
A NEW ROBUST ESTIMATION METHOD FOR ARMA MODELS

Yacine Chakhchoukh, Patrick Panciatici

RTE, DMA
Versailles, France

Pascal Bondon, Lamine Mili

CNRS, Univ. Paris-Sud – Virginia Tech-ECE Dept
Gif-sur-Yvette, France– Falls Church, USA

ABSTRACT
This paper presents a new robust method to estimate the pa-
rameters of ARMA models. This method makes use of the
autocorrelations estimates based on the ratio of medians to-
gether with a robust filter cleaner able to reject a large fraction
of outliers, and a Gaussian maximum likelihood estimation
which handles missing values. The main advantages of the
procedure are its easiness, robustness and fast execution. Its
effectiveness is demonstrated on an example of the forecast-
ing of the French daily electricity consumptions.

Index Terms— Robustness, time series, ARMA models,
outliers, missing values.

1. INTRODUCTION

Robust estimation is important when estimating a statistical
model. When the data contains deviant observations termed
outliers, the classical statistical estimators of an ARMA model
become unreliable. Thus order selection, parameter estima-
tion, and forecasting can be affected notably. In the robust
statistics literature, several methods were proposed mainly
for iid data and for regression models. Some methods were
proposed in the context of time series such as the filtered–τ ,
filtered M–, generalized M– and the so-called Residual Au-
tocovariance (RA)–estimators [1, 2]. In this paper, we pro-
pose a new robust procedure where the autocorrelations es-
timates are based on the ratio of medians. In practice, our
method is comparable to the above mentioned methods in
terms of performance of estimation. While being highly ro-
bust with a breakdown point of 25 %, it compares favorably
to other methods in terms of simplicity and computing time.
When applied to the actual French daily electric consump-
tions, it significantly reduces the running time as compared
to the filtered-τ estimators. We analyze the robustness of
our method using the standard tools such as the time series
influence functionals defined in [1] and the maximum bias
curve, which is computed numerically. The effectiveness of
our method is demonstrated on an example of the forecasting
of the French daily electricity consumptions. The paper is or-
ganized as follows. In Section 2, we present the method and
analyze its robustness. Section 3 presents the simulation re-
sults in the case of electricity load modeling and forecasting.
Finally, Section 4 concludes the paper.

2. MEDIAN-BASED FILTERING

Our idea is to robustly estimate the autocorrelation and partial-
autocorrelation functions, then to fit a high order AR model
and filtering with this AR model to “clean” the data from the

outliers, and finally to estimate an ARMA model in the pres-
ence of missing values.

First, we show how to estimate the correlation ρ in a Gaus-
sian vector using medians, the latter being known to lead
to robust estimates. Consider a zero mean Gaussian vector
(X, Y ) with density

ϕρ,σ2(x, y) =
exp

[
− 1

2σ2(1−ρ2)

(
x2 + y2 − 2ρxy

)]
2πσ2

√
1 − ρ2

. (1)

The density of the product XY is given by

fρ,σ2(v) =
∫ +∞

−∞
ϕρ,σ2

(
x,

v

x

) dx

|x|

=
e

ρv

σ2(1−ρ2)

πσ2
√

1 − ρ2
K0

( |v|
σ2(1 − ρ2)

)
where K0(·) is the modified Bessel function of the second
kind [3]. The random variable X2/σ2 follows a standard χ2

distribution. For any distribution function F , the median of F
is defined as

ξF = inf{x : F (x) ≥ 1/2}. (2)

Corresponding to a sample {X1, . . . , Xn} of observations on

F , the sample median ξ̂F is defined as the median of the sam-
ple distribution function. Let Fρ,σ2 , resp. Gσ2 be the distri-

bution function of XY , resp. X2. The ratio τ of medians
satisfies

τ = ξFρ,σ2 /ξGσ2 = ξFρ,1/ξG1 , (3)

where ξG1 � 0.45. An explicit relation between τ and ρ
does not seem to exist. Fig. 1 represents ρ as a function of τ ,
ρ = r(τ), and is obtained numerically.

Consider now a Gaussian stationary time series {Xt} with
variance σ2 and autocorrelation function ρ(·). For each k ∈
N, we define τ̂(k) by

τ̂(k) = ξ̂Fρ(k),σ2 /ξ̂Gσ2 , (4)

where Fρ(k),σ2 , resp. Gσ2 are the monovariate distribution

function of {XtXt−k}, resp. {X2
t }. The sample medians

ξ̂Fρ(k),σ2 and ξ̂Gσ2 are calculated using the single ergodic and

stationary time series {Xt}. Then a robust estimate ρ̂(k) of
ρ(k) is obtained by the relation ρ̂(k) = r(τ̂(k)). Call the
obtained estimator ratio-of-medians-based estimator (RME).
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Fig. 1. Correlation coefficient of X and Y versus the ratio of
medians, τ , given by (3).

2.1. Deriving the influence function of the new estimator

Consider the estimation of φ in the simple case of the first-
order autoregressive model AR(1)

Yt = φYt−1 + εt, εt ∼ N(0, σ2
ε) (5)

Our estimator is φ̂r = ρ̂(1) = r(τ̂(1)). φ̂r,∞, resp. τ̂∞
is the asymptotic value of φ̂r, resp. τ̂ when the length of
the series tends to infinity. The mapping: τ → φ, |φ| <
1 is one to one. robustness means that outliers cause only
small deviations to an estimator. Fig.1 represents a numerical

approximation of r(·). If τ̂∞ is robust then φ̂r,∞ is robust
since r(·) is continuous (Fig.1).

To analyze the infinitesimal effect of outliers, we calculate
the influence function. In the literature, we encountered two
definitions of influence functions for time series. The first
definition was given by Künsch [1] and the second one, which
we use in this work, was introduced by Martin and Yohai [1,
4], who define the influence function by[1, page 302]

IF
(
{F ε

X,Z,W }; λ̂
)

= lim
ε→0

>

1
ε

(
λ̂∞(F ε

Y ) − λ̂∞(FX)
)

=
∂

∂ε
λ̂∞(F ε

Y )|ε→0

λ̂∞(F ) is the asymptotic value of the estimate when the un-
derlying distribution is F ; F ε

X,Z,W is the joint distribution of

the processes {Xt}, {Zε
t } and {Wt}; F ε

Y is the joint distribu-
tion of the process {Y ε

t }; Y ε
t = (1 − Zε

t )Xt + Zε
t Wt ; {Xt}

is a stationary Gaussian process with a joint distribution FX .
Wt is an outlier generating process and {Zε

t } is a 0-1 process
with P(Zε

t = 1) = ε. The time series influence function is a
functional on a probability distribution space.

We choose a contamination model that simplifies the cal-
culation and better represents the actual French daily load
consumption series. We consider the case of replacement iso-
lated outliers where {Wt} is independent of {Xt}. {Xt} fol-
lows a Gaussian process AR(1) with correlation φ and vari-
ance σ2. {Wt} is an iid Gaussian process with variance κ2,
N(0, κ2). One should notice that even if the Gaussian con-
tamination is centered, it causes a bias to a classical estimator.
The estimator of lag-1 autocorrelation coefficient, for exam-

ple, converges to φ̂∞(F ε
Y ) = ρ(1) = E(Y ε

t Y ε
t−1)/E[(Y ε

t )2].
In the previously contaminated case, φ̂∞(F ε

Y ) is equal to

(1 − ε)2φσ2 + 2ε(1 − ε)E(XtWt−1) + ε2E(WtWt−1)
(1 − ε)σ2 + εκ2

The bias of φ̂∞(F ε
Y ) becomes

b = φ − E(Y ε
t Y ε

t−1)
E[(Y ε

t )2]
= φ

ε(κ2 + σ2) − ε2σ2

(1 − ε)σ2 + εκ2

Thus, the centered Gaussian contamination introduces a bias
that depends on κ. The definition of the influence function in
the case of time series is more general than in the case of iid.
In this paper, a Gaussian form of outlier-generating process

{Wt} is chosen. φ̂r,∞ depends only on the joint distribution
F(Y ε

t ,Y ε
t−1)

. The joint density f(Y ε
t ,Y ε

t−1)
(x, y) is

(1 − ε)2ϕ(φ,σ2)(x, y) + ε(1 − ε)ϕκ2(x)ϕσ2(y)

+ ε(1 − ε)ϕσ2(x)ϕκ2(y) + ε2ϕ(0,κ2)(x, y)

where ϕκ2(x) = 1√
2πκ2 exp

(
− x2

2κ2

)
.

First, we evaluate IF
(
{F ε

X,Z,W }; ξ̂Hφ,κ,σ

)
denoted by IF1

evaluated using the monovariate probability distribution func-
tion Hφ,κ,σ of the contaminated product, {Y ε

t Y ε
t−1} with a

probability density function hφ,κ,σ(v)

(1 − ε)2fφ,σ2(v) +
2ε(1 − ε)

πσκ
K0

( |v|
σκ

)
+ ε2f(0,κ2)(v)

The expression of IF1 is derived as

IF1 = σ2
√

1 − φ2

⎡⎢⎢⎣π − 2
∫ ξFφ,1
−∞

σ
κK0

(|v|σκ)
dv

e
φξFφ,1
(1−φ2) K0

( |ξFφ,1 |
1−φ2

)
⎤⎥⎥⎦

η = κ
σ > 0 ⇒ η−1K0

(
η−1|v|) > 0 then

∫ ξFφ,1
−∞ η−1K0

(
η−1|v|) dv

is bounded by
∫ ∞
−∞ η−1K0

(
η−1|v|) dv = π. This means that

the influence function IF1 is bounded for any κ > 0 (η > 0).
η is the ratio of variances.

Next, IF({F ε
X,Z,W }; ξ̂Iσ,κ

) is evaluated and denoted by

IF2, which is expressed as

IF2 = σ2
√

2πξG1

(
erf

(√
ξG1√
2

)
− erf

(√
ξG1√
2

σ

κ

))
e

ξG1
2 ,

where Iσ,κ is the monovariate distribution function of {(Y ε
t )2},

Iσ,κ = (1− ε)Gσ2 + εGκ2 and erf(z) = 2√
π

∫ z

0
exp(−x2)dx.

Finally, it follows that the time series influence function is
given by

IF({F ε
X,Z,W }; φ̂r) = r′(φ)IF

({F ε
X,Z,W }; τ̂)

= r′(φ)

(
IF1

ξGσ2

− ξFφ,σ2 IF2(
ξGσ2

)2

)

It is observed that IF1 and IF2 are bounded for κ > 0, (η >
0). r′(0), ξFφ,σ2 and ξGσ2 do not depend on the contamina-

tion or κ. This implies that IF({F ε
X,Z,W }; φ̂r) is bounded for

κ > 0. For a given value of φ, this influence function is eval-
uated numerically for κ > 0. For φ = 0.5, r′(0.5) � 1.1208,

3322



where r′(·) is the derivative of the r(·) and is computed nu-
merically.

The influence function for the least-squares estimator, which
is a non robust estimator, is given by

IF
(
{F ε

Z,X,W };
∑

YtYt−1/
∑

Y 2
t

)
= −φ

(
1 +

κ2

σ2

)
It is clear that the influence function of this estimator is not
bounded for κ > 0. This is substantiated in Fig.2, which
displays the IF of the classical least squares estimator (solid
line) and that of our RME (dashed line). It is observed that
the former is not bounded while the latter is.
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Fig. 2. Influence curves of
∑

YtYt−1/
∑

Y 2
t (solid line) and

RME φ̂r estimator (dashed line) versus η > 0 for an AR(1) at
φ = 0.5 with the previous Gaussian contamination.

2.2. Maximum bias curves in the case of AR(1)

The maximum bias curves of the RME are calculated follow-
ing the Monte Carlo procedure described in [1, page 305]. For
AR(1), Fig.3 depicts the maximum bias curve of our RME to-
gether with that of another robust estimator, namely the GM
estimator. It is observed from these plots that RME is robust
and has a breakdown point of about 25%, that is, it can handle
up to 25% of outliers among the data samples. While the GM
estimator seems to perform better for small contamination, its
robustness degrades with increasing dimensions, signifying a
decreasing breakdown point with increasing number of pa-
rameters to be estimated, a well-known result in robust statis-
tics literature (i.e. [1]). On the other hand, our RME exhibits
a constant breakdown point regardless of the order of the AR
model.
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Fig. 3. Maximum bias curves of two robust estimators of an
AR(1) , φ=0.5

2.3. Breakdown point of the RME

The breakdown point of 25% observed in simulations can be
explained as follows. Because in our model, a single outlier

yp affects two terms of the product yp−1yp and ypyp+1, the
breakdown point of the RME is half that of the sample me-
dian, yielding BP=1/4.

2.4. Robust estimation of an ARMA using the RME

An ARMA(p, q) model are defined by φp(B)Yt = θq(B)εt,
where {εt} is a sequence of iid Gaussian variables with vari-
ance σ2

ε and φp and θq are two polynomials of order p,q given
by φp(B) = 1 − φ1B − . . . − φpB

p, θq(B) = 1 − θ1B −
. . . − θqB

q , where B is the lag operator defined by BlYt =
Yt−l, l ∈ N.

To improve the efficiency of our method of estimation,
the parameters of an ARMA(p,q) model are estimated via the
following steps:

• Fit a high order AR(p∗) using the RME, where p∗ is
selected by a robust order selection criterion subject to
being larger than the order of the autoregressive part p.

• Detect the outliers by filtering with the high order AR(p∗),
reject them and use a classical maximum likelihood
based estimation method of ARMA models with miss-
ing values [5].

The robust filtering is based on the state representation of an
AR(p∗). The filter used is defined in [1] and based on the ro-
bust filter of Masreliez [6], which is termed the filter cleaner.

This filter adapts the outliers with their expected values
from the other observations and the structure of the model.
While at this stage, we can apply a maximum-likelihood es-
timator on the ’cleaned’ series, we prefer to delete the out-
liers and apply a classical estimator with missing values [5].
An AR(p∗) of high order is described by the following state
space representation

{
Xt = ΦXt−1 + Dεt

yt = GXt
, Φ =

⎛⎝ φ1
...

Ip∗−1

φp∗ 0′p∗−1

⎞⎠ (6)

Here, Φ is the transition matrix, D = (1, 0, . . . , 0)′, G =
(1, 0, . . . , 0), Ik is the k × k identity matrix and 0k the zero

vector in R
k; dim(Φ)=k × k.

2.4.1. Robust filtering for outlier suppression

A filter can be defined as a mapping from R
n to R

k×n: X̂n =
gn(Y n) where X̂n = (X̂1, . . . , X̂n), Y n = (Y1, . . . , Yn),
Y1, . . . , Yn are the observed random variables and X̂1, . . . , X̂n
are the filtered variables.

This filter will be called resistant if gn is bounded and
continuous. The Kalman filter is continuous and thereby ro-
bust against small rounding errors, but it is not bounded and
consequently is not robust against gross errors. The proposed
procedure, which makes use of the robust filter cleaner [1],
consists of the following two steps.
Prediction :
X̂t|t−1 = ΦX̂t−1|t−1; ε̂t = Yt − GΦX̂t−1|t−1

Pt|t−1 = ΦPt−1|t−1Φ′ + σ2
εDD′

Correction :
X̂t|t = X̂t|t−1 + 1

st
Pt|t−1G

′ψ
(

ε̂t

st

)
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Pt|t = Pt|t−1 − 1
s2

t
Pt|t−1G

′w
(

ε̂t

st

)
GPt|t−1

where ψ is a bounded continuous function. A popular choice
consists in a redescending ψ function such as the Hampel or
the bisquare psi function [1], where the weight function is

defined as w(x) = ψ(x)
x and st is a robust estimator of scale

of the residual ε̂t.

3. APPLICATION TO LOAD TIME SERIES
FORECASTING

Forecasting load time series using SARIMA models is ex-
tensively used in the literature [7, 8]. This work is initiated
by RTE, the transmission operator that manages and operates
the French electric power transmission system, which is con-
fronted to the presence of outliers in the French daily electric
consumptions. RTE uses a SARIMA model in its daily fore-
casting. The resulting adjusted series exhibit a trend and sev-
eral major cycles (daily, weekly, seasonal, yearly, etc.). Fig.
(4) illustrates the load demand from Saturday July 2nd, 2005
to Saturday July 23rd, 2005. We notice that there is a break
appearing on July 14th and lasts until July 17th, 2005 (ap-
proximately from observation 600 to 800 on figure (4). July
14th is a public holiday in France. The load time series is first

0 200 400 600 800 1000 1200
3

3.5

4

4.5

5

5.5

6
x 104

Fig. 4. Half-hourly electricity consumption on July 2-
23,2005, France.

corrected from the influence of the weather by using a regres-
sion model where the exploratory variables are the temper-
ature and the nebulosity. Then an ARIMA model is fitted to
the residuals. A seasonal ARIMA model, SARIMA(p, d, q)×
(p1, d1, q1)s1 follow the equation

φp(B)Φp1(B
s1)∇d∇d1

s1
Yt = θq(B)Θq1(B

s1)εt,

where Yt is the electricity demand at time t, s1 is the number
of periods in the different seasonal cycles. B is the lag oper-
ator. ∇ is the difference operator, ∇s1 is the seasonal differ-

ence operator (BlYt = Yt−l,∇ = 1 − B,∇s1 = 1 − Bs1).
φp, Φp1 , θq, Θq1 are polynomials of order p, p1, q, q1. εt is a

Gaussian white noise from N(0, σ2
ε). On the daily series of a

certain time (12:00), s1 is equal to 7 to model the within-week
seasonal cycle. In figure (5), we show the evolution of the

mean absolute percentage error MAPE= 100
h

∑h
t=1

∣∣∣Yt−Ŷt

Yt

∣∣∣, where

h is the length of prediction. The MAPE was calculated for
the classical ARIMA method and the previously defined ap-
proach. The mean absolute percentage error of our robust ap-
proach and the classical approach are denoted by MAPER and
MAPE respectively in figure (5). The forecasting was done on
”normal” days, which is natural since the goal of the method
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Fig. 5. MAPE forecast accuracy versus lead time for the se-
ries at 12:00, 20:00

is to forecast ”normal” days with better precision. We remark
that for all leading times MAPER < MAPE. This means that
the forecasting quality is improved with the new approach for
these two hours of the day.

4. CONCLUSION

In this paper, a new robust RME estimation method for ARMA
models is proposed and its influence function and maximum
bias curve are derived. We compare the performance of our
RME method to that of the classical approach based on max-
imum likelihood estimation in the French daily load forecast-
ing. It is found that our RME method outperforms the cur-
rent methods. Ongoing effort has been concentrating on com-
puting the asymptotic distribution and variance of the sample
median when it is applied to a correlated series. This analysis
will allows us to derive confidence intervals for the autocorre-
lations and possibly for the parameters as well. Furthermore,
a comparison of the RME with the median of slopes estimator,
which has bias-optimality properties [1, Chapter 5], is worth
investigating. Another research work will be to compare the
performance of the RME to that of the τ -estimator and the
MM-estimator in load forecasting.
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