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ABSTRACT

We present a quantization-based kernel least mean square

(QKLMS) algorithm with a fixed memory budget. In order

to deal with the growing support inherent in online kernel

methods, the proposed method utilizes a growing and prun-

ing combined technique and defines a criterion, significance,

based on weighted statistical contribution of a data center.

This method doesn’t need any apriori information and its

computational complexity is acceptable, linear with the cen-

ter number. As we show theoretically and experimentally, the

introduced algorithm successfully quantifies the least ‘signif-

icant’ datum and preserves the most important ones resulting

in less system error.

Index Terms— Kernel method, Quantized kernel least

mean square, Fixed budget, Growing and pruning

1. INTRODUCTION

During the last few years, there has been more and more at-

tention on the kernel learning methods which utilize Mer-

cer kernels to map the data from the input space to a high-

dimensional feature space. These methods achieve power-

ful classification and regression performance in complicat-

ed nonlinear problems. The successful examples of kernel

methods including support vector machines [1], kernel prin-

cipal component analysis (Kernel PCA) [2], kernel least mean

square error (KLMS) [3], kernel recursive least square algo-

rithm (KRLS) [4] among others. However, kernel methods

have an obvious bottleneck: the system structure grows lin-

early with the number of processed data. This drawback re-

sults in high computational burden as well as memory espe-

cially for continuous scenarios which hindered so far online

applications.

To deal with the linear growing structure problem, a va-

riety of sparsification techniques have been proposed to re-

strain growth: the novelty criterion [5], approximation lin-

ear dependency (ALD) criterion [4] and the surprise criterion

[6], etc. Recently, quantization techniques have been intro-

duced to KLMS, called quantized KLMS (QKLMS) [7]. Un-

like conventional sparsification approaches, this new method

doesn’t purely discard the ‘redundant’ data. It utilizes the so-

called ‘redundant’ data to update the coefficient of the closest
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center, and hence achieves a more compact network with bet-

ter accuracy. Even though these sparsification algorithms curb

the growth of the system structure, they do not allow us to fix

in advance the exact network size especially in non-stationary

learning scenarios.

There are few methods have been proposed to solve the

fixed-budget problem. Generalized growing and pruning (G-

GAP) [8], sliding-window methods [9], the forgetron [10] and

fixed-budget KRLS [11] combine growing and pruning pro-

cedures to memorize the most ‘important’ data and discard

the ‘unimportant’ data.

In this paper, we propose a growing and pruning method

based on QKLMS. Inspired by [8], the concept of signifi-
cance of a center data is introduced so as to realize a fixed-

budget QKLMS algorithm, called QKLMS-FB. Significance

of a center gives a measure of the important content about the

system to be learned and is defined as the contribution made

by that center to the network output weighted averaged over

the input data received so far. Different from [8], the proposed

criterion doesn’t require any aprior information and is more

practical especially in nonstationary condition. QKLMS-FB

achieves a sparse structure and after the network size reaches

its upper bound, the center with the smallest significance will

be discarded. Moreover, a recursive approach decreases the

computation complexity of significance to linearity with the

center number.

The rest of this paper is organized as follow. After a

brief overview of QKLMS in section 2, section 3 introduces

the definition of significance based on QKLMS and then de-

scribes a simple estimation scheme. The results are reported

in section 4 and, finally, the conclusion remarks and future

lines of research are listed in section 5.

2. QUANTIZED KERNEL LEAST MEAN SQUARE
ALGORITHM

Consider the learning of a nonlinear function f : U → R

based on a known sequence (u(1), d(1)), (u(2), d(2)), . . . ,
(u(N), d(N)) ∈ Z

N where u(i) is the system input at sam-

ple time i, and d(i) is the corresponding desired response.

The QKLMS algorithm uses a simple vector quantization

(VQ) algorithm to compact the input space, and then to curb

the network size of the kernel adaptive filter. Every time a

new sample arrives, the QKLMS quantizes it according to the
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defined distance between the new sample and the quantized

input space. If the current quantized input sample has already

been allocated to an existing center, the network size remains

unchanged, but the coefficient of that center will be still up-

dated. For online kernel adaptive methods, most of existing

VQ algorithms are not suitable because the codebook is usu-

ally trained based on an offline data set and the computational

burden is heavy. Therefore, a very simple online VQ method

in which the Euclidean distance in the input space is the quan-

tization rule is proposed. In conclusion, the summary of the

QKLMS algorithm with online VQ is as follows:

Algorithm 1 QKLMS Algorithm

Initialization: stepsize η, kernel width σM , quantization

threshold ε
U
> 0, center dictionary C(1) = {u(1)} and

coefficient vector a(1) = [ηd(1)]
while {u(1), d(1)} is avaiable do

e(i) = d(i)−
K(i−1)∑
j=1

aj(i− 1)κσ
M
(u(i),Cj(i− 1))

dis(u(i),C(i− 1)) = min
1≤j≤K(i−1)

‖u(i)−Cj(i− 1)‖
j∗ = argmin

1≤j≤K(i−1)

‖u(i)−Cj(i− 1)‖
if dis(u(i),C(i− 1)) ≤ εu then
C(i) = C(i− 1), aj∗(i) = aj∗(i− 1) + ηe(i)

else
C(i) = {C(i− 1)u(i)}, a(i) = [a(i− 1), ηe(i)]

end if
end while

(where κσ
M

is the Mercer kernel controlled by kernel size
σ

M
, Cj(i − 1) and K(i − 1) are the jth element and size of

C(i− 1) respectively, and ‖.‖ denotes the Euclidean norm in
the input space.)

The sufficient condition for mean-square convergence,

and a lower and upper bound on the theoretical value of the

steady-state excess mean square error (EMSE) are discussed

in [7].

3. DEFINITION AND ESTIMATION OF
SIGNIFICANCE OF CENTERS

This section first introduces the concept of significance of a

center based on a weighted average contribution over all in-

put data, even though some of them are quantized to existing

centers. An important aspect of an online algorithm is mod-

erate computational complexity at every iteration. Therefore,

a recursive method to estimate significance is also developed.

To simplify the notation, we always refer to time index i, and

therefore express Cj(i−1), aj(i−1) and K(i−1) as cj , aj

and K.

3.1. Definition of Significance

The output of the QKLMS for a new input vector u(i) is:

y(i) = η

K∑
j=1

ajκσ
M
(u(i), cj) (1)

If the center ck is removed, the output of the system with
remaining centers for ui is

ŷ(i) = η

k−1∑
j=1

ajκσM (u(i), cj) + η

K∑
j=k+1

ajκσM (u(i), cj) (2)

Thus, the error resulting from removing ck is given by

Ek,i(i) = ‖y(i)− ŷ(i)‖1 = ‖ak‖κσM
(u(i), ck) (3)

where ‖.‖1 is the 1-norm of vectors. Therefore, the average

error for all sequentially learned observation cased by remov-

ing ck is

Ek(i) =
1

i

∥∥(Ek(1), Ek(2) . . . , Ek(i))
T
∥∥
1

=
1

i
‖ak‖

i∑
j=1

κσM
(u(j), ck)

(4)

Suppose that the input of the observation sequence are

drawn from a domain U with a sampling density function

p(u). According to [8], we have

lim
i→+∞

Ek(i) = ‖ak‖
∫
U

κσM
(u, ck)p(u)du (5)

In practice, the distribution of u is unknown. Here we pro-

pose to apply the popular kernel density estimation (Parzen

window) to non-parametrically estimate the probability den-

sity function of a random variable, to yield,

p̂(u) =
1

i

i∑
j=1

κσ
P
(u,uj) (6)

where κσ
P

is the kernel function with kernel size σ
P

. There-

fore, Equ (4) can be further written as

Ek(i) =
‖ak‖
i

i∑
j=1

∫
U

κσM
(u, ck)κσ

P
(u,uj)du (7)

In QKLMS, some of the input data are quantized to the
center dictionary C and merely a part of data are memorized.
Moreover, the value of i doesn’t influence the rank of Ek(i)
and the decision which center will be pruned. Hence, Equ (7)
is inappropriate to QKLMS and must be modified into:

Ek(i) = ‖ak‖
K∑

j=1

∫
U

λk(i)κσM (u, ck)κσ
P
(u, cj)du (8)

where λk(i) is the influence factor for center ck at time i
and includes the number and the time of data merged into

ck. Ek(i) is the statistical contribution of the center ck to the

2182



overall output, and thus we define this as the significance of

ck and represent it as Esig
k (i).

Influence factor is very important for pruning, especial-
ly in nonstationary situations. It should take into account the
information of how many data are quantized into a specific
center when a new data appears in this neighborhood. There-
fore, the expression of influence factor is

λk(i) =

{
βλk(i− 1) If no merge for ck

βλk(i− 1) + κ(ui, ck) otherwise
(9)

where 0 ≤ β ≤ 1 is the memory factor which helps the

system track the input data statistic change. The smaller the

β value, the more influence the current data has.

3.2. Estimation of significance

The original calculation of significance in part 3.1 is time con-

suming, and scales by O(K2). Therefore, some appropriate

simplification should be applied to speed up its calculation: a

recursive method is an option. According to the pruning and

growing demand, there are three conditions:

1) A new center cK+1 is added and the size of center dic-

tionary can still grow.

Ek(i)=βEk(i−1)+‖aK+1‖
∫
U

κσ
M
(u,ck)κσ

P
(u,cK+1)du

(10)

2) If u(i) should be quantized to cj∗ , the update process is

as shown in Equ (11).

3)when an center cL is pruned, the influence of this center

should be eliminated, yielding,

Ek(i) = Ek(i)−‖ak‖λL(i−1)

∫
U

κσM (u, ck)κσ
P
(u, cL)du

(12)

Most interestingly, if the Mercer kernel κσM
and density es-

timation kernel κσP both are the normalized gaussian kernel,

the integral is easy to estimate. And in this paper, for simpli-

fication, we assume σ
M = σP = σ. Such that, for example,

∫
U

κσ
M
(u, ck)κσ

P
(u, cL)du

=

∫
U

exp(− (u− ck)
2

σ2
M

− (u− cL)
2

σ2
P

)dx

= exp(− (ck − cL)
2

σ2
M

+ σ2
P

)×
∫
U

exp(−σ2
M

+ σ2
P

σ2
M
σ2

P

× (u−
ck +

σ2
M

σ2
P

cL

1 +
σ2
M

σ2
P

)2)du

σM=σP=σ
=========

√
πσ2

2
exp(− (ck − cL)

2

2σ2
)

(13)

4. SIMULATION

Consider the Lorenz chaotic system. We generate two time

systems, one with σ = 10, γ = 28, B = 8
3 , another one

with σ = 16, γ = 45.62, B = 4. The x dimension is select-

ed to build two time series with a sampling period of 0.01s.

3000 samples are segmented from the two sequences respec-

tively and a DC component with magnitude 1 is added to the

second sequence. Then concatenate them to create an exam-

ple of a nonstationary time series. The problem setting for

short term prediction is as follows: the previous five points

u(i) = [x(i − 5), ..., x(i − 1)]T are used as the input vec-

tor to predict the current value x(i) which is the desired re-

sponse here. In the simulations below, the kernel size is set as

σ = 0.707, and the stepsizes involved are set as η = 0.9. The

superiority of QKLMS has already been proved in [7]. There-

fore, merely the performance comparisons between QKLMS-

FB and QKLMS is shown here. We also did simulation for

QKLMS with significance defined in [8], called QKLMS-

GGAP. Table 1 lists the specific parameters setting. Several

conventional distributions (Gaussian, Rayleigh and Exponen-

tial) were tested in QKLMS-GGAP and have similar perfor-

mances. Fig.3 merely shows the performance of Gaussian

distribution.

Even though the performance of QKLMS-FB is slight-

ly worse (QKLMS: -17.7dB, QKLMS-FB: -17.82dB) in sta-

tionary conditions, it decreases the network size from 41 to

32 (network size reduction is 22%), as shown in Fig.1. Fig.2

compares the network size of QKLMS and QKLMS-FB with

respect to the same final MSE. Because QKLMS-FB discard-

s the old data in the first zone after the change at iteration

3000, it obtains better tracking ability and faster convergence

speed in the second zone. In order to achieve the same MSE

at iteration 6000, QKLMS requires the smaller quantization

factor, which speeds up the network size increment. In Fig.3,

all of three methods have the same network size, 31, and the

performance of QKLMS-FB is superior. The obvious differ-

ence between conventional distributions, like Gaussian, and

the actual input distribution leads to the impropriety of center

discard in QKLMS-GGAP and the divergence in the second

zone.

Table 1: Parameters setting for different algorithms

Stationary Same MSE Same network size

QKLMS γ∗ = 0.65 γ = 0.56 γ = 1

QKLMS-FB γ = 0.65 γ = 0.74 γ = 0.74
β = 0.998 β = 0.998 β = 0.998

QKLMS-GGAP γ = 0.74
*γ = εu/σ is the quantization factor [7] .

Ek(i) =

{
βEk(i− 1) + κ(ui, cj∗) ‖ak‖

∫
U
κσM

(u, ck)κσ
P
(u, cj∗)du k �= j∗

‖ak+e(i)‖
‖ak‖ βEk(i− 1) + κ(ui, cj∗) ‖ak + e(i)‖ ∫

U
κσM (u, ck)κσ

P
(u, cj∗)du k = j∗

(11)
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Fig. 1: Performance comparison in stationary conditon. All of 6000

data belong to the first time series.
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(b) Network size evolution curves

Fig. 2: Performance comparison for the same MSE
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Fig. 3: Learning curves comparision on the same network size

5. CONCLUSION

Fixed-budget kernel methods are crucial in online applica-

tions, since practical computing devices have limited physi-

cal memory. In this paper, we present a new efficient prun-

ing and growing strategy in designing a QKLMS-FB system.

To maintain its network size, we utilize a discarding crite-

rion called significance, first introduced in GGAP-RBF [8],

but our implementation is more practical because of smaller

computational burden and does not require any apriori infor-

mation.

Although the QKLMS-FB obtains good performance, the

relation between the budget upper bound, free parameters,

such as quantization factor, and system performance are still

unknown and will be subject to further research. These re-

lations will help us choose appropriate parameters to fix the

center number and is useful to determine the effect of the bud-

get upper bound on the expect accuracy.
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