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Abstract
We propose a semi-blind channel estimation method

for multiple-input multiple-output (MIMO) single carrier
with frequency domain equalization systems. By taking
advantage of periodic precoding and the block circulant
channel model after cyclic prefix removal, we obtain the
channel product matrices by solving a series of decoupled
linear systems, which is gained from the covariance matrix
of the received data. Then the channel impulse response
matrix is obtained by computing the positive eigenval-
ues and eigenvectors of a Hermitian matrix formed from
the channel product matrices. We also propose an op-
timal design of the precoding sequence which minimizes
the noise effect and numerical error in covariance matrix
estimation. Simulations are used to demonstrate the per-
formance of the proposed method.

Keywords : MIMO channel, blind estimation, fre-
quency domain equalization, cyclic prefix, periodic pre-
coding

1 Introduction

In recent years, multiple-input multiple-output
(MIMO) communication systems have received much
attention due to the potential improvement in data
transmission rate resulted from their enormous channel
capacity gains. However, the effect of multi-path of
such systems is more complex than that of single-input
single-output (SISO) systems. Hence how to choose
or design equalizers with low complexity for MIMO
systems becomes an important issue. For SISO systems,
Falconer et al. [1] proposes a low complexity equalization
approach, namely, single carrier with frequency domain
equalization (SC-FDE), which is an important trans-
mission system because it provides a low complexity
equalization process as orthogonal frequency division
multiplexing (OFDM), and it avoids some shortcomings
of OFDM, e.g. subcarrier frequency offset [1]-[2]. This
technology is generalized to MIMO systems [2]. How-
ever, to realize the benefit of MIMO SC-FDE systems,
accurate channel state information is required. In this
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paper, we propose a method, using periodic precoding, to
estimate the time domain channel coefficients of MIMO
SC-FDE systems. We formulate the problem in the time
domain and exploits the block circulant channel model to
compute the channel product matrices by solving a series
of decoupled linear systems. Then the channel impulse
response matrix is obtained by computing the positive
eigenvalues and eigenvectors of a Hermitian matrix
formed from the channel product matrices. The design of
the precoding sequence which minimizes the noise effect
and numerical error in covariance matrix estimation
is proposed. Simulations are used to demonstrate the
performance of the proposed method.

This paper is organized as follows. Section 2 is the
system model and problem statement. In Section 3, we
derive the method for MIMO SC-FDE block transmis-
sion systems. Simulation results are given in Section 4.
Section 5 concludes this paper.

Notations used in this paper are quite standard: AT

represents transpose of the matrix A, and A∗ repre-
sents conjugate transpose of the matrix A. IM is the
identity matrix of dimension M × M , and A ⊗ B is
the Kronecker product of matrices A and B. In ad-
dition, we define the following operations that will be
used in the derivation of the main result. First, for
any m × m matrix A = [ak,l]0≤k,l≤m−1, define Γj(A) =
[a0,j a1,j+1 · · · am−1−j,m−1]T for 0 ≤ j ≤ m − 1, i.e.,
Γj(A) is the vector formed from the jth super-diagonal of
A. Second, for any Jn× Jn matrix B = [Bk,l]0≤k,l≤n−1,
where Bk,l is a block matrix of dimension J × J , define
Υj(B) = [BT

0,j BT
1,j+1 · · · BT

n−1−j,n−1]
T for 0 ≤ j ≤

n−1, i.e., Υj(B) is the matrix formed from the jth block
super-diagonal of B. κ(A) is the condition number of a
matrix A.

2 System Model and Problem
Statement

Consider a K-input J-output discrete time SC-FDE
baseband system. At the transmitter, the input signal
vector v(n) = [v1(n) v2(n) · · · vK(n)]T ∈ CK is first
multiplied by an M -periodic sequence, p(n) ∈ R, to ob-
tain s(n) = p(n)v(n), where p(n + M) = p(n), ∀ n.
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Then s(n) is stacked as a block s̄(i) = [s(iM) s(iM +
1) · · · s(iM +M−1)]T ∈ CKM and a cyclic prefix (CP),
which is the last P block symbols (i.e. PK symbols) of
s̄(i) is inserted in front of s̄(i) to form ū(i) ∈ CKN , where
N = M + P . Finally, the resulting data block ū(i) is
parallel-to-serial converted to u(n) and then transmitted
through the MIMO FIR channel.

At the receiver, the received signal vector is x(n) =∑L
l=0 H(l)u(n − l) + w(n) ∈ CJ , where x(n) =

[x1(n) x2(n) · · · xJ(n)]T ∈ C
J , w(n) ∈ CJ is the

channel noise vector which is similarly defined as x(n).
H(l) = [hjk(l)] ∈ C

J×K is the channel coefficient matrix
for l = 0, 1, · · · , L. Here {hjk(0) hjk(1) · · · hjk(Ljk)}
is the impulse response from the kth transmitter to the
jth receiver with order Ljk, and L = maxj,k{Ljk} is the
order of the MIMO channel.

We stack the received signal vector as a block of di-
mension JN and then remove the first P ≥ L block
symbols (i.e., PJ symbols) in the block to form x̄(i) =
[x(iM)T x(iM +1)T · · ·x(iM +M−1)T ]T ∈ C

JM . Then
the input-output relation of the system can be described
as follows [4]:

x̄(i) = HBC s̄(i) + w̄(i) (2.1)

where s̄(i) ∈ C
KM and w̄(i) ∈ C

JM are similarly defined
as x̄(i), and HBC ∈ CJM×KM is a block circulant matrix
with [H(0)T H(1)T · · ·H(L)T 0 · · ·0]T ∈ C

JM×K being
its first block column.

The problem we study in this paper is blind identifi-
cation of the MIMO channel coefficient matrices H(m),
0 ≤ m ≤ L using second-order statistics of the received
data based on the following assumptions.
(i) The source signal v(n) is a zero mean white se-

quence with E[v(m)v(n)∗] = δ(m − n)IK ∈ R
K×K ,

where δ(·) is the Kronecker delta function. The noise
is white zero mean with E[w(m)w(n)∗] = δ(m −
n)σ2

wIJ ∈ RJ×J . In addition, the source signal is un-
correlated with the noise w(n), i.e., E[v(m)w(n)∗] =
0K×J , ∀ m, n.

(ii) The channel impulse response matrix H =
[H(0)T H(1)T · · ·H(L)T ]T ∈ CJ(L+1)×K is full col-
umn rank, i.e., rank(H) = K. In fact, this assump-
tion is the identifiability condition of the channel.

3 Semi-blind Channel Estimation

In this section, we derive the proposed method under
the assumptions (i) and (ii). We first derive the proposed
method for the case where noise is absent in Section 3.1.
The optimal design of the precoding sequence when noise
is present is discussed in Section 3.2.
3.1 The Estimation Method

Let J ∈ R
M×M be a circulant matrix with the first row

equal to [0 0 · · · 0 1] ∈ R
1×M . Then HBC can be ex-

pressed as HBC =
∑L

l=0 Jl ⊗H(l), and thus for noiseless
case, (2.1) can be written as

x̄(i) =

 
LX

l=0

Jl ⊗ H(l)

!
s̄(i) (3.1)

Due to precoding, s̄(i) = (G ⊗ IK) v̄(i), where
v̄(i) ∈ C

KM is similarly defined as s̄(i) and G =
diag[p(0) p(1) · · · p(M)] ∈ RM×M is a diagonal ma-
trix. Then (3.1) can be written as

x̄(i) =

 
LX

l=0

Jl ⊗ H(l)

!
(G ⊗ IK) v̄(i) (3.2)

Taking expectation of x̄(i)x̄(i)∗, we get the covariance
matrix R as follows.
R = E[x̄(i)x̄(i)∗]

=
“PL

k=0 Jk ⊗ H(k)
” `

G2 ⊗ IK

´ “PL
l=0(JT )l ⊗ H(l)∗

”

=
PL

k=0

PL
l=0

`
JkG2(JT )l

´⊗ (H(k)H(l)∗)

(3.3)

For a given R, (3.3) defines a set of (L + 1) nonlinear
equations in the unknowns H(0),H(1), · · · ,H(L). How-
ever, if we consider the channel product matrices of the
form H(k)H(l)∗ as unknowns, then we can formulate
a set of (L + 1) linear equations between H(k)H(l)∗
and the covariance matrix of the received signal, which
offer a key to estimate the channel product matrices
H(k)H(l)∗, 0 ≤ k, l ≤ L. As a result, we first compute
the channel product matrices instead of directly solving
H(0),H(1), · · · ,H(L). To this end, we need the follow-
ing proposition to further rearrange the (L+1) equations
defined in (3.3) in a more tractable expression.
Proposition 3.1: Let 0 ≤ k, l ≤ L be two non-negative
integers. For l = k + j, where 0 ≤ k ≤ L − j, the up-
per triangular part of JkG2(JT )l is zero with only the
respectively jth upper diagonals nonzero, i.e.,

Γj

“
JkG2(JT )l

”
= qk(1 : M − j, 1) ∈ R

M−j (3.4)

where qk = Jkp, and p = [p(0)2 p(1)2 · · · p(M −
1)2]T ∈ RM .
Proof: See [4].

Since
Υj

““
JkG2(JT )l

”
⊗ (H(k)H(l)∗)

”
= Γj

“
JkG2(JT )l

”
⊗H(k)H(l)∗,

(3.5)

it follows from (3.3), (3.4) and (3.5) that Υj(R) can be
derived as follows.

Υj(R)

=
PL

k=0

PL
l=0 Υj

``
JkG2(JT )l

´⊗ (H(k)H(l)∗)
´

=
PL

k=0

PL
l=0 Γj

`
JkG2(JT )l

´⊗ H(k)H(l)∗

=
PL−j

k=0 qk(1 : M − j, 1) ⊗ H(k)H(k + j)∗

=
PL−j

k=0 (qk(1 : M − j, 1) ⊗ IJ)H(k)H(k + j)∗

(3.6)

If we define, for 0 ≤ j ≤ L, Mj = [q0(1 : M −
j, 1) q1(1 : M − j, 1) · · · qL−j(1 : M − j, 1)] ⊗ IJ ∈
RJ(M−j)×J(L+1−j) and Fj = [(H(0)H(j)∗)T (H(1)H(1+
j)∗)T · · · (H(L − j)H(L)∗)T ]T ∈ CJ(L+1−j)×K , then
(3.6) can be written as

Υj(R) = MjFj , ∀0 ≤ j ≤ L (3.7)

Since M > L+1, the (L+1) equations in (3.7) are overde-
termined and consistent. We note that the matrix Mj ,
j = 0, 1, · · · , L is completely determined by the precod-
ing sequence. By appropriately selecting the precoding
sequence, we can make each Mj full column rank. Then
the solution Fj can be obtained as

Fj = (MT
j Mj)

−1MT
j Υj(R), j = 0, 1, · · · , L (3.8)
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Then we use the channel product matrices H(k)H(l)∗,
0 ≤ k, l ≤ L, obtained from (3.8) to form a Hermitian ma-
trix Q = HH∗. Since rank(H) = K by assumption (ii),
rank(Q) = K. Since Q is Hermitian and positive semidef-
inite, Q has K positive eigenvalues and the associated
unit-norm eigenvectors, say, λ1, · · · , λK and d1, · · · ,dK ,
respectively. We can thus choose the channel impulse re-
sponse matrix to be

bH = [
√

λ1d1

√
λ2d2 · · · √

λKdK ] ∈ C
J(L+1)×K (3.9)

up to a unitary matrix ambiguity U ∈ C
K×K , which can

be resolved using a short pilot sequence [5].
3.2 Optimal Precoding Design

When the noise is present, the covariance matrix R
contains the contribution of noise. Thus (3.3) becomes

R =

LX
k=0

LX
l=0

“
JkG2(JT )l

”
⊗ (H(k)H(l)∗) + σ2

wIJM (3.10)

From (3.3) and (3.10), we see that the noise has only
contribution to the main (block) diagonal entries of R.
Hence the (L + 1) linear equations in (3.7) remain un-
change, except for the j = 0 case, which becomes

Υ0(R) = M0F0 + Y (3.11)

where Y = σ2
w[IJ · · · IJ ]T ∈ R

JM×J . Hence from
(3.8), the least square approximation solution of F0 can
be written as

bF0 = (MT
0 M0)

−1MT
0 (M0F0 + Y) = F0 + Z (3.12)

Equation (3.12) is the actual solution F0 plus a pert-
erbation term Z = (MT

0 M0)−1MT
0 Y due to noise. We

note that from (3.12), F̂0 = F0 if and only if the column
space of M0 is orthogonal to that of Y, i.e., MT

0 Y = 0.
Also we know M0 = [q0 q1 · · · qL] ⊗ IJ and Y =
σ2

w[IJ · · · IJ ]T = σ2
wb ⊗ IJ , where b = [1 1 · · · 1]T ∈

R
M . Then the product of MT

0 and Y can be written as

MT
0 Y =

`
[q0 q1 · · · qL]T ⊗ IJ

´ `
σ2

wb ⊗ IJ

´
= σ2

w

`
[q0 q1 · · · qL]T b

´⊗ IJ .
(3.13)

Thus the constraint MT
0 Y = 0 is equivalent to

[q0 q1 · · · qL]T b = 0. (3.14)

If the precoding sequence can be selected to achieve the
orthogonality condition (3.14), the effect of noise is com-
pletely eliminated. But this is impossible since the entries
of q0 q1 · · · qL and b are positive. Therefore we seek
to choose the precoding sequence such that b is as close
to being orthogonal to qi as possible, for i = 0, 1, · · · , L.
Define the following correlation coefficients

γi =
qT

i b

‖qi‖2‖b‖2
, i = 0, 1, · · · , L. (3.15)

Since γi is nonnegative and by Cauchy-Schwarz inequal-
ity, 0 ≤ γi ≤ 1. In order to let b be as close to being
orthogonal to each qi as possible, we choose the precod-
ing sequence so that the correlation coefficient γi is as
small as possible for i = 0, 1 · · · , L. However, since for
i = 0, 1, · · · , L, qT

i b = (Jip)T b = pT (Ji)T b = pT b =

∑M−1
m=0 p(m)2 = qT

0 b and ‖qi‖2 =
√∑M−1

m=0 p(m)4 =
‖q0‖2, each γi assumes the same value. Thus we only
need to consider γ0. Based on this point of view, we for-
mulate the optimal selection problem as minimizing γ0

subject to the following two constraints:

1

M

M−1X
m=0

p(m)2 = 1, (3.16)

p(m)2 ≥ τ > 0, ∀0 ≤ m ≤ M − 1. (3.17)

Roughly, constraint (3.16) normalizes the power gain of
the precoding sequence of each transmitter to 1 and con-
straint (3.17) requires that at each instant, the power gain
is no less than τ with 0 < τ < 1. Note that the problem
of selecting the optimal precoding sequence is identical to
the SISO case considered in [4], and the resulting optimal
sequence is given by, for any fixed 0 ≤ m ≤ M − 1,

p(n) =

j p
M(1 − τ) + τ , n = m√
τ , n 	= m, 0 ≤ n ≤ M − 1

(3.18)

In addition, with the optimal solution in (3.18), the corre-
sponding γ0 = 1√

M(1−τ)2+τ(2−τ)
. Note that γ0 decreases

as τ decreases, and thus the noise effect in the estimation
of the covariance matrix R is reduced and hence estima-
tion performance improves.

From the solution in (3.18), we know the optimal pre-
coding sequence p(n) is a two-level sequence with a single
peak in one period. However, the peak location, m, does
significantly affect the numerical condition of the linear
equation (3.7) since different choices of m result in differ-
ent matrices Mj and the associated condition numbers.
If the condition number of Mj ∈ R

J(M−j)×J(L+1−j),
κ(Mj), is large, then the solution Fj is sensitive to data
error. Define μ = max0≤j≤L κ(Mj). Then according to
the result given in [3], we know m = 0, or m = 1, ,· · · ,
or m = M − L − 1 will result in the minimum condition
number of μ. Hence the optimal precoding sequence has
a peak which locates at one of the first (M −L) positions.

4 Simulation

In this section, we generate 100 2-input 2-output ran-
dom channels with L = 2 for each simulation to demon-
strate the performance of the proposed method. We
use M = 18 and P = 2. Each channel coefficient
in the channel matrix is generated according to the in-
dependent complexed-valued Gaussian distribution with
zero mean and unit variance. The normalized mean-
square-error (NMSE) of the channel impulse response ma-
trix is defined as NMSE = (1/I)

∑I
i=1 ‖Ĥ(i) − H‖2

F ·
‖H‖−2

F , where I = 100 is the number of independent
trials, and ‖ · ‖F denotes the Frobenius norm. Ĥ(i) =
[Ĥ(i)(0)T Ĥ(i)(1)T Ĥ(i)(2)T ]T is the ith estimate of the
channel impulse response matrix H after removing the
unitary matrix ambiguity by the least squares method.
The input source symbols are i.i.d. QPSK signals. The
channel noise is zero mean, temporally and spatially white
Gaussian.
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For simulation 1, we use 5 precoding sequences which
all satisfy (3.16) and (3.17) to illustrate the effect of the
precoding sequences on the estimation performance. This
simulation demonstrates the results for the four optimal
sequences chosen based on (3.18) with τ = 0.7, but with
m = 0, 15, 16 and 17, respectively, and a nonoptimal
sequence chosen as p(n)2 = 0.7 for 0 ≤ n ≤ 9 and
p(n)2 = 1.3 for 10 ≤ n ≤ 18. Figure 1(a) shows that
NMSE decreases as SNR increases for every precoding
sequence. In this figure, we also see that the optimal pre-
coding sequence (3.18) with m = 0 or m = M−L−1 = 15
yields the smallest NMSE because the peak locates in one
of the first (M − L − 1) position of the sequence, which
results in a smaller condition number μ = 1.6387 than
μ = 3.2198 which is the result of the precoding sequence
(3.18) with m = M − 1 = 17 or m = N − L = 16.
For Figure 1(b), we use the optimal precoding sequences
that satisfy (3.18) with m = 0, but with different τ to
test the effect of τ on the estimation performance. Fig-
ure 1(b) shows that the estimation performs better for
smaller τ , which is consistent with our analysis in Sec-
tion 3.2. In simulation 2, we compare the estimation
performance of the proposed method with that of an-
other precoding method [5]. The precoding sequence is
chosen based on (3.18) with τ = 0.5 for the proposed
method; while the precoding matrix for the method in
[5] is chosen as 1√

M
DdEj for j = 1, 2, 3, where Dd =

diag[
√

(M − 1)p + 1, ,
√

1 − p, · · · ,
√

1 − p] ∈ RM×M is
a diagonal matrix with p = 0.5, and E1, E2, and E3 are
M ×M Hadamard matrix, normalized IDFT matrix, and
identity matrix, respectively. We set M = 16 instead of
M = 18 such that the Hadamard matrix can be defined.
Figure 2 shows that the estimation performance of the
proposed method is better than that of the method in
[5].

5 Conclusions

In this paper, we propose a method for blind channel
estimation of MIMO SC-FDE systems. By exploiting the
block circulant channel matrix structure and periodic pre-
coding, the channel product matrices can be solved from
a series of decoupled linear equations obtained form the
covariance matrix of the received data. Then the chan-
nel impulse response matrix can be obtained by taking
eigen-decomposition of a Hermitian matrix formed from
the channel product matrices. We propose a two-level
optimal precoding scheme that minimizes the noise effect
and numerical error in the estimation of the covariance
matrix of the received data. Simulation results are used
to demonstrate the performance of the proposed method
and compare it with a linear precoding approach.
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