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ABSTRACT

This paper presents a new synthesis algorithm to produce flat-
top main beams with arbitrary footprint for array elements
placed in an arbitrary planar geometry. The general frame-
work of the paper would encompass the patterns produced by
circular aperture distribution. It is shown that for patterns gen-
erated by circular apertures some efficient simplifying facts
based on properties of Bessel functions can be applied. The
method shows a high performance in generating optimally
flat-top patterns with detailed geometry footprints.

Index Terms— Array pattern synthesis, flat-top pattern,
shaped beam antennas

1. INTRODUCTION

Shaping the main beam of planar arrays is a problem of inter-
est for many applications such as satellite communication and
medical imaging where we require the main beam to specif-
ically conform to a rather complex and not necessarily well
geometrically defined region of interest. In such applications
the main beam is usually preferred to be flat-top for a con-
stant coverage over the region of interest. Most footprint
pattern synthesis methods already proposed require the ar-
ray elements to lie on a circular or rectangular lattice [1, 2].
They also require defining a desired pattern as a reference
pattern, where obviously some values should be assigned to
the reference function in the transient region. In addition to
the assumptions made the patterns produced usually fail to
have flat-top main beams [3]. In this paper using the for-
mulation of continuous circular aperture and the properties
of Bessel functions we change the synthesis problem to a fi-
nite series expansion problem where by imposing appropriate
energy minimizations the problem ends up with a Rayleigh
quotient problem, i.e. an eigenvalue-eigenvector problem. In
FIR filter designs which are equivalent to array design prob-
lems, Rayleigh quotient mostly inspires the idea of Eigenfil-
ters which also use some concept of energy minimization [4].
One of the problems with classic Eigenfilters is the need to a
reference frequency point and normalization [5]. The method
presented in this paper does not require a reference point or
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a reference pattern function and does not provide geometric
restrictions to the lattice of array elements while it is capable
of producing optimally flat-top and shaped main beams with
low sidelobe levels.

2. DESCRIPTION OF THE METHOD

2.1. The Pattern Produced by a Circular Aperture

Consider a planar circular aperture of radius a centered at the
origin possessing current distribution of K (p, ), where p and
[ are the radial and angular coordinates in the aperture. As
shown in [1] by Fourier series representation of

K(p.B)= > Ku(p)e'", (1

the far-field pattern F'(n, ¢) radiated from this aperture can be
formulated as:

F(n.¢)= > Fa(n)em? )
where
Fo () = 27(5)" /0 Ko(p)Jukon)pdp, ()

1 = sin @, 6 and ¢ are the spherical coordinates and k = 27/
the wavenumber. For a given F'(7, ¢), the quantities ), ()
are obtained by a Fourier series expansion as (2) and the prob-
lem then is to determine K, (p) from (3). As the current
is limited within the aperture the unknown functions K, (p)
should vanish for p > a and to be able to apply inverse Han-
kel transform to (3) they should also be continuous at p = a.
Assuming the existence of such functions the upper bound of
integration in (3) can be converted to co and by applying an
inverse Hankel transform, hence, one may deduce

_ kQ(j)—n

K, (P) o

/O Fy(n)Jn(kpn)ndn. “)
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From infinite integration properties of Bessel functions we
know that for integer orders of bessel functions

> ndn
In(a1n)Jn(a2n =
/0 () (2)7)2*778

{ %ija<a2no>Hﬁj<a1no>

a1 > Qo (5)

%ijn(amo)H,(ll (Ckz?]o) o) < Qg
where H,(ll) is the Hankel function of first kind and order n.
Using (4) and (5) it is revealed that if F},(n) is expressed as

n(kan)
Z Cn,l 72— 'y]:n, Ek (6)

where L,, is a positive integer and -y, ; is the Ith positive root
of n" order Bessel function, then

2

Ly
_%(j)inz Cn,lYn(’Yn,l)Jn(%) 0 < p<a
=1

0 p=a,

(N
denoting Y, as the Bessel function of second kind and order
n. For this form of K, (p), near p = a all the terms in the
summation vanish and produce a continuous function which
satisfies the assumption already made about K, (p). Gener-
ally speaking if the following expansion is performed to ex-
press the desired pattern for n < a:

oo L,
Do D cnifni(n,9) 8)

n=-—oo [=1

Knu(p) =

where 7, (kan)
n an
foi(n,¢) = ¢’ ¢W ©))

then the current distribution could be expressed as

kz o0 L”
K(paﬁ) = _Z Z ch,lkn,l(paﬁ) (10)

n=-—oo [=1

where

na(p. B) = Yaly )" =D, (120

For the sake of simplicity in future notations we define
two domains; the aperture domain with polar coordinates
of p and (§ and corresponding rectangular coordinates of
z and y Fig. l.a, and the pattern domain with polar coor-
dinates of 1 and ¢ and corresponding rectangular coordi-
nates of u and v Fig. 1.b. As another convention through-
out the paper for the functions already defined in polar
coordinates of either domains, the same function defined
for rectangular coordinates of that domain is denoted with
an additional hat. e.g., F(u,v) £ F(n, ) =iz and

_ v
¢=arctan

K(z,y) 2 K(p, )

p=y/z2 412"

— Y
B=arctan £
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(a) Aperture Domain (b) Pattern Domain

Fig. 1. Tlustration of the synthesis domains, defined regions
and parameters

2.2. Finite Aperture Radius Considerations

Most synthesis problems are concerned with having F'(7, ¢)
a nonzero constant in a subset of u-v plane to be known as
the coverage or shaped region and zero in the blockage or un-
shaped region. A typical case is shown in Fig. 1.b, where the
dark region represents the shaped region denoted as DY, the
lighter region represents the transient region denoted as DY
and the remaining region in 7 < 1 which excludes Df and Df s
as the unshaped region. We also define r;,, = min{d(x)|x €
DI} and repr = maz{d(x)|x € DI}, where d(-) is the
distance function to the origin. In this section we illustrate
that the summations in (8) and (10) are finite sums for fi-
nite values of aperture radius. Although the method works
for appropriate multiply connected shaped regions, to easily
explain the idea we consider the shaped region to be a sim-
ply connected region in u-v plane. With no loss of general-
ity one may assume the origin of u-v plane belonging DY,
as F'(u + ug,v + vo) can be obtained through multiplying
K (x,y) by exp(jk[zuo+yvo)). In this paper, as already men-
tioned, we do not consider a reference function for F'(7, ¢),
but to find the most impressive coefficients in (8) we assume
it to be given. Therefore, from (2) we have

1

P =5 [ F@.oe . a2

About the unknown coefficients c,; in (6) the following
lemma is true.

Lemma: In collocation (6), assume F,(n) = 0 for some
n € (n1,7m2). If for some integer values of L, 2% € (n1,12),
then ¢y, 1, = 0.

Proof: By taking 1 very close to 7, 1, the left side
of (6) must be zero according to the assumption. At the
right side, because of the appearance of J,,(kan) in the nu-
merator of all summation terms, all the terms tend to zero,
except the corresponding term for ¢, ;, which has a nonzero




limit of £
Yn,L

Cnp=0. m

Jn—1(Vn,.). Equating both sides results in

Regarding our problem the roots of Bessel functions have
the property that for an integer constant n, as [ increases,
“n, also increases. Also for [ = 1, as |n| increases, 7,1
increases. Such ordered structure for the roots and the lemma
already mentioned can be used to change (8) into a finite sum.
For r’,., € (rest, 11and 7}, €[0, r;,,) and reasonable values of
a (i.e. 5 > 1) the following simplifications are valid:

1. There always exists a positive 1, that

V(nee:—1),1 < karclixt < Vneae,1- (13)
As F(n, ¢) = 0forn > rl,,, one may deduce that F,(n) = 0
for n > r,,,. Therefore, using the lemma, ¢,,; = 0 for all
|n| > Next-

II. For every n < n..: there exists Vs A positive root
“Wext
of order n Bessel function, which

V1) 1) < Kareg; < Vi) (14)

ext

(n)

therefore, again using the lemma ¢,,; = 0 forevery [ > [,,;.

()

III. For some n < ng, there can exist [;,”, a positive
root of order n Bessel function, which
v, < karg,. (15)

Win

As F(n, ¢) has a constant value in the shaped region, then
using (12), F,,(n) = 0 for n < r}, and n # 0. Therefore
if 11" exists, ¢,; = 0 forall I < I and and n # 0. It
should be noted that if ZEZ) does not exist for an n, it means
that y,; > karl, and therefore karl, < vn; < Ynt11 <

© < Ynews,l» Which means ZZ(Z) does not also exist for the
next values of n.

Applying aforementioned simplifications and ignoring the
indices for which ¢, ; = 0 in (8), only a finite number of
impressive functions f,, ;(n, ¢) or fnyl(u, v) remain, in terms
of which F (1), ¢) or F'(u,v) should be expressed. Assuming
M to be the total number of such functions, we can switch to
summation over a single index as

M

ﬁ‘(uvv) = Z Cmfm(uav) (16)

m=1
where m < (n, ).
2.3. Flat-top Shaped Beams through Arbitrary Geometry
of Aperture

This section utilizes the concepts already mentioned to pro-
pose a method of obtaining flat-top shaped beams through an
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arbitrary planar aperture.

Back to Fig. 1.a, it shows a typical arbitrary shaped aperture
in dark color in © — y plane. The original aperture is denoted
as Df. We can always consider D{ as a subset of a circular
aperture, radius of which is defined as « = maz{d(x)|x €
D¢}. The portion of the circle which excludes D¢ is denoted
as D2.

Imagining the synthesis problem as a minimization problem
of finding appropriate coefficients in (16), a cost function can
be defined as

J(c1,cas .. car) ://Hvﬁ(u,v)n?dudv
DP

Y // B (u, 0)|Pdudy + A // |G, y)|2dzdy,  (17)
DY Dg

where A\; > 0 and Ay > 0 are two regularization parameters,
G(z,y) = ;—;‘f( (z,y) is a frequency independent version of
current distribution K (z, y), and D? as shown in Fig. 1.b de-
notes the circle of radius r,,, excluding DY | D} .

In fact the first term in (17) forces the pattern to be flat-top, the
second term suppresses the sidelobes and the last term forces
the current to be restricted to Dj'.

It should be noted that constructing a collocation problem as
(16) with basis functions of f,,(u,v), made two major sim-
plifications in formation of (17). First, the sidelobes should
be suppressed within DP only and not over the whole unit cir-
cle excluding DY | J D} . This is valid because by forming (16)
we have ignored the coefficients in (8) that cause significant
values taking place inn > r/_,. By ignoring such coefficients
we only get some very small and negligible tails coming from
the functions f,, (u, v) into the region 7 > /.. Second, be-
cause of the property implied in (7), whatever the quantities
¢, are, no current exists in p > a. Therefore, the current sup-
pression of our minimization problem should not take place
in the whole region of © — y plane excluding D, and only
D¢ is enough. In order to write (17) in a matrix form, we can
exploit various numerical integration strategies, i.e. Monte-
Carlo,..., quadrature, as [[, P(p)dp = Y, w; P(p;), where
quantities y; are samples in the region D and w; their corre-
sponding weight. Therefore by choosing N7 sample points
in Df, Ny in D? and N3 in D, one may rewrite (17) as
J(c) = Q¥ wQc where I denotes the conjugate trans-
pose operator, c is a vertical vector containing the unknowns
¢m, Q is a matrix consisting four blocks of matrices as the
following format

{%Al gaf %A]V[}leM
Q- {3%101 Aagi %M ]leM (18)
Vo) /N R v .
VR R ko k|
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Fig. 2. (a) The lattice of array elements (b) The desired coverage region (c) Synthesis results

and w a diagonal matrix containing corresponding integration
weights. It is obvious that ¢ = o is the trivial minimizer for
J and to avoid that we can assume cH¢ = 1, which converts
the problem to a Rayleigh quotient problem, where basically
optimal weights can be found by determining the eigenvector
corresponding to the smallest nonzero eigenvalue of Q7 wQ.

3. SIMULATION RESULTS

To show the performance of the method we assume array
elements with A\/2 spacing placed on an aperture shown in
Fig. 2.a (the house shaped region). There are 2545 array el-
ements shown inside Dj'. The surrounding circle has a ra-
dius of ¢ = 17A. Our aim is to obtain a detailed fractal cov-
erage zone as shown in Fig. 2.b. We choose 7, = 0.12,
rl.: = 0.55 as ry, = 0.17 and r.,y = 0.47. By applying fi-
nite aperture considerations, the number of efficient functions
in (16) comes out to be M = 788. The integration scheme
we used was the simplest scheme of Monte-Carlo. Integrating
samples are taken from regular grids in each integrating do-
main with N7 = 605, Ny = 1110 and N3 = 1491. The places
of sample points are shown in all regions by dots. The regu-
larization values are taken to be A; = 2 and Ao = 103. After
applying the method and sampling the continuous current of
aperture at element positions, a pattern shown in Fig. 2.c is re-
sulted which demonstrates to be very close to the desired pat-
tern. The ripple in the main beam is less than 0.6 dB and all
the sidelobes in the unshaped region are below —25.3 dB. It
is evident that if this problem was going to be solved by writ-
ing a general pattern form for the elements, there were 2545
unknowns to be considered in the minimization, while using
this method reduced the number of unknowns to M = 788.

4. CONCLUSION

A synthesis technique to obtain optimally flat-top patterns
with arbitrary footprint is presented. Apposing to the most
already available methods that require the elements to be on
circular or rectangular lattice, our method has the capability
of accepting arbitrary geometry as the lattice structure. The
simulation results depicted in this paper show that using this
method and finding the most impressive basis functions, not
only reduces the size of integration regions in minimization,
but also significantly reduces the number of unknowns.
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