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ABSTRACT
We present an algorithm that minimizes asymptotically a sequence
of non-negative convex functions over diffusion networks. To ac-
count for possible node failures, position changes, and/or reachabil-
ity problems (because of moving obstacles, jammers, etc), the algo-
rithm can cope with dynamic networks and cost functions, a desir-
able feature for online algorithms where information arrives sequen-
tially. Many projection-based algorithms can be straightforwardly
extended to diffusion networks with the proposed scheme. We use
the acoustic source localization problem in sensor networks as an
example of a possible application.

Index Terms— optimization methods, distributed algorithms,
distributed tracking, position measurement

1. INTRODUCTION

Networks consisting of nodes collecting data over a geographic area
are envisioned to make a dramatic impact on a number of appli-
cations such as, among others, precision agriculture, disaster relief
management, radar, and acoustic source localization [1–3]. In these
applications, each node has some computational power and is able
to send data to a subset of the network nodes. The objective is to im-
prove the estimate of some parameter of interest in every node with
this exchange of information [2]. The interaction between the nodes
is dictated by network topology and the allowed modes of cooper-
ation. Depending on the mode of cooperation, the network can be
classified as an incremental network or a diffusion network.

The incremental mode of cooperation requires the minimum
amount of power and is easy to implement in a network with a fairly
small number of nodes. However, with the recent advances of wire-
less communications and electronics, future applications envision
nodes densely deployed [1], and diffusion networks are more appro-
priate in such cases [4]. In addition, diffusion networks can easily
deal with node failures, changing topologies, and/or communication
problems between the nodes. Therefore, in this study we focus on
diffusion networks.

Many existing diffusion algorithms have been devised for a class
of problems similar to that of system identification [4], or they have
been devised to minimize fixed (convex) cost functions [5]. Here, we
consider an algorithm that can be applied to more general problems
where both the cost function and/or the network topology is time
varying. The algorithm builds on the adaptive projected subgradient
method [6], an extension of Polyak’s algorithm to the case where
the cost function is time varying. The acoustic source localization in
diffusion networks is given as an example of a possible application.

2. BASIC TOOLS IN CONVEX ANALYSIS

For every vector v ∈ R
N , we define the norm of v by ‖v‖ :=√

vT v, which is the norm induced by the Euclidean inner product
〈v, y〉 := vT y for every v, y ∈ R

N . For a matrixX ∈ R
M×N , its

spectral norm is ‖X‖2 := max{√λ| λ is an eigenvalue ofXT X},
which satisfies ‖Xy‖ ≤ ‖X‖2‖y‖ for any vector y ∈ R

N .
A setC ⊆ R

N is said to be convex if v = αv1+(1−α)v2 ∈ C
for every v1, v2 ∈ C and 0 ≤ α ≤ 1 [6]. Let C ⊆ R

N be a
nonempty closed convex set. The metric projection PC : R

N → C
assigns v ∈ R

N to its (uniquely existing) nearest point in C and
satisfies ‖v − PC(v)‖ = miny∈C ‖v − y‖ =: d(v, C).

A function Θ : R
N → R is said to be convex if ∀x, y ∈ R

N

and ∀ν ∈ [0, 1], Θ(νx + (1 − ν)y) ≤ νΘ(x) + (1 − ν)Θ(y) [6].
Let Θ be a convex function. The subdifferential of Θ at y is the set
of all subgradients of Θ at y [6]:

∂Θ(y) := {a ∈ R
N |Θ(y) + 〈x − y, a〉 ≤ Θ(x),∀x ∈ R

N}
�= ∅. (1)

3. PROPOSED ALGORITHM

3.1. Problem formulation

Consider a network with node set N := {1, . . . , N}. At time i,
the (dynamic) directed graph of the network is given by G[i] :=
(N , E [i]), where E [i] ⊆ N ×N is the edge set (see also [5, 7]). If
node k can send data to node l (at time i), we define the directed
link by (k, l) ∈ E [i]. (We also assume that node k is linked to itself,
hence (k, k) ∈ E [i].) The set of inward neighbors of node k is
Nk[i] = {l ∈ N| (l, k) ∈ E [i]}.

Let Θk[i] : R
M → [0,∞) (∀i ∈ N) be a sequence of convex

cost functions known by the kth node (k ∈ N ). In addition, assume
that (at time i) node k has an estimate hk[i] ∈ R

M of a minimizer of
Θk[i]. The time-varying function Θk[i] is the local cost function for
node k, and we define the target cost function Θ[i] : R

M → [0,∞)
as the sum of the N time-varying local cost functions, i.e.,

Θ[i](h) =
X

k∈N

Θk[i](h), (2)

Note that, unlike most studies, here both the network topology
and the cost function are allowed to change at each iteration.
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Hereafter we assume that Ω[i] :=
T

k∈N Ωk[i] �= ∅, where

Ωk[i] :=

j

h ∈ R
M | Θk[i](h) = Θ�

k[i] := inf
h∈RM

Θk[i](h)

ff

(k ∈ N ). (3)

Therefore, any h�[i] ∈ Ω[i] is a minimizer of (2). The objective
of the proposed algorithm is to minimize (asymptotically) the target
cost function in (2) in every node. In addition, the nodes should
reach consensus, i.e., hk[i] = hl[i] (k, l ∈ N ). Note that each node
has only partial knowledge of Θ[i] and can only communicate with
its neighbors.

3.2. Diffusion adaptive projected subgradient method

Before presenting an algorithm that solves asymptotically the prob-
lem described in Sect. 3.1, we define and give some properties of
consensus matrices, which play an important role in the convergence
analysis of the algorithm.

Definition 1 A matrix P ∈ R
MN×MN is a consensus matrix for

the problem in Sect. 3.1 if P satisfies the following:

i) P x = x and P T x = x for every vector x ∈ C :=
{[aT . . . aT ]T ∈ R

MN | a ∈ R
M};

ii) TheM largest singular values of P are equal to one and the
remaining MN − M singular values are strictly less than
one.

Definition 2 We say that a matrix is compatible with the graph
G = (N , E) if ψ[i + 1] = P ψ[i] can be equivalently com-
puted as hk[i + 1] =

P

l∈Nk
αk,lhl[i] for every k ∈ N , where

ψ[i] := [h1[i]
T . . . hN [i]T ]T and αk,l ∈ R is the weight associated

with the edge (l, k). In other words, if the product P ψ[i] can be
computed with the local communication allowed by the network
topology, then P is compatible with the graph of the network.

Lemma 1 (Selected properties of consensus matrices)
Let P ∈ R

MN×MN be a consensus matrix, ek ∈ R
M

be the vector of zeros, except for its kth entry, which is set to
one, and C be the subspace C := span{b1, . . . , bM}, where
bk = (1N ⊗ ek)/

√
N ∈ R

MN , 1N ∈ R
N is the vector of

ones, and ⊗ denotes the Kronecker product. At time i, define
ψ[i] := [h1[i]

T . . . . . . hN [i]T ]T ∈ R
MN . We have the following

properties:

1. Any consensus matrix P can be decomposed into P =
BBT +X , whereB := [b1 . . . bM ] ∈ R

MN×M andX ∈
R

MN×MN is a matrix satisfying i)XBBT = BBT X = 0

and ii) ‖X‖2 < 1. (Note thatBT B = IM by construction.)

2. The nodes of the network are in agreement at time i (i.e,
h1[i] = . . . = hN [i] or, equivalently, ψ[i] ∈ C ) if and
only if (IMN − BBT )ψ[i] = 0.

Because of the space limitation, we omit the proofs of the pre-
vious lemma and the following theorem, which shows the algorithm
that can solve asymptotically the problem in Sect. 3.1 (see [8] for
details).

Theorem 1 (Adaptive projected subgradient method for diffusion
networks)
Consider a network with N nodes and dynamic graph given by
G[i] := (N , E [i]). Let P [i] ∈ R

MN×MN (i = 0, 1, . . .) be a
sequence of matrices satisfying ‖P [i]‖2 = 1 and P [i]x = x for

every x ∈ C := span{b1, . . . , bM}, where bk is as defined in
Lemma 1 (NOTE: P [i] is not necessarily a consensus matrix). In
addition, letΘ[i] : R

M → [0,∞) (∀i ∈ N) be defined asΘ[i](h) =
P

k∈N Θk[i](h) (h ∈ R
M ), where Θk[i] : R

M → [0,∞) (k ∈ N )
is a sequence of convex functions available to the kth node of the
network. For Ωk[i] �= ∅ (see the definition in (3)), we define a
sequence given by

ψ[i + 1] = P [i]

0

B

@

ψ[i] −

2

6

4

μ1[i]α1[i]Θ
′
1[i](h1[i])
...

μN [i]αN [i]Θ′
N [i](hN [i])

3

7

5

1

C

A

,

(4)

where αk[i] = (Θk[i](hk[i]) − Θ�
k[i])/(‖Θ′

k[i](hk[i])‖2 + δk[i]),
μk[i] ∈ [0, 2], Θ′

k[i](hk[i]) ∈ ∂Θk[i](hk[i]) (see (1)), Θ�
k[i] :=

infh∈RM Θk[i](h) (k ∈ N ), δk[i] > 0 is an arbitrarily small
(bounded) number, ψ[i] := [h1[i]

T . . . . . . hN [i]T ]T , and hk[i]
is the estimate of h�

k[i] ∈ Ωk[i] in the kth node. Then we have the
following properties:
(a) (Monotone approximation)

Suppose that Ω[i] :=
T

k∈N Ωk[i] �= ∅. In addition, let
μk[i] ∈ (0, 2) for at least one node such that hk[i] /∈ Ωk[i]
(k ∈ N ). The iteration in (4) with μl[i] ∈ [0, 2] (l �= k)
satisfies

‖ψ[i + 1] − ψ
�[i]‖ < ‖ψ[i] − ψ

�[i]‖
for every ψ�[i] ∈ C�[i] := {ψ = [hT hT . . . hT ]T ∈
R

MN | h ∈ Ω[i]}.
(b) (Asymptotic optimality) Suppose that

∃K0 ∈ N s.t.

(

Θ�
k[i] =: Θ�

k ∈ R, ∀i ≥ K0 and

Ω :=
T

i≥K0
Ω[i] �= ∅

and that Θ′
k[i](hk[i]) is bounded (k ∈ N , i = 0, 1, . . .). If

we use μk[i] ∈ [ε1, 2 − ε2] ⊂ (0, 2), then

lim
i→∞

X

k∈N

Θk[i](hk[i]) = Θ�. (5)

where Θ� =
P

k∈N Θk[i](h�) for every h� ∈ Ω and i ≥
K0.

(c) (Convergence to consensus) In addition to the assumptions in
item (b) above, let P [i] be a possibly time-varying consensus
matrix compatible with the graph of the network at time i. We
can always decomposeP [i] intoP [i] = BBT +X [i], where
the matrices B and X [i] and their properties are described
in Lemma 1. If ‖X [i]‖2 ≤ 1 − ε3 for some ε3 > 0 (i =
0, 1, 2, . . .), then

lim
i→∞

[(IMN − BB
T )ψ[i]] = 0, (6)

i.e., consensus (h1[i] = . . . = hN [i]) is asymptotically
achieved.

4. APPLICATION AND SIMULATION RESULTS

4.1. Acoustic sensor localization as the intersection of closed
convex sets [3]

Consider a sensor network with node set N , where the sensors are
distributed at known spatial locations denoted by rk ∈ R

2 (exten-
sion to R

3 is straightforward), k ∈ N . If there exists an acoustic
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source located at the unknown position h� ∈ R
2, a model for the

estimated signal strength at node k is

yk =
A

‖rk − h�‖2
+ vk ∈ R, (7)

where A is the energy of the acoustic signal and vk is a zero-mean
white Gaussian noise with variance σ2

vk
(see [3] and the references

therein for the validity and a detailed description of this model).
Ignoring the presence of noise for the moment, the source loca-

tion h� is on the intersection of disks given by

Dk =

j

h ∈ R
2| ‖h − rk‖ ≤

r

A

yk

ff

(k ∈ N ). (8)

Therefore, a reasonable estimate of h� is

eh
� ∈ D =

\

k∈N

Dk, (9)

which can be found with an incremental distributed version of the
projection onto convex sets (POCS) algorithm [3].

For the consistency of the estimate eh
�
, the source location h�

should lie in the convex hull defined by the position of the nodes [3],
i.e.,

h
� ∈ H :=

(

h ∈ R
2| h =

X

k∈N

βkrk, βk ≥ 0,
X

k∈N

βk = 1

)

For brevity, here we assume that the source power A is known, but
the case of unknown A can also be posed as finding a point in the
intersection of closed convex sets [3, Sect. IV].

4.2. Proposed algorithm for acoustic source localization

Consider a network with graph given by G = (N , E) (for brevity,
hereafter the graph is fixed). In diffusion networks, nodes can share
data with their neighbors, so we assume that node k knows the posi-
tion rl and estimates yl of its inward neighbors, nodes l ∈ Nk (rl

and yl need to be sent only once).
Taking into account the model in (7), we see that the radius of

the disk Dk decreases if vk > 0, thus h� /∈ Dk. To increase the
probability that the source location h� lies in every disk, we propose
possibly time-varying sets given by

Ck[i] :=

8

>

>

<

>

>

:

j

h ∈ R
2| ‖h − rk‖ ≤

r

A

yk − ek[i]

ff

if yk − ek[i] > 0

R
2 otherwise,

(10)

where ek[i] > 0 is an inflation parameter for the radius of Ck[i].
To devise a fast algorithm, we use the (possibly time-varying)

local cost function given by (see also [6, Example 2])

Θk[i](h) :=
X

l∈Nk

ωl,kd2(h, Cl[i]), (k ∈ N ) (11)

where ωl,k is the weight that node k assigns to the disk of its
neighbor l ∈ Nk. The weights should be non-negative and satisfy
P

l∈Nk
ωl,k = 1 for every k ∈ N . Assuming that ∩k∈NCk[i] �= ∅

(NOTE: this assumption does not necessarily hold in Sect. 4.3),
bh

� ∈ T

k∈Nk
Ck[i] is a minimizer of every local cost functionΘk[i]

(k ∈ N ), hence bh
�
is also a minimizer of the global cost function,

i.e., Θ[i](bh
�
) =

P

k∈N Θk[i](bh
�
) = 0. Therefore, as in [3], the

objective is to find a point in the intersection of closed convex sets,
but here the sets are possibly time varying and the network under
consideration is a diffusion network. When noise is present, giving
larger weights to disks that are likely to have higher signal-to-noise
ratio (SNR) is reasonable, so we use ωl,k = yk/

P

l∈Nk
yl.

Applying the algorithm in Theorem 1 to Θ[i], we arrive at:

Algorithm 1
For time i = 0, 1, . . .

for k=1:N
Choose δk[i] arbitrarily small and μk[i] within the range

μk[i] ∈ (0,Mk[i]), where

Mk[i] =

8

>

>

>

>

<

>

>

>

>

:

1, if hk[i] ∈ T

l∈Nk
Cl[i]

P

l∈Nk
ωl,k‖PCl[i](hk[i]) − hk[i]‖2

‚

‚

‚

P

l∈Nk
ωl,kPCl[i](hk[i]) − hk[i]

‚

‚

‚

2

+ δk[i]
,

otherwise.

h′
k[i] = hk[i] + μk[i]

“

P

l∈Nk
ωl,kPCk [i](hk[i]) − hk[i]

”

end
2

6

4

h1[i + 1]
...

hN [i + 1]

3

7

5

= P [i]

2

6

4

h′
1[i]
...

h′
N [i]

3

7

5

where P [i] is a consensus matrix compatible with the graph of the
network at time i.

Remark 1 If yk − ek[i] > 0, the projection of h onto Ck[i] is given
by

PCk [i](h) =

(

h if h ∈ Ck[i]

rk +
ε

‖h − rk‖ (h − rk) otherwise,

where ε =
p

A/(yk − ek[i]). If Ck[i] = R
2, then PCk[i](h) = h.

4.3. Numerical simulations

We consider a sensor network with 5000 nodes randomly distributed
in a 100m× 100m field. A measure of the acoustic source energy is
generated following the model in (7), where A = 100 and σ2

vk
= 1.

The source is located at h� = [50 50]T , and, at each realization, only
nodes with yk ≥ 5 participate in the estimation task. These settings
are similar to those in [3]. For brevity, the network is static and the
graph is undirected (at each realization). The weight αk,l (= αl,k)
of the edge (k, l) ((l, k)) is the Metropolis-Hastings weight [4]

αk,l =

8

>

<

>

:

1/(max(gk, gl)) if k �= l and l ∈ Nk

1 − P

l∈Nk\{k} αk,l if k = l

0 otherwise,

where gk = |Nk| is the degree for node k. Hereafter, all diffusion
algorithms based on Theorem 1 use the consensus matrix P [i] =
A ⊗ I2 ∈ R

2N×2N (i = 0, 1, . . .), where the component of the kth
row and lth column ofA is given by αk,l.

The ultimate goal of every algorithm in this section is to find
the source location h�. Therefore, to compare different algorithms,
we use the (average) mean square error (MSE) and the (average)
mean square distance to consensus (MSDC) (a measure of how far
the network is from achieving consensus), which we define as

MSE[i] = E[(1/N)‖ψ[i] − 1N ⊗ h
�‖2]

MSDC[i] = E[(1/N)‖(I2N − BB
T )ψ[i]‖2],
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whereB is as defined in Lemma 1 andψ[i] = [h1[i]
T . . . hN [i]T ]T .

In the following, ensemble average curves are obtained from the av-
erage of 20,000 realizations.

We evaluate the performance of two versions of Algorithm 1:
Proposed-1 (ek[i] = 0 and μk[i] = 0.2) and Proposed-2 (ek[i] =
i/10 and μk[i] = 0.99). The main idea of Proposed-2 is to expand
slightly the sets at each iteration, and, from the moment the inter-
section of all sets is not empty, the estimates of all nodes should
rapidly converge to a point in the intersection (and remain in this
point, which is expected to be close to h�). The nodes are linked as
follows. First, we randomly assign consecutive integer numbers to
each node, and then we link each node to its 10 closest neighbors.
To guarantee that the graph is connected, we also link nodes with
consecutive numbers (the last node is linked to the first node).

For comparison purposes, we also plot the results obtained with
the incremental POCS algorithm in [3]. The relaxation parameter
in [3, Eq. (10)] is set to one in the first 30 iterations, and then it
decreases to 1/i. The order of the sensors in the cycle is selected
randomly. Note that Algorithm 1 is not a direct competitor of that in
[3]. Here the objective is to develop an algorithm (for networks with
densely deployed sensors) robust to link failures, and the estimates
of all nodes should converge rapidly to a vicinity of h� (hence we
use diffusion networks). On the other hand, the idea of the method
in [3] is to develop an algorithm with very low communication cost,
where an estimate of a node (not necessarily all at the same time)
should converge rapidly to a vicinity of h� (incremental networks
are usually more appropriate for such cases). For all algorithms, the
initial estimates are set to hk[0] = rk (k ∈ N ). Simulation results
are shown in Fig. 1(a)-(b).

Compared to Proposed-1, Proposed-2 is faster because of the
larger step size μk[i] and it also better estimate h� because the sets
are inflated at each iteration, increasing the probability that h� ∈
T

k∈Nk
Ck[i]. For Proposed-2,

T

k∈Nk
Ck[i] �= ∅ for i ≥ K0 (K0

is a positive integer) is guaranteed, so Theorem 1(c) shows that con-
sensus is achieved asymptotically, a fact that can be seen in Fig.
1(b). Proposed-1 does not achieve consensus because the conditions
of Theorem 1(b) are not necessarily satisfied due to the presence of
noise. However, Proposed-1 shows that, even if the assumptions in
Sect. 4.2 do not hold, the algorithm can provide good estimates of
the source location in every node with few iterations. The incremen-
tal POCS algorithm is the slowest algorithm because only one node
is updated at each iteration. Therefore, at least one cycle is neces-
sary to update all nodes with a good estimate of the source location,
which is a characteristic of algorithms for incremental networks.

5. FINAL REMARKS

We have developed an iterative distributed algorithm for the asymp-
totic minimization of a sequence of convex cost functions. We used
the source localization problem over diffusion networks as an ex-
ample of an application. Numerical simulations showed that, with
few iterations, every node provides a good estimate of the source lo-
cation. The proposed algorithm in its most general form (Theorem
1) can deal with dynamic networks and different cost functions, so
we expect that its application to the source localization problem can
give better results if we devise more efficient diffusion protocols,
sets, etc. Finally, in the future we envision many other applications
that can be addressed with the scheme in Theorem 1.
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