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ABSTRACT

Gaussian mixture models are a widespread tool
for modeling various and complex probability den-
sity functions. They can be estimated using Expecta-
tion—Maximization or Kernel Density Estimation. Ex-
pectation—Maximization leads to compact models but
may be expensive to compute whereas Kernel Density
Estimation yields to large models which are cheap to
build. In this paper we present new methods to get
high-quality models that are both compact and fast to
compute. This is accomplished with clustering methods
and centroids computation. The quality of the result-
ing mixtures is evaluated in terms of log-likelihood and
Kullback-Leibler divergence using examples from a
bioinformatics application.

Index Terms— Kernel Density Estimation, simpli-
fication, Expectation—Maximization, k-means, Fisher-
Rao centroid

1. INTRODUCTION

Statistical methods are nowadays commonplace in mod-
ern signal processing. There are basically two major ap-
proaches for modeling experimental data by probabil-
ity distributions: we may either (1) consider a semi-
parametric modeling by a finite mixture model learnt
from the Expectation Maximization (EM) procedure, or
alternatively (2) choose a non-parametric modeling us-
ing a kernel density estimator (KDE).

On the one hand mixture modeling requires to fix
or learn the number of components but provides a use-
ful compact representation of data. On the other hand,
KDE finely describes the underlying empirical distri-
bution at the expense of the dense model size. In this
paper, we present a novel statistical modeling method
that simplifies efficiently a KDE model with respect to
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an underlying distance between Gaussian kernels. We
consider Fisher-Rao metric or Kullback-Leibler diver-
gence. Since the underlying Fisher-Rao geometry of
Gaussian is hyperbolic without closed-form equation for
the centroids, we rather adopt a close approximation that
bears the name of hyperbolic model centroid, and show
its use in single-step clustering method. We report on
our experiments that shows that the KDE simplification
paradigm is a competitive approach over the classical
EM, both in terms of processing time and quality.

2. MODELING DISTRIBUTIONS

Mixtures of Gaussian distributions are a widespread tool
for modeling complex data in a lot of various domains,
from image processing to medical data analysis through
speech recognition. This success is due to the capac-
ity of Gaussian Mixture Models (GMM) to estimate the
probability function (pdf) of complex random variables.
For a mixture f of n components, the probability density
function takes the form:

f@) = wiglw; pi,o7) (1)
=1

where w; denotes the weight of component i () w; =
1). Each component g(z; pi;,0?) is a normal distribu-
tion with the pdf:
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Such a mixture can be built using the celebrated
Expectation-Maximization algorithm (EM) which iter-
atively estimates the parameters that maximize the like-
lihood.

Kernel Density Estimation (KDE), also known as
the Parzen windows method [1], estimates a probability
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density function known by N samples using a sum of N
kernel functions (usually Gaussian kernels). Each Gaus-
sian in centered at a sample point and has its smoothness
controlled by a fixed variance-covariance matrix, called
the bandwidth. The density estimate is then a fixed-
variance Gaussian mixture model, with /N components.
See [2] for an extensive survey of the various bandwidth
selection methods.

The main drawbacks of the EM algorithm are the
risk to converge to a local optimum and the number of
iterations needed to find this optimum. While it may be
costly, this time is only spent during the learning step.
On the other hand, learning a KDE is nearly free but
evaluating the associated pdf is costly since we need to
loop over each Gaussian of the mixture. Given the typi-
cal size of a dataset (a 120 x 120 image leads to 14400
components), the mixture can be unsuitable for time crit-
ical applications. Since mixtures with a low number of
components have proved their capacity to model com-
plex data, it would be useful to build such a mixture
avoiding the costly learning step of EM.

3. SIMPLIFYING KERNEL DENSITY
ESTIMATE

Given a KDE, the most straightforward way to reduce
the number of components is to clusterize them, using a
k-means-like algorithm. Goldberger and Roweis [3] and
Garcia et al. [4] already proposed such a method, using
the Kullback-Leibler divergence which is well suited for
comparing probability density functions. Moreover, the
divergence formula and the centroid formula are known
in closed form. It allows efficient computation of the
two steps of a k-means, repartition and centroids up-
date. Even without closed-form formula, it is sufficient
to know an algorithmic way to compute centroids to
build a k-means algorithm.

Although the results are quite good (see Figure 1),
the problem of the number of iterations remains. Our
proposed solution is to only performs the initialization
and one iteration of the k-means.
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4. METRIC AND NON-METRIC GAUSSIAN
CENTROIDS

4.1. Divergence-based centroids

The Kullback-Leibler divergence (KLD) measures the
relative entropy between two distributions. For Gaussian
distribution, this yields to:

KLD(f,, f,) = ~ log (det Ep)

2 det X,
1 -

+ (%, 's,) )
1 _

+ 5 (g = 1) "3 (g = 1) = 5

where d is the dimension of the space.
Notice that this function is not symmetrical, we need
to define three kinds of centroids:

* right-sided one: arg min. » _, w; K LD(c, z;)
e left-sided one: arg min, ) , w; K LD(z;, c)
* symmetrized one: argmin. » , w; SKL(z;, ¢)

with SKL(p, ¢) = 5 (KLD(p,q) + KLD(q,p))

Closed-form formulas are known both for diver-
gence and for centroid but this does not mean that the
computation is cheap due to complex operations in-
volved (determinant, matrix inversion, etc).

4.2. Fisher-Rao and model centroids

Given the hyperbolic geometry of the Gaussian distribu-
tion, a closed-form formula of the Fisher-Rao distance
can be expressed, using the Poincaré hyperbolic distance
in the Poincaré upper half-plane:

FRD(fy, f4) =
&7 - ﬂ7 + &a - &7
ol \(f op) (L/f oq)| \(f op) (%3 op)|
|(ﬁagp)—(ﬁ70p)|—|(ﬁ,0p)—(ﬁaap)|
“4)

In order to perform the k-means iterations using
Fisher-Rao distance, we need to define centroids on
the hyperbolic space. Model centroids, introduced by
Galperin [5], are a way to define centroids in the three



Fig. 1. Original histogram, raw KDE (14400 components) and simplified mixture (8 components)
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Fig. 2. Computation of the centroid ¢ given the system
(w1, 1), (w2, p2)

kinds of constant curvature spaces (Euclidean, hyper-
bolic or spherical). For a d dimensional curved space,
it starts with finding a £ + 1 dimensional model in the
Euclidean space. For a 2D hyperbolic space, it will be
the Minkowski model, that is the upper sheet of the hy-
perboloid —z? — y? + 22 = 1.

First, each point p (with coordinates (z,y,)) lying
on the Klein disk is embedded in the Minkowski model:
_ Tp Yy = Yp

L —a2+y2 f -2 +y2 )

=T 9 2
L—zp+ vy,

Ip/

Next the center of mass of the points is computed
= wip 6)

This point needs to be normalized to lie on the
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Minkowski model, so we look for the intersection be-
tween the vector Oc” and the hyperboloid:
C/ = C// (—373// - Z?// + Z?//) (7)
From this point in the Minkowski, we can get a point
in the Klein disk:
€T y /
Le = < Ye = = (8)

Ze! Ze!

Although this scheme gives the centroid of points
located on the Klein disk, it is not sufficient since pa-
rameters of the Gaussian distribution are in the Poincaré
upper half-plane. Thus we need to convert points from
one model to another, using the Poincaré disk as an in-
termediate step. For a point (a, b) on the half-plane, let
z = a + b, the mapping with the Poincaré disk is:

, z2—1 (2 4 1)

= =7 9
“ z+1 N 1—2 ©)

And for a point k on the Poincaré disk, the mapping with
a point k on the Klein disk is:
1—+/1—(kk
. )
(k)

2
k=— 10
1+ (p.p)” (10

S. EXPERIMENTS

We study here the quality, in terms of log-likelihood,
and the computation time of the proposed methods
compared to a baseline Expectation-Maximization algo-
rithm. The source distribution is the intensity histogram
of the famous Lena image. For the Kullback-Leibler di-
vergence, we report only results for right-sided centroids
since, as reported in [4], it performs better than the two
other flavors and has the same computation cost. The
third method is the Model centroid, both with a full k-
means and with only one iteration.
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Fig. 3. Log-likelihood of the simplified models and computation time

The left hand side of Figure 3 shows the evolution of
the log-likelihood as a function of the number of com-
ponents k. First, we see that all the algorithms perform
nearly the same and converge very quickly to a maxi-
mum value (the KL curve is merged with the EM one).

The right part of Figure 3 describes the running time
(in seconds) as a function of k. Despite the fact that
the quality of mixtures is nearly identical, the costs are
very different. Kullback-Leibler divergence is very slow
(even in closed-form, the formulas are quite complex).
While achieving same log-likelihood, model centroid is
the fastest method, significantly faster than EM.

While being slower to converge when k increases,
the one step model clustering performs still well and is
roughly two times faster than a complete k-means. The
initialization is random: we do not use k-means++ here
since its cost during initialization cancels the benefit of
performing only one step.

On the dataset from [6] we study the Kullback-
Leibler divergence between the original KDE and the
simplified mixtures: mixtures from model centroid sim-
plification and from Kullback-Leibler simplification
give comparable results and are 4 to 10 times better than
Expectation-Maximization.

6. CONCLUSION

We presented here a novel modeling paradigm which
is fast and accurate. From a precise but difficult to
use model, the kernel density estimate, we are able to
build new models which achieve the same approxima-
tion quality while being faster to compute and easier
to use and which are able to outperform Expectation-
Maximization. Moreover, we show that Model centroids
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are good candidates for approximating Fisher centroids.
Source code, additional materials and experiments
are available online '.
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