. procedure, we also represent (11b) in another
d.c. setting

(11) ⇔ (11a), υ(xxx)− ψ(xxx) ≤ 0,

with convex quadratic functions

υ(xxx) :=
M∑

m=1

[
N∑

n=1

xxxnm + (
N∑

n=1

xxxnm)2];

ψ(xxx) :=

M∑
m=1

[

N∑
n=1

(xxxnm)2 + (

N∑
n=1

xxxnm)2];

Like [10], it can be shown that (8) is equivalent to the fol-
lowing minimization of a d.c. objective function subject to
convex only constraints with sufficiently large μ > 0

− min
xxx,y,ᾱαα

[f1(ᾱαα,y)− f2(ᾱαα,y) + μ(υ(xxx)− ψ(xxx))] (12)

s.t. (1), (6b), (6c), (6d), (11a)

Initialized from a feasible point (xxx(0), ᾱαα(0)), the following
convex quadratic program is iteratively solved to generate
a sequence of feasible solutions (xxx(κ), ᾱαα(κ)), κ = 1, 2, ...,
which converge to (xxx(Ω), ᾱαα(Ω)) [11]

− min
xxx,y,ᾱαα

[f1(ᾱαα,y)− (f2(ᾱ
(κ),y(κ))

−〈∇f2(ᾱαα(κ),y(κ)), (ᾱαα − ᾱαα(κ),y − y
(κ))〉

+μ(υ(xxx)− ψ(xxx(κ))− 〈∇ψ(xxx(κ)),xxx− xxx(κ)〉)]
s.t. (1), (6b), (6c), (6d), (11a).

(13)
Our previous works have proved that such an iterative pro-

cedure is guaranteed to efficiently and progressively improve
the objective function value ( [11], [12]).

3.3. Power Allocation

From the solution (xxx(Ω), ᾱαα(Ω)) wherexxx(Ω) ∈ {0, 1}N×M , the
last step of the proposed scheme is to implement the following
d.c. program only for power re-allocation,

−min
y,ᾱαα,

[f1(ᾱαα,y)− f2(ᾱαα,y)] : (6b), (6c),xxx = xxx(Ω). (14)

3.4. The Choice of Initial Solution

By the variable change ᾱααnm = xxxnm|αααnm|2, problem (5) is
relaxed to

max
xxx,ᾱαα,ttt

ttt : (1)

M∑
m=1

ᾱααnm(|hnm|2 + σ2
r ) ≤ Pn, n = 1, 2, . . . , N ; (15a)

0 ≤ ᾱααnm ≤ xxxnmPn, n = 1, 2, ..., N,m = 1, 2, ...,M ; (15b)
N∑

n=1

ᾱααnm|�nmhnm|2 ≥ ttt · (σ2
r

N∑
n=1

ᾱααnm|�nm|2 + σ2
d) (15c)

which can be solved by parametric linear programming. The
feasible solution (xxx(0), ᾱαα(0)) of (5) for initializing the above
iterative procedure is taken from the optimal solution of (15).

4. SIMULATION RESULTS

This section presents several simulation results to illustrate
the performance of our proposed method. In all our simula-
tions, we assume the perfect channel state information at both
links by relays. AWGN at relays and destination nodes with
σ2
r = σ2

d = 0.01.
In the first scenario, we set M = 5, N = 10, NR = 3,

and gradually increase the individual power Pn from 0.1 watt
to 9 watt. Under each power constraint, 200 randomly gen-
erated network models are tested by [8]’s procedure and the
proposed procedures. Then, their performance is averaged.
Fig.1 shows the mean worst SNR versus maximum individ-
ual power. It is obvious that the performance of the proposed
scheme is almost identical with that of the relaxed problem,
which is the global optimal upper bound [8]. Therefore, its
exceptional ability in locating global optimal solution is re-
vealed . In contrast, although proved better than most other
existing approaches, [8]’s procedure shows a consistently in-
ferior performance to the proposed procedure.

In the second scenario, with M = 5, Pn = 2.5 watt,
the network is expanded from N = 2 to N = 16, and NR

is gradually increased accordingly (NR = min(N, � N
M
�),

where �···� denotes ceiling function). 200 randomly gener-
ated channel models are tested by both procedures at each
point, Fig.2 demonstrates how mean minimum SNR per-
formance responds to the changing number of relays with
both schemes. The diversity of the network increases as the
network expands, and so does the performance of the co-
operative network. Again, the performance of the proposed
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procedure closely follows that of the relaxed upper bound.
This justifies its solutions can be regarded as global optimal.
However, [8]’s procedure is evidently outperformed. Fig.2
also indicates that the superior performance of the proposed
is robust to the increasing size of the network. Moreover, the
computational complexity in terms of mean CPU time is also
analyzed, as illustrated in Fig.3. Unlike other iterative al-
gorithms normally of much higher complexity, the proposed
scheme is shown to locate the global optimal solution within
few seconds. It should also be noted that its complexity is not
significantly increased as network expands, which indicates
its advanced practical applicability and efficiency.
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5. CONCLUSION

The optimized schemes for multi-relay selection in amplify-
and-forward wireless relay network have been studied in this
paper. The existing attempts have either been suboptimal or
computationally unaffordable. In contrast, we first recast the
original NP-hard combinatorial relay selection problem into
a d.c. program over convex constraints by employing an ef-
fective representation of the integer constraints. The global
optimal solution is then obtained by iteratively solving a con-
vex quadratic d.c. program. In the end, the simulation perfor-
mance of the proposed scheme has well validated its capacity
of efficiently locating the global optimal solution.
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