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ABSTRACT
Scalable joint decoding of correlated observations transmit-
ted using distributed quantization in a sensor-network is con-
sidered. In particular, quantized observations are modeled
as a Markov-random filed (MRF), from which we construct
a factor-graph for implementing the decoder using the well
known sum-product algorithm. An attractive property of this
approach is that the decoder complexity can be controlled by
the choice of the clique structure used to define the Gibbs dis-
tribution of the MRF model. The experimental results ob-
tained with a widely used correlated Gaussian observation
model is presented, which demonstrate that substantial per-
formance gains can be achieved by joint decoding based on
simple clique structures and potential functions.

Index Terms— Distributed quantization,Markov-random
fields, factor-graphs, sum-product algorithm

1. INTRODUCTION

Due to the recent advances in wireless sensor networks
(WSNs), distributed source coding (DSC) and related issues
are being widely investigated [1]. Since the observations pro-
duced by a dense sensor network tend to be highly correlated,
DSC used at individual sensors can exploit this correlation
to reduce the wireless transmission-bandwidth requirements.
However, the computational complexity of the underlying
optimal joint decoder grows exponentially with the network
size. One can hope for near-optimal, but tractable decoding
(complexity linear in network size), if the complex global
decoder function can be successfully decomposed into a large
number of simpler (local) functions. A particularly effective
approach along these lines [2] is to use a factor graph to
represent (perhaps approximately) the prior joint distribu-
tion of the quantized sensor outputs and then to apply the
sum-product (SP) algorithm to compute the posterior joint
distribution. In [2], the sensor observations are assumed to
be Gaussian, and a factorized approximation to the prior joint
distributionwas obtained byminimizing the Kullback-Leibler
distance (KLD). In [3] a more general approach (not requir-
ing the Gaussian assumption) is presented wherein a Bayesian
network learning is used to factorize the joint distribution.
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However, the aforementioned approaches do not explic-
itly use local dependencies very likely present in a sensor
field, which can be used to greatly simplify the design of the
joint decoder. The design procedures in [2, 3] involve search
algorithms for optimization and the resulting factorization of
the prior joint distribution lacks any structure. In contrast,
this paper propose a simplified approach to designing a struc-
tured joint decoder based on Markov random filed (MRF)
modelling of sensed observations. MRFs [4, 5, 6] are multi-
dimensional generalizations of one-dimensional Markov pro-
cesses widely used for modeling signals. We make use of the
equivalence between an MRF and the Gibbs distribution [4],
which allows the complete specification of the global proba-
bility distribution in terms of local conditional distributions.
The Gibbs distribution can be used to directly represent the
underlying joint decoder in desired factor graph form, and the
complexity of the SP algorithm can be controlled by restrict-
ing the size of the cliques [4] taken into account.
The experimental results presented here reveal that joint

decoders based on simple neighborhood structures and pair-
cliques (pairwise interaction models) can yield substantial
performance gains compared to independent decoders oper-
ating on individual sensors, as well as simpler joint decoders
which operate on small clusters of sensors. It is worth rec-
ognizing that the proposed approach not only simplifies the
design process, but also offers a flexible design compared
to unstructured decoders considered in [2, 3]. For example,
the addition or deletion of new nodes only require small lo-
calized changes to the decoder structure, and not a complete
re-design as would be required by approaches in [2, 3] .

2. PROBLEM STATEMENT AND PREVIOUSWORK

In Fig. 1, the random vectorX = (X1, . . . , XK)T represents
a set of correlated random variables observed by a field of spa-
tially distributed sensors. Each sensor quantizes its observa-
tion, performs binning [1], and transmits the outcome over an
independent channel to a central decoder which jointly forms
the reconstruction values X̂1, . . . , X̂K , based on the outputs
received from all the sensors. We assume that the channels are
discrete and memoryless. The binning, which is essentially
an integer-to-integer mapping, is used to reduce the transmis-
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Fig. 1. The sensor network model considered in this paper.

sion bit rate of each sensor, by exploiting a priori known sta-
tistical dependencies among the sensors. Let the quantizer
output, the transmitted index, and the channel output for the
k-th sensor be Ik ∈ {1, . . . , 2RQk}, Uk ∈ {1, . . . , 2RTk}, and
Ûk ∈ {1, . . . , 2RTk} respectively, where RQk is the quan-
tization rate and RTk(≤ RQk) is the transmission rate in
bits/sample, k = 1, . . . , K . For simplicity, we use the nota-
tion I = (I1, . . . , IK)T and Û = (Û1, . . . , ÛK)T . As usual,
we use the mean square error (MSE) as the distortion mea-
sure, and hence the optimal joint decoder minimizes for each
k, E[Xk − X̂k(Û)]2. Then, it follows that the optimal source
reconstructions are given by

X̂∗
k (û) =

2RQk∑

i=1

E{Xk|Ik = i}P
(
Ik = i|û

)
, (1)

k = 1, . . . , K , where û is the observed channel output vector.
By defining

φk(i, û) =
∑

I:Ik=i

P (û|I)P (I), (2)

we have P
(
Ik = i|û

)
= φk(i, û)/

∑
j φk(j, û). The diffi-

culty in evaluating this expression lies with the marginaliza-
tion in (2) which has a computational complexity exponential
in the number of sensors K . In order to address this issue,
[2] considered factorization of the joint pmf P (I) into factors
which only involve only a small number of variables in each.
Then, it is possible to compute (2) with a complexity that is
linear in K, using a factor graph and the SP algorithm. More
specifically, suppose that

P (I) =

L∏

l=1

P (al|bl), (3)

where al,bl ⊂ I such that al ∩ am = ∅ and ∪L
l=1al = I.

The chain rule expansion is one example, but without any
assumptions about the conditional dependencies, the size of
the set bl in some of the factors can be quite large. The
complexity of the SP algorithm is exponential in the num-
ber variables (degree) in each factor P (al|bl) [represented
by a factor node in the factor graph]. In order to force the
complexity to grow linearly with K , [2] proposes to find a
close approximation P̃ (I) in which each factor involves only

a fixed number of variables, so that the maximum degree
dmax = max1≤l≤L{|al| + |bl|} of factor nodes in the fac-
tor graph is constrained. In [2], a search algorithm is used to
find a factorization with a desired dmax value.

3. MRF MODELING OF SENSOR OUTPUTS

For a thorough treatment of MRFs, see for example [4, 5].
We define an MRF with reference to an undirected graph
G = (V , E) where V is the set of vertexes (nodes) and E
is the set of edges. Let each node in V represent a discrete
random variable in I. Two variables Ik and Il are neigh-
bours if there is an edge between the two corresponding
nodes. Denote the set of neighbours of Ik by Nk and let
I
′
k = (I1, . . . , Ik−1, Ik+1, . . . , IK). Then I is an MRF if

P (Ik|I
′
k) = P (Ik|Nk). (4)

This is clearly a good model for a dense sensor network
wherein the output of a given sensor node is strongly de-
pendent on a few other closely located sensors. As will be
seen, MRF model allows us to exploit typical local depen-
dencies in a sensor field to factorize the joint pmf P (I) into
simple factors, and thereby efficiently compute the posterior
probabilities in (2) using the SP algorithm.
For simplicity, first consider a network of 9 sensors placed

on a 3 × 3 grid, where the variables are labelled I1, . . . , I9

based on a left-right, top-bottom scan. Suppose, the neighbor-
hood of a sensor node is assumed to be the closest horizontal
and vertical (4-connected or 4-c) neighbors . Then, using (4)
together with the chain rule expansion, we immediately have

P (I) =

K∏

k=1

P (Ik|Il ∈ Nk : l > k), (5)

as required in (3). The factor graph for this example is shown
in Fig 2 (a). Note that, with 4-c neighbourhood, dmax =
3. Clearly, improved performance of the decoder can be ex-
pected, if the size of the neighborhood is expanded. In our
example, we may include the diagonal neighbors as well (8-
connected or 8-c neighborhood). However, this will also in-
crease dmax to 5, which substantially increases the computa-
tional complexity of the SP algorithm. In general, the chain
rule expansion has the undesirable property that dmax de-
pends on the size of the neighborhood. An alternative factor-
ization in which dmax is independent of the neighborhood size
is obtained by considering the equivalence between a MRF
and the Gibbs distribution [4].
Given that I is a MRF with respect to some neighborhood

structure, it has a Gibbs distribution given by [4] P (I = i) =
1
Z e−U(i)/T , where U(i) is the energy function, T is the tem-
perature, andZ is the normalizing constant. The energy func-
tion has the form U(I) =

∑
c Vc(Ic), where Vc(Ic) is the po-

tential of the clique c containing the set of variables Ic ⊂ I. A
clique is a subset of nodes in the graph, in which all elements
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Fig. 2. Factor graph representations of an MRF with a 4-connected
neighborhood structure: (a) chain-rule, (b) Gibbs distribution based
on pair-cliques, where vkl = e

−Vkl(Ik,Il)/T .

are neighbors of each other. The above sum is taken over all
possible cliques associated with the given graph. The form of
Vc(·) is not unique, an issue to be addressed below. In any
case, it follows that

P (I = i) =
1

Z

∏

c

e−Vc(ic)/T , (6)

which is a factorization similar to (3).While the factors in this
expression are not conditional probabilities, the overall ex-
pression can still be expressed in factor-graph form, as shown
in Fig.2 (b). Note that Z will not affect the final result due
to normalization of φk in (1). It is easy to see that, with this
factorization, dmax is the maximum size of a clique. Thus,
the complexity of the SP algorithm can be controlled by lim-
iting the size of the cliques taken into consideration. In this
paper, we only use single variable cliques and cliques con-
taining pairs of neighbors in the 8-c neighborhood.
The choice of the clique potential Vc to be used depends

on the spatial process being quantized. In this paper, we as-
sume that the spatial processX under observation is smoothly
varying, and hence use a quadratic potential function to model
the interaction between a pair of quantized observations Ik

and Il, i.e., Vkl(ik, il) = βkl(x̃k − x̃l)
2, where x̃k is the re-

construction value for the quantizer index ik. Then, consid-
ering only single- and pair-variable cliques, the Gibbs energy
of the MRF I based on quadratic clique potentials is

U(i) =
∑

k

αkx̃2
k +

∑

k

∑

l

βk,l(x̃k − x̃l)
2, (7)

where βk,l = 0 if Ik and Il are not neighbours. The local
interaction coefficients αk and βk,l are to be estimated from
quantized sensor observations. It now follows that the condi-
tional distribution of Ik , given its neighbors is

P (Ik = ik|Nk) =
eα′

kx̃2

k+
P

l
β′

k,lx̃kx̃l

∑
x̃k

eα′

k
x̃2

k
+

P
l
β′

k,l
x̃kx̃l

, (8)

where x̃l denote neighbours of x̃k and α′k and β′k,l are con-
stants that depend on αk and βk,l. Note that, the (discrete) lo-
cal distribution given by (8) has the same form as the (contin-
uous) local distribution of a Gauss-MRF (GMRF) [5]. Thus,
this model is good when the observed spatial process is a
GMRF and if the quantizers have sufficiently high resolu-
tion, in which case the pmf of a quantized variable is approx-
imately proportional to the pdf of the quantizer input [7, Sec.
5.6].
Note that a grid-structure of sensors is not necessary to

apply the MRF-model [6]. The only requirement is to define
the neighborhood of each sensor, so that a graph satisfying
the Markov property can be constructed.

4. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, some experimental results demonstrating the
performance of MRF-based joint decoders are presented. We
model the spatial process observed by the sensor network ac-
cording to Xk = Yk + Wk , where k = 1, . . . , K denotes the
sensor, {Yk, k = 1, . . . , K} is a correlated Gaussian random
field (GRF), andWk is an iid Gaussian variable representing
measurement noise of the sensor k, i.e., E{WkWl} = 0 for
k �= l andE{W 2

k } = σ2
w . All variables have zero mean. Note

that, our source model is not an MRF, but a correlated ran-
dom field- we simply model this by an MRF. The covariance
matrix of the GRF Y is assumed to follow the power expo-
nential model [8],E{YkYl} = σ2

ye(−dkl/Δ)2 , where dkl is the
distance between the sensors k and l, and Δ > 0 a constant.
We use Δ = 0.28 and choose σ2

y so that σ2
X = E{X2

k} = 1.
In this set-up, the signal-to-noise ratio (SNR) of each sensor
is given by γ = σ2

y/σ2
w. We consider a network of K = 240

sensors, laid out on a grid of 16× 15.
We use a 3-bit (RQk = 3) Lloyd-Max scalar quantizer

for a unit-variance Gaussian variable in each sensor. The
transmission rate of each sensor is reduced to 1 bit/sample
(RTk = 1) using a binning function designed by considering
non-overlapping clusters of 3 neighboring sensors (designing
binning functions for larger clusters is too complex). The bin-
ning functions are optimized using the simulated annealing
algorithm described in [9]. We assume that each sensor trans-
mits its output to the decoder over a binary symmetric channel
(BSC) with known bit error rate (BER).
In the following, we compare the performance of four

types of decoders: (a) MRF-Gibbs joint decoder based on (6)
and (7), (b) MRF-CR (“chain rule”) joint decoder based on
(5), (c) an array of cluster decoders- each of which operating
on a cluster of 3 sensors used to design the binning functions
[each decoder uses a look-up table of codewords optimized
for 3 bits it receives from the 3 respective sensors], and (d) an
array of independent decoders [one per sensor]. In the case of
the MRF-Gibbs decoder, we use the 8-c neighborhood, while
for the MRF-CR decoder the 4-c neighbour is used (due to
complexity constraints).
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Fig. 3. A comparison of decoder performance: (a) sensor SNR γ = 40 dB and (b) γ = 10 dB. These estimates have been obtained by using
a training set of 100,000 observation vectors.

In implementing the MRF-Gibbs decoder, we need to es-
timate the interaction coefficients αk and βkl from observed
data (quantizer outputs). On the other hand for the MRF-CR
decoder, we need to estimate the conditional probabilities in
(5). In this paper, we assume that the MRF I is homogeneous
(ignoring edge effects) and that the interaction coefficient for
two variables Ik and Il only depends on the distance between
the sensors k and l. Thus, we have αk = α for all k and
βkl = βHV for horizontal and vertical cliques and βkl = βD

for diagonal cliques (we set T = 1). The parameter estima-
tion was carried out using the pseudo-likelihoodmethod [6].

In our experiments, we consider two scenarios: (i) γ = 40
dB, which corresponds to a high correlation between neigh-
boring sensors and (ii) γ = 10 dB, which corresponds to
a relatively weaker correlation among neighboring sensors.
The performance of the decoders, in terms of reconstruction
signal-to-noise ratio (RSNR) vs channel BER is shown in
Fig. 3. In the case of γ = 40 dB [Fig. 3(a)], we note
that the Gibbs factorization (which uses 8 neighbors) does
not provide a noticeable improvement over the chain-rule ex-
pansion (which only uses 4 neighbours). The reason is that,
as a result of high correlation, given the observations of ver-
tical/horizontal neighbors, the quantized sensor outputs are
nearly conditionally independent of the diagonal neighbors.
This can be seen from the estimated values of interaction co-
efficients for α = −0.5, βHV = 2.4, and βD = 0.1. On
the other hand, for γ = 10 dB, we found that α = −0.35,
βHV = 0.6, and βD = 0.2. In this case [Fig. 3(b)], the lower
SNR at the sensor inputs makes the quantized values less cor-
related (hence the lower RSNR of all decoders), and in turn
makes the contribution of diagonal neighbours to the condi-
tional pmf in (8) more significant. While the performance
gain of Gibbs factorization over the chain-rule expansion in
our experimental-case is modest, these results show that the
former approach provides an effective means of construct-
ing low-complexity decoders with extended neighbourhood

structures which can improve the performance.

5. CONCLUDING REMARKS

MRF modeling is a simple but effective approach to con-
structing scalable joint decoders for sensor networks and re-
lated situations. While we used quadratic energy functions,
there may be other choices [5] that fit different source mod-
els better. A useful extension to this work is the use of 3-
dimensionalMRF models in the decoder to exploit the spatio-
temporal correlation in a sensor network.
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