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ABSTRACT

A half-duplex distributed beamforming technique for relay networks
with frequency selective fading channels is developed. The net-
work relays use the filter-and-forward (FF) strategy to compensate
for the transmitter-to-relay and relay-to-destination channels using
finite impulse response (FIR) filters. With the channel state informa-
tion (CSI) being available at the receiver, the transmit relay power is
minimized subject to the destination quality-of-service (QoS) con-
straint. This distributed beamforming problem is shown to have a
closed-form solution. Simulation results demonstrate substantial im-
provements in terms of the relay transmitted power and feasibility of
the destination QoS constraint as compared to amplify-and-forward
(AF) distributed beamforming techniques.

Index Terms— Cooperative communications, distributed beam-
forming, relay networks, filter-and-forward

1. INTRODUCTION

Recently, cooperative wireless communication techniques have at-
tracted much attention in the literature because they can exploit co-
operative diversity without any need of employing multiple anten-
nas at each user [1]-[4]. In such user cooperative schemes, different
users share their communication resources to assist each other in
transmitting the information data through the network.

Different relaying strategies have been proposed to achieve spa-
tial diversity via user cooperation. Two most popular relaying ap-
proaches are the amplify-and-forward (AF) and decode-and-forward
(DF) strategies [1], [2]. In the AF scheme, relays forward scaled
versions of their received signals, while in the DF scheme, relays
decode their received messages first, and then retransmit their re-
encoded versions. Due to its simplicity, the AF relaying strategy is
of considerable practical interest.

Transmit power minimization problems are important for wire-
less relay networks as, typically, the user battery life is rather limited.
Moreover, the relay transmit powers have to be limited to reduce the
network interference. Many of recent works have developed algo-
rithms for minimizing or limiting the relay transmit powers in re-
lay networks [3]-[6]. For example, several distributed beamforming
techniques using the AF strategy have been recently proposed [5],
[6] that minimize the total relay transmit power subject to the receive
signal-to-noise ratio (SNR) constraint or, alternatively, maximize the
receive SNR subject to relay transmit power constraints. All of these
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distributed beamforming techniques assume the transmitter-to-relay
and relay-to-destination channels to be frequency flat. If these chan-
nels become frequency selective, then there is a significant amount
of inter-symbol interference (ISI) which makes it difficult to directly
extend the techniques of [5] and [6] to the frequency selective fading
channel case.

In this paper, we consider a relay network of one transmitter,
one destination, and multiple relays with frequency selective finite
impulse response (FIR) transmitter-to-relay and relay-to-destination
channels. To compensate for the effect of these channels, a filter-
and-forward (FF) strategy is employed at each relay by means of
FIR adaptive filtering. The distributed beamforming technique pro-
posed below minimizes the transmit power of the relays subject to
the quality-of-service (QoS) constraint at the destination. In contrast
to the flat fading case (where the QoS has been characterized in terms
of SNR), we use the signal-to-interference-plus-noise ratio (SINR)
as a measure of QoS. It is shown that this distributed beamform-
ing problem has a simple closed-form solution. Simulation results
demonstrate substantial performance improvements of the proposed
distributed beamforming approach relative to the AF beamforming
technique of [6].

2. SIGNAL MODEL

Let us consider a half-duplex relay network with one single-antenna
transmitting source, one single-antenna destination and R single-
antenna FF relays, as shown in Fig. 1. We assume that there is no
direct link between the transmitter and destination, and each trans-
mission consists of two stages. In the first stage, the transmitter
broadcasts its data to the relays. The signals received at the re-
lays are passed through the relay FIR filters to compensate for the
transmitter-to-relay and relay-to-destination frequency selective ch-
annels. In the second stage, the outputs of each relay filter are sent to
the destination. The destination is assumed to have the full channel
state information (CSI) and, based on this knowledge, it determines
the filter coefficients of each relay according to a certain beamform-
ing criterion. We also assume that there is a low-rate feedback link
from the destination to each relay that is used to inform the relays
about their optimal weight coefficients.

The transmitter-to-relay and relay-to-destination channels can
be modeled as linear FIR filters

f(ω) =

Lf−1∑
l=0

fle
−jωl, g(ω) =

Lg−1∑
l=0

gle
−jωl

(1)

respectively, where fl and gl are the R×1 channel impulse response
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Fig. 1. System model of the relay network.

vectors corresponding to the lth effective tap of the transmitter-to-
relay and relay-to-destination channels, f(ω) and g(ω) are the R ×
1 vectors of channel frequency responses, and Lf and Lg are the
channel lengths. The R × 1 vector r(n) = [r1(n), · · · , rR(n)]T of
signals received by the relays at time n can be written as

r(n) =

Lf−1∑
l=0

fls(n − l) + η(n) (2)

where s(n) denotes the signal transmitted by the source, η(n) =
[η1(n), · · · , ηR(n)]T is the R × 1 vector of relay noise, and (·)T

denotes the transpose. Introducing

F � [f0, · · · , fLf−1]

s(n) � [s(n), s(n − 1), · · · , s(n − Lf + 1)]T

we can rewrite (2) as

r(n) = Fs(n) + η(n). (3)

The signal t(n) = [t1(n), · · · , tR(n)]T transmitted by the relays to
the destination can be expressed as

t(n) =

Lw−1∑
l=0

WH
l r(n − l) (4)

where Wl = diag{wl,1, · · · , wl,R} is the diagonal matrix of relay
filter impulse responses corresponding to the lth effective filter taps
of the relays, Lw is the length of the relay FIR filters, and (·)H de-
notes the Hermitian transpose. Hereafter, for any vector x, diag{x}
denotes the diagonal matrix containing the entries of x on its main
diagonal. For any square matrix X , diag{X} denotes the vector
formed from the diagonal entries of X . Let

W � [W0, · · · ,WLw−1]
T

Lw−1 columns︷ ︸︸ ︷

F �

⎡
⎢⎢⎢⎣

f0 f1 · · · fLf−1 0R×1 · · · 0R×1

0R×1 f0 f1 · · · fLf−1 · · · 0R×1

. . .

0R×1 0R×1 · · · f0 f1 · · · fLf−1

⎤
⎥⎥⎥⎦

s̃(n) � [s(n), s(n − 1), · · · , s(n − Lf − Lw + 2)]T

η̃(n) � [ηT (n), ηT (n − 1), · · · , ηT (n − Lw + 1)]T

where 0N×M is the N × M matrix of zeros. Using these notations,
we can rewrite (4) as

t(n) = WHF s̃(n) + WH η̃(n). (5)

The received signal at the destination can be written as

y(n) =

Lg−1∑
l=0

gT
l t(n − l) + υ(n) (6)

where υ(n) is the receiver noise. Using (5) together with the fact
that the matrices Wl are diagonal, (6) can be rewritten as

y(n) =

Lg−1∑
l=0

wH(ILw ⊗ Gl)F s̃(n − l)

+

Lg−1∑
l=0

wH(ILw ⊗ Gl)η̃(n − l) + υ(n) (7)

where IN is the N × N identity matrix, w � [wT
0 ,· · ·,wT

Lw−1]
T ,

wl � diag{Wl}, Gl � diag{gl} and ⊗ denotes the Kronecker
product. To write (7) in a more compact form, we introduce

G �
[
ILw ⊗ G0, · · · , ILw ⊗ GLg−1

]
F̆ � [FT

0 , · · · , FT
Lg−1]

T

F l � [

l columns︷ ︸︸ ︷
0RLw×1, · · · ,0RLw×1, F ,

(Lg−1−l) columns︷ ︸︸ ︷
0RLw×1, · · · ,0RLw×1],

l = 0, · · · , Lg − 1

Ĩ � [ĬT
0 , · · · , ĬT

Lg−1]
T

Ĭl � [

l blocks︷ ︸︸ ︷
0RLw×R,· · ·,0RLw×R, IRLw ,

(Lg−1−l) blocks︷ ︸︸ ︷
0RLw×R,· · ·,0RLw×R],

l = 0, · · · , Lg − 1

s̆(n) � [s(n), s(n − 1), · · · , s(n − Lf − Lw − Lg + 3)]T

η̆(n) � [ηT (n), ηT (n − 1), · · · , ηT (n − Lw − Lg + 2)]T .

Using these notations, (7) can be rewritten as

y(n) = wHGF̆s̆(n) + wHG Ĩη̆(n) + υ(n). (8)

Let f̄ and F̄ denote the first column and the residue of F̆, respec-

tively, so that F̆ = [f̄ , F̄]. Then, (8) can be rewritten as

y(n) = wHG[f̄ , F̄]

[
s(n)
s̄(n)

]
+ wHG Ĩη̆(n) + υ(n)

= wHG f̄s(n)︸ ︷︷ ︸
signal

+wHGF̄s̄(n)︸ ︷︷ ︸
ISI

+wHG Ĩη̆(n) + υ(n)︸ ︷︷ ︸
noise

(9)

where

s̄(n) � [s(n − 1), · · · , s(n − Lf − Lw − Lg + 3)]T .

In Equation (9),

ys(n) = wHG f̄s(n) (10)

yi(n) = wHGF̄s̄(n) (11)

yn(n) = wHG Ĩη̆(n) + υ(n) (12)

are, respectively, the signal, the ISI, and the noise components at the
destination. Note that for the sake of simplicity of our algorithm
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developed in the next section, we do not consider here block pro-
cessing to coherently combine all the delayed by multipath copies of
the signal.

The signal component in (10) can be rewritten as

ys(n) = wH
0 G0f0s(n)

= wH
0 (g0 � f0)s(n)

= wH
0 h0s(n) (13)

where � denotes the Schur-Hadamard matrix product and h0 �
g0 � f0.

3. FILTER-AND-FORWARD RELAY BEAMFORMING

The distributed beamforming problem we consider in this paper cor-
responds to minimizing the total relay transmitted power Pt subject
to the QoS constraint at the destination. It can be written as

min
w

Pt s.t. SINR ≥ γ (14)

where γ is the minimal required SINR at the destination. Using (5),
the transmitted power of the ith relay can be written as

pi = E{|ti(n)|2}
= E{eT

i WHF s̃(n)s̃H(n)FHWei}
+E{eT

i WH η̃(n)η̃H(n)Wei}
= Pse

T
i WHFFHWei + σ2

ηe
T
i WHWei (15)

where ei is the ith column of the identity matrix. In (15), we assume
that

E{s̃(n)s̃H(n)} = PsILf +Lw−1

E{η̃(n)η̃H(n)} = σ2
ηIRLw

where Ps is the source transmitted power and σ2
η is the relay noise

variance.
Using Ei � diag{ei}, Equation (15) can be rewritten as

pi = Psw
H (ILw ⊗ Ei) FFH (ILw ⊗ Ei)

H w

+σ2
ηw

H (ILw ⊗ Ei) (ILw ⊗ Ei)
H w (16)

The total relay transmit power can be expressed as

Pt =
R∑

i=1

pi = wHDw (17)

where

D = Ps

R∑
i=1

(ILw ⊗ Ei) FFH (ILw ⊗ Ei)
H + σ2

ηIRLw .

The SINR at the destination can be written as

SINR =
E{|ys(n)|2}

E{|yi(n)|2} + E{|yn(n)|2} . (18)

Using (13), we have

E{|ys(n)|2} = E{|wH
0 h0s(n)|2}

= Psw
H
0 h0h

H
0 w0

= Psw
HAHh0h

H
0 Aw

= wHQsw (19)

where

A � [IR,0R×(Lw−1)R]

Qs � PsA
Hh0h

H
0 A.

Using (11), we obtain

E{|yi(n)|2} = E{wHGF̄s̄(n)s̄H(n)F̄HGHw}
= Psw

HGF̄F̄HGHw

= wHQiw (20)

where

Qi � PsGF̄F̄HGH .

Making use of (12), we also have

E{|yn(n)|2} = E{wHG Ĩη̃(n)η̃H(n)ĨHGHw} + σ2
υ

= σ2
ηw

HG Ĩ ĨHGHw + σ2
υ

= wHQnw + σ2
υ (21)

where

Qn � σ2
ηG Ĩ ĨHGH .

Using (17) and (19)-(21), the problem in (14) can be expressed
as

min
w

wHDw s.t.
wHQsw

wHQiw + wHQnw + σ2
υ

≥ γ. (22)

Introducing

w̃ � D1/2w, Q � D−1/2(Qs − γQi − γQn)D−1/2

we can rewrite (22) as

min
w̃

‖w̃‖2 s.t. w̃HQw̃ ≥ γσ2
υ. (23)

The constraint function in (22) can be used for checking the feasibil-
ity of the problem for any given value of γ. In particular, for all the
values of γ that lead to negative semidefinite Q, the problem in (23)
is infeasible. It can be also easily proved that the constraint in (23)
can be replaced by the equality constraint w̃HQw̃ = γσ2

υ .

If the problem in (23) is feasible, then its solution can be written
in a closed form as

w̃ = β P{Q} (24)

where P{·} denotes the principal eigenvector of a matrix and

β =

(
γσ2

υ

P{Q}HQP{Q}
)1/2

.

The optimum beamforming weight vector and the minimum to-
tal relay transmit power can, therefore, be written as

w = β D−1/2P{Q} (25)

Pt,min = γσ2
υ/λmax{Q} (26)

where λmax{·} denotes the principal eigenvalue of a matrix.
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Fig. 2. Total relay transmit power versus minimal required SINR.

1 2 3 4 5 6 7 8 9
−5

0

5

10

15

20

25

30

35

40

45

FIR filter length  L
w

M
in

im
um

 p
ow

er
 (d

B
)

SINR = 20 dB
SINR = 18 dB
SINR = 16 dB
SINR = 12 dB
SINR =  8 dB
SINR =  4 dB
SINR =  0 dB

Fig. 3. Total relay transmit power versus relay filter length Lw.

4. SIMULATION RESULTS

In our simulations, we consider a relay network with R = 10 relays
and quasi-static frequency selective transmitter-to-relay and relay-
to-destination channels with the lengths Lf = Lg = 3. The chan-
nel impulse response coefficients are modeled as i.i.d. zero-mean
unit-variance complex Gaussian random values. The relay and des-
tination noises are assumed to have the same powers, and the source
transmitted power is 10 dB with respect to the noise. The trans-
mitted signals are assumed to be binary phase shift keying (BPSK)
modulated.

Fig. 2 displays the total relay transmit power versus the minimal
required SINR at the destination for different lengths of the relay
filters. It can be seen that at high values of SINR, some points are
missing. These missing points correspond to the case when the prob-
lem in (23) (or, equivalently, in (14)) is infeasible, that is, when the
QoS requirement cannot be satisfied.

In the trivial case of Lw = 1, the FF strategy reduces to the con-
ventional AF approach and, correspondingly, the proposed method
boils down to that of [6]. It can be seen from Fig. 2 that using the
FF approach at the relays one can substantially reduce the total relay
transmit power as compared to the AF case and improve the QoS
feasibility range of the original distributed beamforming problem.
These improvements are monotonic with the increase of Lw: for ex-
ample, the QoS constraint with the SINR = 20 dB is not achievable
for the relay filter lengths Lw = 1, 2, 3, but it can be achieved for
Lw = 9.

Fig. 3 shows the total relay transmit power versus the relay filter
length Lw for different values of the minimal required SINR at the
destination. Similar to the previous figure, Fig. 3 demonstrates that
the performance (in terms of the relay transmit power) and feasibility
of the QoS constraint can be substantially improved by using the FF
approach, and these improvements become more pronounced when
increasing the relay filter length.

5. CONCLUSION

The problem of distributed network beamforming has been consid-
ered in the case of frequency selective transmitter-to-relay and relay-
to-destination fading channels. A novel approach to relay beam-
forming has been proposed using the filter-and-forward strategy. Ac-
cording to this strategy, a finite impulse response filter is used at
each relay to compensate for the effects of the transmitter-to-relay
and relay-to-destination channels. In our approach, the total transmit
power of the relays is minimized subject to the destination quality-
of-service constraint. It has been shown that this problem has a
closed-form solution. Our simulations validate substantial perfor-
mance improvements as compared to the existing amplify-and-for-
ward relay beamforming technique.
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