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ABSTRACT

This paper proposes an extension of separable lattice 2-D hidden
Markov models (SL-HMMs) for dealing with image rotation and lo-
cal deformation. It is important to reduce the effect of geometrical
variations in image recognition, e.g., location, size, and rotation. SL-
HMMs are one of the most efficient structures to accomplish invari-
ance to size and location variations. However, since SL-HMMs only
have one state sequence in each direction, they cannot deal with rota-
tion or local deformation. The proposed models have state sequences
corresponding to all rows and columns of an input image, and the
complicated state alignments can represent rotation and local defor-
mation. The effectiveness of the proposed models was demonstrated
in face recognition experiments.

Index Terms— face recognition, hidden Markov models, sepa-
rable lattice 2-D HMMs, variational EM algorithm,

1. INTRODUCTION

Statistical approaches have successfully been applied to many im-
age recognition applications. However, if images contain geometric
variations such as size, location, and rotation, the recognition rate
rapidly decreases. Therefore, many image recognition systems re-
quire techniques of heuristic normalization in pre-processing. It is
necessary to develop a technique for each task to use such normal-
ization techniques, because heuristic techniques usually use task de-
pendent information. Moreover, techniques of heuristics normaliza-
tion do not take classifiers into account. It is natural to use the same
criterion to train both classifiers and normalization.

Hidden Markov model (HMM)-based techniques have been pro-
posed as approaches to geometric variations. The geometric match-
ing between input images and model parameters is represented by
discrete hidden variables and the normalization process is included
in the calculation of probabilities. However, the extension of HMMs
to multi-dimensions generally leads to an exponential increase in
the amount of computation for the training algorithm. Pseudo 2-
D HMMs (or embedded HMMs) have been proposed [1], [2] and
applied to many image applications to reduce computational com-
plexity while retaining excellent properties that can model multi-
dimensional data. A pseudo 2-D HMM has the states of a supe-
rior HMM horizontally, called super-states, and each super-state has
a vertically one-dimensional HMM instead of a probability density
function. However, the state alignments of vertically consecutive ob-
servation lines are calculated independently and this hypothesis does
not always hold true in practice.

On the other hand, a more restricted structure, separable lattice
2-D HMMs (SL-HMMs) have been proposed [3]. SL-HMMs have a
composite structure of multiple hidden state sequences that interact
to model the observation on a lattice. SL-HMMs make it possible to
model invariance to the size and location of an object. However, SL-
HMMs cannot deal with rotation and local deformation. Although

an extension of SL-HMMs to rotational variations has been pro-
posed [4], it still cannot deal with more complex local deformation.
We propose extended separable lattice 2-D HMMs (ExSL-HMMs),
which have state sequences corresponding to all rows and columns
of an input image, to deal with both rotation and local deformation.
The proposed models can deal with rotation and local deformation
through complicated state alignments due to increasing state align-
ments. We also derived a training algorithm based on the variational
expectation maximization (EM) algorithm. We evaluated the effec-
tiveness of the proposed model in face recognition experiments.

The rest of the paper is organized as follows. We briefly explain
SL-HMMs in Section 2 and define ExSL-HMMs in Section 3. Sec-
tion 4 presents the training algorithm we derived for the proposed
models. Section 5 describes face recognition experiments we car-
ried out on the XM2VTS database and finally we conclude the paper
in Section 6.

2. SEPARABLE LATTICE 2-D HMMS

Separable lattice 2-D HMMs are defined for modeling 2-D data. The
observations of 2-D data are assumed to be given on a 2-D lattice:

O = {Ot | t = (t(1), t(2)) ∈ T }, (1)

where t denotes the coordinates of the lattice in 2-D space T and
t(m) = 1, . . . , T (m) is the coordinate of the m-th dimension. Ob-
servation Ot is emitted from the state indicated by hidden variable
St ∈ K . Hidden variables St ∈ K can take one of K = K(1)K(2)

states, which are assumed to be arranged on 2-D state lattice K =
{1, . . . , K}. In other words, a set of hidden variables {St | t ∈ T }
represents a segmentation of observations into K states, and each
state corresponds to a segmented region in which the observation
vectors are assumed to be generated from the same local deforma-
tion. Since observation Ot is only dependent on state St as in or-
dinary HMMs, the dependencies of hidden variables determine the
properties and modeling ability of 2-D HMMs.

To reduce the number of possible state sequences, we constrain
the hidden variables to be composed of two Markov chains:

S = {S(1), S(2)} (2)

S(m) = {S(m)
1 , . . . , S

(m)

t(m) , . . . , S
(m)

T (m)}, (3)

where S(m) is the Markov chain along with the m-th coordinate

and S
(m)

t(m) ∈ {1, . . . , K(m)}. The composite structure of hidden
variables in SL-HMMs is defined as the product of hidden state se-

quences: St = (S
(1)

t(1)
, S

(2)

t(2)
). This means that the segmented re-

gions of observations are constrained to rectangles, which allows an
observation lattice to be elastic both vertically and horizontally.

The joint probability of observation vectors O and hidden vari-
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ables S can be written as:

P (O, S | Λ)

= P (O | S, Λ)
Y

m=1,2

P (S(m) | Λ)

=
Y

t

P (Ot | St , Λ) ×

Y
m=1,2

h
P (S

(m)
1 | Λ)

T (m)Y

t(m)=2

P (S
(m)

t(m) | S
(m)

t(m)−1
, Λ)

i
, (4)

where Λ is a set of model parameters.

3. EXTENDED SEPARABLE LATTICE 2-D HMMS

Separable lattice 2-D HMMs make it possible to model invariance to
variations in the size and location of an object. However, SL-HMMs
cannot deal with rotation or local deformation. The reason for this
is that the segmented regions of observations are constrained to rect-
angles because SL-HMMs only have one state sequence in each di-
rection. We propose ExSL-HMMs to deal with rotation and local
deformation, which have state sequences corresponding to all rows
and columns of an input image. The hidden variables representing
state sequences are defined as:

S = {S(1), S(2)} (5)

S(1) = {S(1)
1 , . . . , S

(1)

t(2)
, . . . , S

(1)

T (2)} (6)

S(2) = {S(2)
1 , . . . , S

(2)

t(1)
, . . . , S

(2)

T (1)} (7)

S
(1)

t(2)
= {S(1)

1,t(2)
, . . . , S

(1)

t(1),t(2)
, . . . , S

(1)

T (1),T (2)} (8)

S
(2)

t(1)
= {S(2)

t(1),1
, . . . , S

(2)

t(1),t(2)
, . . . , S

(2)

T (1),T (2)} (9)

S
(m)

t(1),t(2)
∈ {1, 2, . . . , K(m)} (10)

The composite structure of hidden variables in ExSL-HMMs is de-

fined as the product of hidden sequences: St = (S
(1)

t(1),t(2)
, S

(2)

t(1),t(2)
).

The joint probability of observation vectors O and hidden variables
S can be written as:

P (O, S | Λ)

= P (O | S, Λ)P (S | Λ)

=
Y

t

P (Ot | St , Λ)

×
T (2)Y

t(2)=1

h
P (S

(1)

1,t(2)
| Λ)

T (1)Y

t(1)=2

P (S
(1)

t(1),t(2)
| S

(1)

t(1)−1,t(2)
, Λ)

i

×
T (1)Y

t(1)=1

h
P (S

(2)

t(1),1
| Λ)

T (2)Y

t(2)=2

P (S
(2)

t(1),t(2)
| S

(2)

t(1),t(2)−1
, Λ)

i

(11)

Figure 1 shows a graphical representation of an ExSL-HMM. The
model parameters of an ExSL-HMM are summarized as:

1) Π(m) = {π(m)
i | 1 ≤ i ≤ K(m)} : the initial state proba-

bility distribution, where π
(1)
i = P (S

(1)

1,t(2)
= i) is the prob-

ability of state i at t(1) = 1 in the 1-th state sequence and

π
(2)
i = P (S

(2)

t(1),1
= i) is the probability of state i at t(2) = 1

in the 2-th state sequence.

S
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Fig. 1. Extended separable lattice HMM
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Fig. 2. Examples of state alignments

2) A(m) = {a(m)
ij | 1 ≤ i, j ≤ K(m)} : the transition probabil-

ity matrix, where a
(1)
ij = P (S

(1)

t(1),t(2)
= j | S

(1)

t(1)−1,t(2)
= i)

is the transition probability from i to state j in the 1-th state

sequence and a
(2)
ij = P (S

(1)

t(1),t(2)
= j | S

(2)

t(1),t(2)−1
= i)

is the transition probability from i to state j in the 2-th state
sequence.

3) B = {bk(Ot) | k ∈ K} : the output probability dis-
tributions, where bk(Ot) = P (Ot | St = k, Λ) is the
probability of observation vector Ot at state k on state lat-
tice K and is assumed to be a single Gaussian distribution:
P (Ot | St = k, Λ) = N (Ot ; μk , Σk) where μk and Σk

correspond to the mean vector and the covariance matrix.

Using shorthand notation, ExSL-HMMs are defined as:

Λ = {Λ(1), Λ(2), B}, Λ(m) = {Π(m), A(m)} (12)

Note that although ExSL-HMMs have a larger number of hidden
variables and can represent more complicated state alignments than
SL-HMMs, ExSL-HMMs have exactly the same set of model pa-
rameters as SL-HMMs.

Figure 2 shows examples of state alignments to a rotated face
of SL-HMM and ExSL-HMM. The SL-HMM (Figure 2(a)) cannot
appropriately segment the rotated face. However, the ExSL-HMM
(Figure 2(b)) can obtain appropriate state alignments to the image.
Furthermore, ExSL-HMMs are not only expected to deal with rota-
tion but also local deformation.
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4. TRAINING ALGORITHM FOR EXSL-HMMS

The parameters of ExSL-HMMs can be estimated using the EM al-
gorithm, which is an iterative procedure for approximating the max-
imum likelihood (ML) estimate. This procedure maximizes the ex-
pectation of complete data log-likelihood, the so-called Q-function:

Q(Λ, Λ′) =
X

S

P (S | O, Λ) ln P (S, O | Λ′) (13)

The re-estimation formula in the M-step can easily be derived by
maximizing the Q-function with respect to model parameters Λ.
However, calculating posterior distribution P (S | O, Λ) in the E-
step is computationally intractable due to the combination of hidden
variables. We applied the variational EM algorithm [5] to train the
ExSL-HMMs to derive a feasible algorithm.

The variational method approximates the posterior distribution
over the hidden variables by using a tractable distribution. Any dis-
tribution Q(S) over the hidden variables defines a lower bound on
the log likelihood:

ln P (O | Λ) = ln
X

S

Q(S)
P (S, O | Λ)

Q(S)

≥
X

S

Q(S) ln
P (S, O | Λ)

Q(S)

= F(Q, Λ), (14)

where Jensen’s inequality has been applied. The difference be-
tween ln P (O | Λ) and F is given by the Kullback-Leibler (KL)
divergence between Q(S) and posterior distribution P (S | O, Λ).
Therefore, maximizing lower bound F with respect to Q(S) is
equivalent to minimizing KL divergence, and provides an approxi-
mate distribution for posterior distribution P (S | O, Λ). To yield
a tractable algorithm, it is necessary to consider a more restricted
structure for Q(S) distributions. We can consider a constrained
family of variational distributions for the proposed models by as-

suming that Q(S) factorizes over subsets Q(S
(1)

t(2)
) and Q(S

(2)

t(1)
),

so that:

Q(S(1), S(2)) =
Y

t(2)

Q(S
(1)

t(2)
)

Y

t(1)

Q(S
(2)

t(1)
) (15)

where
X

S
(1)

t(2)

Q(S
(1)

t(2)
) = 1 and

X

S
(2)

t(1)

Q(S
(2)

t(1)
) = 1. The optimal

distributions of the subsets are obtained by maximizing F indepen-
dently while keeping the other distributions fixed:

Q(S
(1)

t(2)
) ∝ P (S

(1)

t(2)
| Λ)

×
Y

t(1)

exp
h X

S
(2)

t(1),t(2)

Q(S
(2)

t(1),t(2)
) ln P (Ot | St , Λ)

i
(16)

Q(S
(2)

t(1)
) ∝ P (S

(2)

t(1)
| Λ)

×
Y

t(2)

exp
h X

S
(1)

t(1),t(2)

Q(S
(1)

t(1),t(2)
) ln P (Ot | St , Λ)

i
(17)

The E-step consists of the updates of Q(S
(1)

t(2)
) and Q(S

(2)

t(1)
),

which interact through the expectations. The distributions Q(S
(1)

t(2)
)

and Q(S
(2)

t(1)
) have the same structure as the posterior of stan-

dard HMMs by inspection; the forward-backward algorithm can
be used to compute a new set of expectations. Therefore, the
complexity of E-step with the variational approximation becomes
O(K(1)T (1)K(2)T (2) + {K(1)}2T (1)T (2) + {K(2)}2T (1)T (2)).
Although this is higher than the complexity of SL-HMMs:
O(K(1)T (1)K(2)T (2) +{K(1)}2T (1) + {K(2)}2T (2)), it is still
computationally feasible.

5. EXPERIMENTS

We conducted face recognition experiments on the XM2VTS
database [6] to demonstrate the modeling ability of ExSL-HMMs.
We prepared eight images of 100 subjects; six images were used for
training and two for testing. Face images on a gray scale of 64 × 64
pixels were extracted from the original images. Two datasets were
prepared with this process:

• “dataset 1”: rotation normalized data.

• “dataset 2”: data with rotational variations. All images
were transformed with randomly rotational angles generated
within −10 ∼ 10 degrees from a uniform distribution.

The data were modeled using 2-D HMMs with 8×8, 16×16, 24×
24, 32 × 32, and 40 × 40 states and single Gaussian distributions.
The transition probabilities for each state sequence were assumed
to have a left-to-right and top-to-bottom no skip topology. We used
two kinds of feature vectors, i.e., the pixel values and 2-D discrete
cosine transform (2-D DCT) coefficients of images. We calculated
the 2-D DCT coefficients with the following method. Input images
were scanned using a window (12× 12) that shifted by 1 pixel from
left-to-right and top-to-bottom, and the 2-D DCT coefficients were
calculated from each scanned block. Only 4 × 4 coefficients of the
lowest frequencies in the 2-D DCT domain were used as feature vec-
tors. The conditions for calculating the 2-D DCT coefficients were
determined through preliminary experiments.

Four models were constructed to compare the accuracy of recog-
nition: embedded HMMs that had horizontally (“Emb-H-HMMs”)
and vertically (“Emb-V-HMMs”) embedded states, “SL-HMMs”,
and “ExSL-HMMs”. Figures 3 and 4 show the recognition rates
on “dataset 1” and “dataset 2” with the pixel values as feature vec-
tors. Emb-H-HMMs, Emb-V-HMMs, and ExSL-HMMs obtained
worse results than SL-HMMs. This is because Emb-H-HMMs,
Emb-V-HMMs, and ExSL-HMMs could obtain more complicated
state alignments than SL-HMMs. This caused the state alignments
to over-fit. Figures 5 and 6 show the recognition rates with the 2-D
DCT coefficients as feature vectors on “dataset 1” and “dataset 2”.
Emb-H-HMMs, Emb-V-HMMs and ExSL-HMMs had better recog-
nition rates than SL-HMMs in both datasets, and ExSL-HMMs
particularly had the best recognition rates. This is because 2-D DCT
coefficients included shape information on all block regions. This
prevented the state alignments from over-fitting. ExSL-HMMs were
more effective with “dataset 2” (with rotation variations) than with
“dataset 1” (with no rotation variations). This is because ExSL-
HMMs could deal with rotational variations.

Figure 7 shows examples of the visualized state alignments on
“dataset 2”. Emb-H-HMM and Emb-V-HMM have been omitted.
The first row represents the visualized mean vectors and the first col-
umn represent those of the test dataset. The visualized alignments
indicate matching between the models and test data and these are
represented by the mean values of the states corresponding to ob-
servations of the testing data. It is clear that SL-HMMs cannot deal
with rotation variations in either pixel values or 2-D DCT coeffi-
cients. Conversely, ExSL-HMMs can be fitted to the rotated image
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Fig. 3. Recognition rates on “dataset 1” (pixel values)
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Fig. 4. Recognition rates on “dataset 2” (pixel values)

 60

 65

 70

 75

 80

 85

 90

 95

 100

8x8 16x16 24x24 32x32 40x40

R
ec

og
ni

tio
n 

ra
te

 (
%

)

Number of states

Emb-H-HMMs
Emb-V-HMMs

SL-HMMs
ExSL-HMMs

Fig. 5. Recognition rates on “dataset 1”(2-D DCT coefficients)
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Fig. 6. Recognition rates on “dataset 2”(2-D DCT coefficients)
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Fig. 7. Examples of visualized state alignments on “dataset 2”. Top
and middle test data are correct class data on visualized models, and
bottom data are incorrect class data.

due to the flexible structure of the model. However, ExSL-HMMs
over-fitted the test data with pixel values because they were fitted to
incorrect class data. However, over-fitting was prevented with 2D-
DCT coefficients by using the shape information in the blocks, and
this led to higher recognition-rates.

6. CONCLUSION

We proposed ExSL-HMMs and presented a training algorithm based
on variational approximation. Face recognition experiments were
performed on the XM2VTS database with 2-D DCT coefficients.
The proposed models achieved better results than embedded HMMs

and standard SL-HMMs. We intended to do experiments using data
with different variations, rotation-invariant features, and state dura-
tion modeling in future work.
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