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Abstract—A unified approach to the steady-state mean square
error (MSE) and tracking performance analyses for real and
complex adaptive filtes with error nonlinearities is developed.
Some general closed-form analytical expressions for the steady-
state performances are given. Our analyses are based on Taylor
series expansion and and so-called complex Brandwood-form
series expansion (BSE). Under these general explicit expressions,
some well-known adaptive filters can be viewed as special cases.
In addition, the closed-form analytical expressions for the steady-
state performance for real and complex least-mean p-power
(LMP) algorithm with different choices of parameter p are also
given. A mass of simulations show the accuration of our analyses.

Index Terms—adaptive filters, steady-state analysis, mean-
square error, tracking performance, Taylor series expression.

I. INTRODUCTION

The performance of an adaptive filter is generally measured in
terms of its transient behavior and its steady-state behavior. There
have been numerous works in the literature on the performance of
adaptive filters with many creationary results and approaches [1]-[9].
In most of these literatures, the steady-state performance is often
obtained as a limiting case of the transient behavior. However, most
adaptive filters are inherently nonlinear and time-variant systems.
The nonlinearities in the update equations tend to lead to difficulties
in the study of their steady-state performance as a limiting case of
their transient performance [6]. Using the energy conservation
relation, references [5, 6] rederived the steady-state performance for
a large class of adaptive filters, such as LMS algorithm, LMMN
algorithm, and so on, which bypassed the difficulties encountered in
obtaining steady-state results as the limiting case of a transient
analysis. While it is generally observed that most works for
analyzing the steady-state performance study individual algorithms
separately, the energy conservation approach of [5] allows for a
unified framework that applies to different algorithms.

The main contribution in this article is to use the energy
conservation approach [5] to derive a general expression for the
steady-state performance of adaptive filters with error nonlinearities.
Rather than obtaining a limiting case of the transient behavior, our
analyses are based on Taylor series expansions and so-called
complex Brandwood-form series expansion (BSE). BSE was derived
by G. Yan in [7] under Brandwood’s derivation operators with
respect to the complex-valued variable and its conjugate, and was
used to analyze the MSE for Bussgang algorithm (BA) in noiseless
environments [8].
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II. SYSTEM MODEL

The stochastic gradient approach for adaptive filters with error
nonlinearities can be modeled by [5, 6, 8, 9]

Wi =W, +mu; fle;ef ), Q)
e =d; —w;w,;, )
d; =w;w, +v;, 3)

where g is step-size, w; is row input vector, w, is unknown
column vector that we wish to estimate, d; is scalar-valued noisy
measurement, v; accounts for both measurement noise and modeling
errors, and f (enff) denotes memoryless nonlinearity function
acting upon the error e; and its complex conjugate e; . Different
choices for f (ei,ef ) result in different adaptive algorithms. For
example, Table [ defines f° (e,,ef ) for many well-known special
cases of (1) with error nonlinearities [6].
TABLEI EXAMPLES FOR fle;,e; )

Algorithms f(e efk)
11
LMS e;
LMF 2
leil"e:
LMMN <2
e,—(é' +0 |el-| )
LMP |ei|p—2 e

III. STEADY-STATE PERFORMANCE FOR ADAPTIVE FILTERS
Define so-call a priori estimation error to be e, (i):u[\’Nvi, and
W; =w, —Ww; to be the weight-error vector. Under (2) and (3), the
relation between e; and e, (1) can be expressed as
¢ =eu(i)+v;. )
The steady-state MSE for an adaptive filter can be written as
SMsE = E}m Eleil2 . To get {yr » we use the following two
i—w

assumptions:
A.l: The noise sequence {vi} with zero-mean and variance

0'3 #0 is independent and identically distributed ( i.i.d)
and statistically independent of the regressor sequence {u,«} .
A.2: The a priori estimation error ea(i) with zero-mean is

independent of v; . And for complex-valued cases, it satisfies

the circularity condition, namely, Eeg (i): 0.
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The above assumptions are popular, which are commonly used in
the steady-state performance analyses for most of adaptive
algorithms [5]. Then, the steady-state MSE can be rewritten as

2
CMsE = Oy + & EMSE » (5

where ¢ pyqp is the excess mean square error (EMSE), defined by
. 2
Sepmse = Iim Ele, (1) ©)
1—>0

Observing from (5), we can find that getting § g is equivalent to

getting the MSE.
A.  Nonlinear equations of e, (i )

In order to solve for the steady-state performance analysis for
adaptive algorithms, we first introduce two nonlinear equations of
e, (z) based on the energy conservation relation during an equalizer

update. In a stationary environment, as described in [8, 9], the
nonlinear equations of e, (z) can be written as

E¢(e,e*): ,uE["u"zq(e,e*ﬂ 5 @)

where

(p(e,e*)= ZRC[er(e,e* )l q(e,e* )= |f(e,e* ]2 . ®)
Here, for the ease of reading, the index ‘i’ is omitted at steady state,
that is
ea(i)—>ea,u,-—>u,vl-—>v, e —>e i —

Similarly, in a nonstationary environment, a wildly used first-order
random-walk model is used to get the tracking performance [5, 6].
The model assumes that w, appearing in (3) undergoes random
variations of the form

Wo,ist =Woi+ 4> ©)]
where ¢; denotes some random perturbation.

A.3: The stationary sequence {l} is i.id., zero-mean, with

covariance matrix E{qiq;k }zQ , Which is independent of the
regressor sequences {u i } .
As described in [5, 6], under A.3, we have

E@(e,e*)z /flTr(Q)+ yE["u"zq(e,e* )} (10)

The above equation will be used to get the tracking performances.
Comparing (7) with (10), we see that there are actually minor
differences between mean-square analysis and tracking analysis.

B.  Steady-state performance

At steady-state, since the behavior of e, in the limit is likely to be

less sensitive to the input data when the adaptive filter is long enough,

the following assumption can be used to obtain the steady-state
EMSE for adaptive filters, i.e.,

A4 ||u||2 is independent of e, .

This assumption is referred to as the separation principle in [5].
Under A4, (11) and (14) can be rewritten as

E(p(e,e*)= yTr(Ru )Eq(e,e*), an

and
E(p(e, e’ ): ,Lf' Tr(Q)+ yTr(Ru )Eq(e, e ),
)=Elul”.

(12)
respectively, where Tr(

Lemma 1 1f (o(e,e*) is defined by (8), then
qo(v,v* ): 0, qog (v,v* ): 2Re fe(l)(v,v* )

Here and through out this paper, f(")(a) denotes the ith derivative of

X

the function f (x) with respect to x at the value x=a , and

f)gll (a,b) denotes the ith partial derivative of the function f (x, y)

with respectto x and y at the value (x =a,y= b).
Proof:

Using (8), we get Q(v,v*): 2Re[(e* —v* )f(e,e* )] T 0, and
ke Zomdike|
= 66* [(e - v)* _fe(l)(e, e )+ _f(e, e” )* + (e—v)fe(l)(e, e” )* }
e e=v,e*=y"

= 6(1)(8, e* )+ fe(,l)(e,e

=2Re fe(l)(v,v*)
Lemma 2 1f q(e,e*) is defined by (8), then

q‘(?ze) (V,v*)= |fe(l)(v,v*]2 + |fe(,,l)(v,v*]2 + 2Re[f*(v,v*)fe(’282 (v,v* )}

Proof:
Using (8), we get

qg (v,v* )= de” de

*)* +(e—v)* fe(ze) (e,e*)-#(e—v)fe(!ze), (e,e* )*

x_ x
e=v,e =v

]|
-2l kO]

fe(l)(v’ v ]2 + fe(*l)(v, v*]2 + 2Re[f* (v, v*)fe(,? (v, v* )}

Then, we can use the above two lemmas to get the steady-state
performance for adaptive filters.

Theorem 1 Consider adaptive filters with error nonlinearities of
the form (1)-(3), and suppose the assumptions A.1-A.4 are satisfied.
Then, if the following condition is satisfied, i.c.,

C.1 4> uBTr(R,),

the steady-state EMSE, tracking EMSE (TEMSE) and the optimal
step-size for adaptive filters can be approximated by

_ uCTr(R, )
gEMSE—A7/BTr(R ) (13)
-1
o)+ TR, )
CTEMSE = I BTR,) (14)
_ BTr(Q)T T(0) _ BTr(0)
”"P’_\/{ ac | TomR,) ac (1)
where
AzZReHjl)(v,v*), CZE‘f(v,v*)

s 5 (16a)
el) (v,v*) +E‘f:f) (v,v*)‘ +2ReE[f*(v,v*)jﬁz (v,v*ﬂ

for complex-valued data cases, and

7l v)1 +E[f

for real-valued data cases, respectively.
Proof:
First, we consider the complex-valued cases. The complex BSE

A=26f00), B=E vl ) Cc=Es0) (ob)

with respect to (ea,ef,) around (v,v*) for the function (p(e,e*) can

be written as [8, 9]
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go(e,e*): go(v,v* )+ gogl)(v,v* )ea + (/)S) (v,v* )e;
(

2)(1/, v 2 + Q(Z) (v, v XeZ)Z + 2(02)* (v, v Jea|2 } + O(ea e

. )m)
+E|:¢e,e e*,e‘

where O(ea ,e:;) denotes third and higher-power terms of e, or e .
e

Ignoring O(ea, ;) and taking expectation on both sides of (17), we
et

E(p(e, e’ ): E(p(v, v )+ E(pc(,l)(v, v )ea + E(ps) (v, v )ez

b bk a2lolof]

e e e,e

Under A.l and A2, (i.e. {v, ea} are mutually independent, and
Ee, = Eeﬁ =0) and using lemma 1, we obtain

qu(e,e*):AgEMSE, (19)
where 4 is defined by (16a) and ¢ gy is defined by (6). Similarly,
replacing (p(e,e*) in (18) by q(e,e* ), we have

Eq(e, e ): Eq(v,v* )+ Eq(z)* (V, v )gEMS :

ee

(20)

Substituting (20) into the right-hand side of (11), and using Lemma 2,
we have

ﬂTr(Ru )Eq(e: e )= tUTr(Ru XC + BgEMSE ) > (21)
where B and C are defined by (16a). Then, substituting (19) and (21)
into (11), we have

[4- uBTr(R, ) passe = #CTe(R,,). 22)
Since yCTr(Ru )Z 0 and {pyee 20, if the condition C.1 is
satisfied, i.e., 4 > yBTr(Ru ), we can obtain (13) for complex-valued

cases.
Next, we consider the real-valued cases. Since {u,v,ea,e} are real-

valued data, the equality (11) can be simplified to
. (y2
2E[e, f(e)]= uTr(R,, JE[ f(e) . (23)
The Taylor series expansion for the real estimation error signal f° (e)
with respect to e around v can be written as

£0)=10)+ £k +5 D02 +0le,)

where O(ea) denotes third and higher-power terms of e, .
Substituting (24) into the left-hand side of (23) yields

24

2E[e, f(e)]=2E] (e, + £00)e2 +0(e,)]- (25)
Under A.land A.2, and neglecting EO(ea ) , we have
2Ele, f(e)]= A< puse » (26)

where A is defined by (16b). Similarly, substituting (24) into the
right-hand side of (23) yields

ATr(R,, )Elf(e]Z = 4Tr(R, \C+ B pyse ) 27
where B and C are defined by (16b). Then, substituting (26) and (27)
into (23), we have (22). Then, if the condition C.1 is satisfied, we can
obtain (13) for real-valued cases.
Finally, substituting (19) and (21) into (12) for complex-valued
cases, or substituting (26) and (27) into (12) for real-valued cases, we
have

[4-uBTr(R,, ) rerse = ' Tr(Q)+ uCTr(R,,).
Here, ¢ gyse 1s replaced by ¢rpyge - Since ,u_lTr(Q)>0, we can

obtain (14) if the condition C.1 is satisfied. Differentiating both-hand
sides of (14) with respect to x, and letting it be zero, we get

(28)

0 0 | 1! Tr(0)+ uCTr(R,)
——SrEMSE = —{ =0.(29)
ou wey,  OM| A= uBTr(R,,) v,
Simplifying the above equation, we have
2BT T
AL aigﬁ) =0 (30)
u

Solving the above equality, we can obtain the optimum step-size
expressed by (15). Here, we use the fact g > 0. This ends the proof
of Theorem 1.

Remarks:

1) Substituting (15) into (14) yields the minimum steady-state
TEMSE.

2) In view of the step-size u being very small, the expression (13)
~ (15) can be simplified to

C
Crmse =—HTr(R,),

y (31
It CTr(R
_|_Tr(0)
#npt - CTI‘(Ru) . (33)

Substituting (33) into (32) yields the minimum steady-state TEMSE

Cmin = %\/ CTr(Ru )TI‘(Q) . (34

3) For real-valued cases, the steady-state EMSE expression (31) is
the same as the result (see e.g. Eq. 35) in [4].

IV. STEADY-STATE PERFORMANCE FOR THE SPECIAL CASES OF
ADAPTIVE FILTERS

In this section, based on Theorem 1 and Theorem 2 in Section I,
we will investigate the steady-state performances for the least-mean
p-order norm (LMP) algorithm [11] with different choices of
parameter p and the least-mean mixed norm (LMMN) algorithm,
respectively.
A. LMP algorithm

The estimation error of LMP algorithm can be expressed as [11]

f(e,e*):lelp_ze: (ee* )(piz)/ze (35)
where p >0 is a positive integral. p=2 results in well-known
LMS algorithm, and p =4 results in LMF algorithm.

Substituting (35) into (16a) and (16b), respectively, we get
A=2p-1)7, B=(p-1)2p-3)}"", =&, (36a)
for real-valued cases, and

A=p&l2 B=(p-1P&r ™t c=¢ir2, (36b)

for complex-valued cases, where ka = Elvlk . Then, under Theorem

1, the condition C.1 becomes
HTr(R, )&V <y,

where y = 2/(2p 73) for real-valued cases, and y = p/(p —1)2 for

(37

complex-valued cases, and the steady-state performance for LMP
algorithm can be obtained. Here, we only give the expression for
EMSE,

TR, )52

2p-1)e87 —(p-1)2p—-3ure(R,, 272
ATr(R, 5772

v

pel —(p-1) ure(R, )22

real

CEMSE = - (38)

complex
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For LMS algorithm and LMF algorithm, substituting p = 2,4 into

(38), yields the same steady-state performance results (see e.g.
Lemma 6.5.1 and Lemma 6.8.1) in [5].
B. LMMN algorithm

The estimation error of LMMN algorithm is [1, 5]

f(e,e*):e(é'Jrglelzj,

where 0<5<1 and 6 =1-6 . Substituting (39) into (16a) and
(16b), respectively, we have

A=2{5+k522)

(39

B=5%+k 6682 +ky8 £ (40)
C=6%2+206E4 +5%&8
where ko =3,k =12,k =15 for real-valued cases

ko =2,ky =8,k, =9 for complex-valued cases. Then, substituting
A=2b",C=a,B=c or A=2b,C=a,B=c into (13) - (15)
yields the steady-state performance for complex and real LMMN

algorithm, which coincides with the results (see e.g. Lemma 6.8.1
and Lemma 7.8.1) in [5].

V. SIMULATION RESULTS

In previous section, some well-known real and complex adaptive
algorithms, such as LMS algorithm, LMF algorithm and LMMN
algorithm, have shown the accuracy of the corresponding analysis
results. In this section, we only give the computer simulation for the
steady-state performance of real LMP algorithm with p =3, which
has not been involved in the previous literatures. In all the cases, an
11-tap LMP filter with tap-centered initialization is used. The
variance of Gaussian noise is set 63 =0.001, and the regressors

{u,—} are generated by feeding correlated data into a tapped delay
u(i+l):au(i)+\jlfa2s(i)

u, =[u(i),u(i-1),u(i-L+1)] , and s; is a unit-variance i.i.d.

time, ie., ,where

Gaussian random process. Here, we set @ =0.8.
For the different choices of step-size, Fig.1 compares the simulated
and theoretical MSE results and Fig.2 compares the simulated and

theoretical TMSE results with o, =2e—5, where Qzagl . From

these two figures, we can see that the simulated and theoretical
results are matched reasonable well. In addition, Observing from the
tracking figure (Fig. 2), we can find that these minimum value is in
good agreement with the corresponding theoretical values, which
i8 f1yp; = 0.0058 .
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Fig. 1. Theoretical and simulated MSE curves
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Fig. 2. Theoretical and simulated tracking MSE curves.

VI. CONCLUSIONS

This paper develops a unified approach for the steady-state
performance analyses of adaptive filters with error nonlinearities
based on Taylor series expansion and complex Brandwood-form
series expansion. Some general closed-form analytical expressions
for the steady-state performances are derived. Under these
expressions, the proposed results for some well-known adaptive
filters are the same as the results summarized by A. H. Sayed in [5].
In addition, the closed-form analytical expressions for the steady-
state performance for real and complex LMP algorithm with different
parameter p choices are also derived. Computational simulations
show the accuration of our analyses.

REFERENCES

[11 O. Tanrikulu and J. A. Chambers, “Convergence and steady-state
properties of the least-mean mixed-norm (LMMN) adaptive algorithm,”
IEE Proceedings- Vision, Image Signal Processing, vol. 143, pp137-142,
1996.

[2] E. Eweda, “Comparison of RLS, LMS, and sign algorithms for tracking
randomly time-varying channels,” [EEE Trans. Signal Processing,
vol.42, pp.2937-2944, Nov., 1994.

[3] T. Y. Al-Naffouri and A. H. Sayed, “Transient analysis of adaptive
filters with error nonlinearities,” IEEE Trans. Signal Processing, vol. 51,
pp. 653-663, Mar., 2003.

[4] S.C.Douglas and T. H.-Y. Meng, “Stochastic gradient adaptation under
general error criteria,” [EEE Trans. Signal Processing. vol.42, pp.1335-
1351, Jun., 1994.

[51 A.H. Sayed, Fundamentals of adaptive filtering, New York:Wiley, 2003.

[6] N.R. Yousef and A. H. Sayed, “A unified approach to the steady-state
and tracking analyses of adaptive filters”, [EEE Trans. Signal
Processing, vol. 49, pp. 314-324, Feb., 2001.

[71 G. Yan and H. Fan, “A Newton-like algorithm for complex variables
with applications in blind equalization,” IEEE Trans. Signal Processing,
vol. 48, pp. 553-556, Feb., 2000.

[8] B. Lin, R. He, X. Wang and B. Wang, “The excess mean square error
analyses for Bussgang algorithm,” /EEE Signal Processing Letters, vol.
15, pp. 793-796, 2008.

[9] B. Lin, R. He, X. Wang and B. Wang, “The steady-state mean square
error analysis for least mean p-order algorithm,” IEEE Signal Processing
Letter (Accepted for publication).

[10] D. H. Brandwood, “A complex gradient operator and its application in
adaptive array theory,” Proc. Inst. Elect. Eng. F, H, vol. 130, pp. 11-16,
Feb., 1983.

[11] S. C. Pei, and C. C. Tseng, “Least mean p-power error criterion for
adaptive FIR filter,” I[EEE Journal on Selected Areas in
Communications, vol. 12, pp. 1540-1547, Dec. 1994.

3096



