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Improved Design of Two and Four-group Decodable
STBCs with Larger Diversity Product for Eight
Transmit Antennas
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Abstract— Recently, full rate and full diversity two-group (2Gp)
and four-group (4Gp) decodable space-time block codes (STBC)
derived from quasi-orthogonal STBC (QSTBC) and designed under
diversity product maximization criterion have been proposed. In this
paper, we derive an upper bound of diversity product for those STBCs
and discover that the diversity product of the current 2Gp-QSTBC and
4Gp-QSTBC has the potential to approach the upper bound for 8
transmit antennas. To this end, we propose an improved design of 2Gp
and 4Gp STBC with increased diversity product for 8 transmit atennas
by allowing sufficient number of dimensions for constellation rotation.
The diversity product of the proposed two-group decodable STBC
achieves the derived upper bound.

Keywords- quasi-orthogonal space-time block code, diversity
product, two-group decodable STBC, four-group decodable STBC,
constellation rotation

L INTRODUCTION

Orthogonal Space-Time Block Codes (OSTBC) [1]
provide a promising transmission scheme in multi-antenna
systems due to their full diversity and single-symbol
maximum likelihood (ML) decoding. However, it is proven
in [1] that their symbol rates are less than one when complex
signal constellations and more than two transmit antennas are
used. To increase the rate, the quasi-orthogonal STBCs
(QSTBC) [2] were proposed by relaxing the orthogonality
constraint. The full diversity can still be obtained by rotating
the constellations of parts of the transmitted symbols [3]. In
the case of eight transmit antennas, a full rate (rate one) and
full diversity 2Gp-QSTBC with constellation rotation was
presented in [4]. The symbols are separated into two groups
and joint decoding of four symbols is performed. To reduce
the decoding complexity, a coordinate interleaved orthogonal
design (CIOD) with double symbols joint decoding was
introduced in [5]. Recently, a full rate and full diversity 4Gp-
QSTBC, with a lower peak-to-average power ratio (PAPR)
than that of the CIOD, has been proposed in [6], where
double symbols are jointly decoded for eight transmit
antennas since the transmitted symbols can be decoupled into
4 groups.

We focus on the analysis the 2Gp-QSTBC [4] and 4Gp-
STBC [6] for eight transmit antennas in this paper. They can
be considered as QSTBCs with constellation rotation (CR)
and interleaving the real and imaginary parts of different
symbols before space-time coding. Both of the processes can
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be performed by an unitary transformation. The encoding
process of 2Gp-QSTBC and 4Gp-STBC can be expressed as
C=/( &)
x=Ugpa 2
where C is an 8x8 space-time codeword, f(e)is encoder of
QSTBC, Ug, is a 16x16 unitary matrix for CR and

interleaving, and a=[ay..ag ap...ax] and
X = [%i7 .. Xxr Xio .. Xxo] , (K =8), are 16x1 real signal vectors
composed of the real and imaginary parts of ¢ and x,
respectively. The superscript ()" denote matrix transpose.

We define a; =ay + jao and x = xu + jxio , ( k=1,2,....8 ),
where j=+/~1, and the subscript (), and (), denote the real
and imaginary part of a complex scalar, respectively.

It was shown in [7] that QSTBC symbols transmitted from
different antennas can be completely decoupled if they are
pre-processed by a decoupling matrix. The decoupling
process can be expressed as

x=Vs 3)
constant unitary matrix, and
We can

where V is a real
S=[5i .5k 810 . Sk0] 5 Sk =S+ jsio , k=1,2,...8 .
now define a new encoder as g(e), which is a concatenation
of V and f(e) as shown in Fig. 1. If there is no correlation
between the real symbols {s; ...k si0 ... sxo} , We can employ

single real symbol ML decoding in the receiver [8]. However
its transmit diversity order is only 2.

2(s)
:

Fig. 1. Encoder structure with decoupling property

We consider a class of STBCs with the unified framework
as
C=g(s) “)
s=Ua ®)]
where U is a real unitary matrix, such as U= V" for QSTBCs,
U =1 for the single-symbol decodable STBC proposed in [7],
and U=V'Ug, for 2Gp-QSTBC [4] or 4Gp-QSTBC [6]. In
this paper, we propose an improved design for two-group
and four-group decodable STBC based on this unified
framework with increased diversity product for eight
transmit antennas. The contributions of this paper are:
e Derivation of an upper bound of diversity product for
those STBCs designed under the framework in (4) and
(&)
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e Consideration of sufficient number of rotation
dimensions to allow more freedom in search for larger
diversity product.

e Construction of a new four-group decodable STBC
based on four-dimensional rotation with a larger
diversity product but the same complexity as double
symbols joint ML decoding.

e Construction of a two-group decodable STBC, which
has the same complexity as four symbols joint ML
decoding, but achieves the upper bound of diversity
product.

Notation: The superscript ()" denotes transpose conjugate of

a matrix (or vector). || stands for norm of a vector. The

identity square matrix and zero matrix of proper size are
denoted by I and 0, respectively. Re(X) and Im(X) denote
the real and imaginary parts of X, respectively. det(X) ,

Rank(X) and Trace(X) denote the determinant, rank and
trace, respectively, of X . vec(X) denotes the vectorization
operation of matrix X, i.e., vec(X)=[X} X5..X.]", where

X, is the i* column of X .

II.  ALGEBRAIC STRUCTURE OF ENCODER g(s)

Let N; be the number of transmit antennas, N; the
number of receive antennas, and 7 the number of time slots
for one codeword. The number of transmitted symbols in
each codeword is K . Here, we focus on QSTBC

with 7 = Ny = K =8. Without loss of generality, we consider
the following codeword:

(v x X3 X4 Xs X6 X7 Xs |

X3o-x o ox -X X - X% —X

X3 —Xs —X X X7 —Xg —Xs X6

Xi X -X% XX X —Xo —X5 (6)

S(x)=

X5  —Xe X7 —Xg —X X2 —X3 X4

Xo  xi Xi X —-X —Xxi —xi —x

X7 X3 —Xs —X6 —X3 —Xs Xi X2

% —x X X —x X5 X X

According to the analysis in [7], we can obtain its
decoupling matrix as

Re(V') —-Im(V") )
T Im(V')  Re(V")
where
[1 0 1 0 1 0 1 0 ]
0o 1 0 1 0o 1 0 1
-j 0 -j 0 i 0 ; 0
R B A Y
2/-j 0 J o -; 0 J 0
o ; o0 -; 0 j 0 -
-1 0 1 0 1 0 -1 0
Lo -1 0 1 0 10 -1

Substituting (3) into (6), the dispersion for;n of the
codeword g(s) can be written as

K
C=g(s)= ZSkIAk + S0 Ak (3)
k=1
where {A,}ff1
dispersion matrices of g(s). According to our analysis, they
satisfy the following conditions:

is a set of TxN; complex matrices called
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Trace(ALA) =0, 1<m=#1<2K 9
Trace(A'A))=N;, 1<I1<2K (10)

The codeword in (8) can be reformed in a vector form as
vec(C) =Gs (11)

where G is a encoding matrix [9] defined as

G =[vec(Ar) vec(A,) ... vec(Asrx)] (12)
From (9), (10) and (12), we have
G"G =N;I (13)

III.  UPPER BOUND OF DIVERSITY PRODUCT

In this section, we shall derive an upper bound of diversity
product for STBCs designed under the framework in (4) and
(5). Assuming the difference codeword as AC=C-C', if
AC"AC is of full rank for any pair of distinct codewords C
and C', the diversity product [3]is given by

1/(2T)

=3 J_ mm\det(Ac”AC)\ (14)
According to the theory of inequality, we know that
H Nr
|det(AC”AC)| s[mce(ﬁcmj (15)
T

From (11), (13) and (5) we can derive
Trace(AC" AC) = (vec(AC))" (vec(AC)) = Nr|Aa|” (16)
and a=[ay..ax ayp...axe]"
( K=8 ). We
K ) are the

signals from known constellations, e.g. quadrature-
amplitude-modulated (QAM). Obviously, the minimum
Euclidean distance between two distinct points in the signal
constellation is

where Aa=a-a' , a=za'

a':[a'” ...(1'/(1 a'lg...a'KQ]T N denote

ar = ai +.].61/,Q and a'k =a'/‘/+ja'kg N ( k=1,2,...,

dmin = min

aza'

Aal 17)
Combining (14)~(17) and 7= N;, we obtain the upper
bound of diversity product as

dmin
G =

2N/ Nr (18)

The upper bound of diversity product is uniquely
determined by d.i -

IV. PROPOSED CODES

The current 4Gp-QSTBC and 2Gp-QSTBC obtain their
diversity product by optimal constellation rotation with 2 and
4 degrees of freedom, respectively. However, their diversity
products deviate from the bound given in (18) for N; =8 by a
large margin because their rotation dimensions are not
sufficient. In this section, we design two improved four-
group and two-group decodable STBCs to approach the
bound by a rotation matrix with 6 dimensions.

A. Proposed four-group decodable STBC

We divide the symbols {si,...,sx,510,.... sxo} into four

< T < T
groups as S| :[Sl[ 837 857 S7[] . So :[S1Q §30 S50 S7Q] N
~ T = T
S3 = [Sz[ Sar Ser Sg[] , S84 = [SzQ S40 Se0 SgQ] N and let

§k:ﬁk5k, k:1,2,3,4 (19)



where a, = [air az; ap (le]T . a = [asr aur aso a4Q]T 5
glg. = [a5, Qg Aso a(-,Q]T . ;14 :[a7, as; o axQ]T , and Uk iS a real
unitary matrix.

Combining the expressions in (3), (6) and (7), we obtain

|det(AC"AC)| =
A x ((Asi)” + Asip” +Asy,” +Asrp’) e
(As3® + Aszo® + Asas* + Assp?) o (20)
(Assi” + Assp” + Aser” + Asgp”) @
(AS7[2 + As7Q2 + Asg)? + AS3Q2 ))2
where Asy =su—suw 5, Asio=5w0—S% , Sk=Su+jS%io
s'y=8"ut+jso, k=12,..8.
Denote s' =[s"y s s'si s 5, 82=[s"05% s"s057]
8 =[5 8% 8 '] , Su=[8%5"05"%0 5"%0]" and
ASi =8 -8 , k=1234 .
determinant expression in (20), without loss of generality, we
can assume As, = As; =As, =0 . Then (20) can be rewritten as

‘det(ACHAC)‘ = 4% x (Asi*Assi*Ass*Asy,*)? (21

To obtain the minimum of

Equation (21) can be maximized for any As; #0 with
sufficient dimensions of constellation rotation. We consider
U, as a rotation matrix with (3)=6 degrees of freedom. A

possible choice of U, is[10]
1o o0 07t o0 o]t o o

0
0 01 0 0 0 cos 0 —sps 0 cos —Soq O
1= L]
0 0 cos —Soe 0 0 1 0 0 sps cos O
(22)

0 0 s96 cCos 0 sps 0 cps 0 0 0 1
cos 0 0 —sp3 cor 0 —sg2 Of |caa —sar O O
0 10 0 01 0 0| |sa ca 00

L] L]

0 01 0 se2 0 ¢ O 0 0 10
sos 0 0 cos 0 0 0 1 0 0 01

where ¢, =cos(6;) and sy =sin(d) . Then we can obtain the
rotation  angles 6 ~6;  that
det(AC”AC)| in (21) through exhaustive computer

optimal maximize

ming, .5

search. In the case of {a}i, from conventional QAM
constellation, we have
[0 0. 05 01 O5s Oslop = 23)
[36.4145° 20.1470° 25.0290° -25.0290° 20.1470° -25.5130°]
Substituting (23) into (22) yields the optimal rotation
matrix. Similarly, other U, , k =2,3,4, can be selected as
U=0,=U;=0, (24)
Obviously, the four real symbols in each vector s, are
correlated due to the unitary transformation with the matrix
U, , but there is no correlation among the vectors s ~ s, ,
each s, can thus be decoded independently.

B. Proposed two-group decodable STBC

We divide the symbols {si,....sx,510,.... 5xo} 1into two
groups as s = [S1[ 831 851 871 810 30 S50 S7Q]T 5
S =[827 Sa1 Se1 Ss1 S20 Sa0 Se0 Sso]” and define 5, as

s=Ua, k=12 (25)

where a, =[a[ a7]", @, =[a] ai]".
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Define
S =[5"s 8" 8" 8" 820 8'40 860 s'xQ]T s
k=12 , and assume that As;#0 and As,=0 . The
determinant in (20) can now be rewritten as

|det(AC" AC)| = 4° < [(Asi)” + Asig")+(Ass” + Asso’)e
(Ass” + Assg”)o(Asy,” + Asig™)T
If we consider U, as a rotation matrix with (3)=28

degrees of freedom, it becomes intractable to find out the 28
optimal angles by computer search due to the large
computation. To tackle this problem, we limit the
constellational rotation to 6 dimensions. The structure of U,
is depicted in Fig. 2.

S T
S‘l =[S'11 S‘31 S's[ S'71 S']Q S'3Q S'5Q S'7Q] )

Asp=s -5,

(26)

0,
L b

Fig. 2. Structure of ﬁl

|
| J

Rotating the symbols {a,,as} with angle « , while keeping
the symbols {a,a;} un-rotated, we obtain
., =Ua;, k=12 27
where a, is defined in (19), o =7 /4 is a optimal rotation

angle for conventional QAM proposed in [3], and
1 0 0 0

U - 0 cos(a) 0 —sin(e) (28)
0 0 1 0
0 sin(e) 0 cos(a)
Similarly, we rotate a.., and keep a,, un-rotated, i.e.,
Xi =2, X;=Usa,, (29)

where U, is a rotation matrix which is similar to (22) with
6 ~ Gsreplaced by ¢ ~ ¢ .
We define x; and x, as
X = [Xu X31 X190 x3Q]T 5 X, = [X51 X71 X50 X7Q]T (30)
which can be substituted into codeword (6) to derive the
QSTBC code. Alternatively, placing it under the unified
framework, the & is given as
S=Vix (31)
where X, =[x{ x3]", from the equations in (3), (7) and (31),
we can derive

1 1 1 1 0 0 0 0
0 0 0 0 1 1 -1 -1
0 0 0 0 1 1 1 1 (32)
VI:L -1 -1 1 1 0 0 0 0
210 0 0 0 1 -1 1 -1
-1 1 1 -1 0 0 0 0
-1 1 -1 1 0 0 0 0
0 0 0 0o -1 1 1 =1

After knowing U, and V;, we obtain the optimal angles to

maximize ming.g: det(AC”AC)‘ in (26) for conventional

QAM constellation through computer search as follows
[0 @2 @3 @1 Ps P lop
=[-47.30" -12.50° -13.10° 13.20° -12.40" -47.30"]
U, can be simply chosen as

(33)



U,=0, (34)
Similar to our discussion in Section IV-A, 5§ and s, are
un-correlated, therefore can be decoded independently.

V. NUMERICAL RESULTS

We consider data transmission over a quasi-static
Rayleigh flat fading channel. The channel gains are assumed
to be known at the receiver but not at the transmitter. The
simulation results are presented in Fig. 3 to compare the bit
error rate (BER) of proposed codes with the current 4Gp-
QSTBC [6], 2Gp-STBC [4] and CIOD [5] with 2 bits per
channel use (4QAM) for 8 Tx and 1 Rx antennas.

—B— 4Gp-QSTBC
— _ _ _I_ | —%— Proposed-4Gp
| —e—26p-asTBC

—A— Proposed-2Gp

g LI ey

+1H

T O I A

Fig. 3. Performance of proposed codes compared with current CIOD,
4Gp-QSTBC and 2Gp-QSTBC, 2 bits per channel use (pcu).

It is shown that the proposed four-group decodable STBC
outperforms the CIOD and 4Gp-QSTBC by 0.25 dB with the
same number of symbols for joint decoding. In the case of
the two-group decodable STBCs, the proposed code also
obtains about 0.25 dB gain compared to 2Gp-QSTBC.
Opverall, the two-group STBCs have better performance than
four-group decodable.

Table 1: Diversity product of STBCs for Nt=T=8

Number of complex Diversity

symbols for joint decoding product

Upper Bound 0.2500
2Gp-QSTBC [4] 4 0.2187
Proposed 2Gp STBC 4 0.2500
4Gp-QSTBC [6] 2 0.1727
CIOD[5],[11] 2 0.1747
Proposed 4Gp STBC 2 0.2195

Table 1 shows the upper bound and some diversity
products of the STBCs discussed previously with 4QAM
signal constellation. It can be seen that the proposed schemes
for two-group and four-group decodable STBC obtain higher
diversity product than the existing ones. Especially, the
proposed two-group decodable STBC is able to achieve the
upper bound of diversity product.

It is stated in [11] that maximizing diversity product does
not necessarily minimize the pairwise-error-probability
(PEP)-bound for 8x8 STBCs. Considering our design by
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PEP-bound minimization criterion, we reach the following

conclusions

e  From Table 1, the proposed four-group decodable STBC
has a little higher diversity product than 2Gp-QSTBC
but no better performance. The reason is that 2Gp-
QSTBC has a lower PEP-bound.

e Designing the proposed four-group decodable STBC
under PEP-bound minimization criterion leads to
approximately 0.05 dB additional gain.

e  When diversity product achieves its upper bound, all
eigenvalues of AC”AC should be equal, so it is easy to
approve that the PEP-bound must be minimum in this
case.

VI. CONCLUSIONS

We proposed an unified framework for the STBCs based
on QSTBC and derived an upper bound of diversity product
for this particular class of STBCs in this paper. An improved
design of four-group and two-group decodable STBC has
been proposed with better performance and the same
decoding complexity in comparison to current 4Gp-QSTBC
and 2Gp-QSTBC. We also concluded that it is necessary to
exploit sufficient degrees of freedom, which are determined
by the number of symbols in joint decoding, for constellation
rotation to facilitate the search of larger diversity product.
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