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ABSTRACT
Tandem connections of voice codecs can occur today in mobile-
to-mobile calls and for certain VoIP connections. While post-
ltering in tandem encodings is well-understood, the effects
of the perceptual weighting lter in CELP codecs in tandem
encodings has not been investigated. We study the impact of
perceptual weighting lters on tandem coding using the rate
distortion theory of discrete-time autoregressive (AR) sources
with a frequency weighted error criterion and by examining
tandem connections involving the AMR-NB codec. We show
that for the usual method of calculating the perceptual weight-
ing based upon the codec input, the perceptual weighting has
a cumulative effect that is more pronounced at lower bit rates.

Index Terms— Speech coding, Speech communication,
Rate distortion theory, Autoregressive processes

1. INTRODUCTION

The tandem connection of voice codecs occurs during vir-
tually every digital cellular telephone call today, since the
coded speech from the cellular handset is decoded and re-
encoded when it enters the backbone network, and it is again
decoded and re-encoded if it leaves the backbone and goes to
another cellular user. The problem can be further exacerbated
if the backbone is a VoIP link that uses G.729 or AMR rather
than G.711 [1]. The effects of post ltering on tandem cod-
ing are well understood [2], but how the perceptual weighting
in code-excited voice coders such as G.729 and AMR impact
tandem coding has not been well-studied. In this paper, we in-
vestigate the effects of the perceptual weighting lters on tan-
dem coding using the rate distortion theory of discrete-time
autoregressive (AR) sources with a frequency weighted error
criterion and by examining tandem connections involving the
AMR-NB codec.
The paper is organized as follows. In Section 2, we derive

a relation between the input and output power spectral den-
sity (PSD) of a codec for an mth order Gaussian autoregres-
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sive (AR) source and a weighted MSE criterion. In Section
3, we extend the result for single stage encoding to the tan-
dem operation of speech coders, where we develop a general
relation between the PSD of the input to the rst stage and
the PSD of the output of the last stage for an n-tandem con-
nection of codecs. In Section 4, we establish the relationship
between the weighting function used in each stage with those
used in the previous stages. In Sections 5 and 6, we evaluate
the relation between the weighting function in each stage and
its effect on the output PSD for theory and for the AMR-NB
codec.

2. GAUSSIAN AR SOURCES UNDER AWEIGHTED
MSE CRITERION

For AR sources, a relation between the input and coded output
PSD for time-discrete AR sources was derived in [3] for the
mean squared error (MSE) distortion. We extend this work to
a frequency weighted error criterion here.
An mth-order time-discrete AR source {Xt, t=0,1,2,...}

can be expressed as

Xt = −

m∑
k=1

akXt−k + Zt (1)

where a1, ..., am are the AR coef cients, and {Zt} is a se-
quence of iid random variables (rv’s). Xr and Zs are statisti-
cally independent if s > r.
The above equation can be written in matrix form as

Z = AX (2)

where A is an n × n matrix given by

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a0 0 0 ... ... 0
a1 a0 0 ... ... 0
a2 a1 a0 ... ... 0
. . . . ... 0

am . . ... ... .
0 am . ... ... .
0 0 . ... ... .
. . . ... ...
0 ... ... am ... a0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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which is based on the knowledge that Zt is independent of the
initial state [3]. For the input source, X, we de ne the coded
outputY. LettingW be the weighting function, we write the
weighted input and output signal vectors, XW = WX and
YW = WY. The invertibility ofW is proved in [4].
Consider the autocorrelation matrixΦWn

of the input rv’s
{XW1

, ..., XWn
} that constitute XW. Diagonalizing ΦWn

by means of a unitary transformation, we have

ΦWn
= ΓΛΓ

−1

where Λ is the diagonal matrix with elements λW1
, .., λWn

.
De ne the vectors of random variablesX′

W
= Γ

′
XW and

Y
′
W

= Γ
′
YW, and require that X′

W
and Y

′
W
be related by

the Shannon backward channel [3] of the form

X
′
W

= Y
′
W

+ Z
′ (3)

ThusXW = YW + ΓZ
′ andYW = XW − ΓZ

′

We form
E[YWY

T

W
] =E[XWX

T

W
] − E[XWZ

′T
Γ

T]

− E[ΓZ
′
X

T

W
] + E[ΓZ

′
Z

′T
Γ

T]
(4)

where the cross terms in the expression can be evaluated as

E[XWZ
′T

Γ
T] = E[(ΓY

′
W

+ ΓZ
′)Z′T

Γ
T] = E[ΓZ

′
Z

′T
Γ

T]
(5)

and E[ΓZ
′
X

T

W
] = E[ΓZ

′
Z

′T
Γ

T] since Y
′
W
and Z

′ are un-
correlated. Substituting into (4), we have

E[YWY
T

W
] = E[XWX

T

W
] − E[ΓZ

′
Z

′T
Γ

T] (6)

For small distortions, E[Z′
Z

′T] = θI = DI, where D is the
average distortion. The small distortion condition for AR
sources with weighting is elaborated in [4]. Hence, under the
small distortion condition

E[YWY
T

W
] = E[XWX

T

W
] − DI (7)

which simpli es to

E[YY
T] = E[XX

T] − DW
−1(W−1)T

In the z-domain, we express this as

ΦY(z) = ΦX(z) −
D

|W (z)|2
(8)

Thus, when the PSD of the weighted MSE lies below the PSD
of the AR input (the small distortion condition), the relation
between the PSD of the input processXt and the reproducing
process Yt is given by Eq. (8). By de nition,

ΦX(z) =
σ2

|A(z)|2
(9)

so the PSD of the output is

ΦY(z) =
σ2 − D |A(z)|2

|W (z)|2

|A(z)|2
(10)

For the unweighted MSE case, the relation between the
PSD of the input and reproduced process is given by Eq. (8)
withW (z) = 1 [3].

3. TANDEM CONNECTIONS OF SPEECH CODERS

Consider a tandem operation of n coders, with an encoding
and decoding operation at each stage. We require the Shannon
backward channel condition to be satis ed at each stage, so
the weighted distortions are additive. Hence,

ΦYn(z) = ΦYn−1(z) −
Dn

|Wn(z)|2

= ΦX(z) −
n∑

i=1

Di

|Wi(z)|2

(11)

where the parameters of the codec in the ith stage are indi-
cated by the subscript i.
Substituting for ΦX(z), we have

ΦYn(z) =
σ2 − |A(z)|2

∑n
i=1

Di

|Wi(z)|2

|A(z)|2
(12)

The relation in (12) is valid for the small distortion condi-
tion

n∑
i=1

Di

|Wi(z)|2
< ΦX(z) (13)

4. A PERCEPTUALWEIGHTING FUNCTION

Consider a tandem connection of two codecs. Let the weight-
ing function for each stage i be of the form usually employed

Wi(z) =
Ai(z/γ1)

Ai(z/γ2)
(14)

where Ai(z) are based on the linear prediction (LP) coef -
cients for stage i.
Therefore, from (10) and (14), the PSD of the output for

the rst stage can be

ΦY1
(z) =

σ2 − |A1(z)|2 |A1(z/γ2)|
2

|A1(z/γ1)|2
D1

|A1(z)|2

=
|Bw1

(z)|2

|A1(z)|2

(15)

where |Bw1
(z)|2 = σ2 − |A1(z)|2 |A1(z/γ2)|

2

|A1(z/γ1)|2
D1.

Expressing the PSD of the input to the second stage in
terms of an AR process, we have

σ1
2

|A2(z)|2
= ΦY1

(z) (16)

From above,

|A2(z/γ2)|
2

|A2(z/γ1)|2
=

ΦY1
(z/γ1)

ΦY1
(z/γ2)

(17)

4010



Substituting Eq. (15) in Eq. (17), we have

|A2(z/γ2)|
2

|A2(z/γ1)|2
=

|Bw1
(z/γ1)|

2

|Bw1
(z/γ2)|2

|A1(z/γ2)|
2

|A1(z/γ1)|2
(18)

and so from Eq. (14)

1

|W2(z)|2
=

|Bw1
(z/γ1)|

2

|Bw1
(z/γ2)|2

1

|W1(z)|2
(19)

Thus we see that the weighting function for the second
stage depends on the weighting function for the rst stage plus
additional shaping. The result in Eq. (19) can be extended
straightforwardly to the n-tandem case.
Thus, the shaping due to perceptual weighting in each

stage of a tandem connection of codecs is accumulating in
a non-trivial multiplicative manner.

5. A SECOND ORDER EXAMPLE

For an 2nd order AR source and a 2-stage tandem connection,
we evaluate the input, output and weighted error PSDs for
each stage. The AR source is speci ed as

1

A(z)
=

1

1 − 1.2z−1 + 0.8z−2

Figures 1 and 2 contain plots of the PSD of the input, out-
put and error for each stage of a two stage tandem, based on
the rate distortion theory of AR sources with weighting for
different weightings and distortions.
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Fig. 1. Input, error and output PSDs for each stage of a 2-
stage tandem withD1 = 0.15 and D2 = 0.1

From Fig. 1 we observe the following:

• The small distortion condition is satis ed for each stage
and for the end-to-end distortion relative to the input
PSD.

• The output PSD for each stage deviates from the input
starting from a frequency of 1700 Hz and the output
of the two stage tandem deviates signi cantly from the
output for single encoding.
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Fig. 2. Input, error and output PSDs for each stage of a 2-
stage tandem with D1 = D2 = 0.12 and γ1 = 0.94 and γ2=
0.1

In Fig. 2, as an extreme example, we consider γ1 and γ2

values of 0.94 and 0.1 respectively, and a distortionD of 0.12.
We observe that this has the effect of reducing the drop in
PSD magnitudes at each stage in the frequency region beyond
1700 Hz, while introducing a deviation between the input and
output PSDs for each stage in the low-frequency region up
to 700 Hz. A practical analogy to the above observation is
the AMR-NB, where a sharper weighting function (greater
difference between γ1 and γ2 values) is used for rates below
10.2 kbps.

6. A 2-STAGE TANDEM CONNECTION OF AMR-NB

A 2-stage tandem connection of AMR-NB codecs is consid-
ered for the rates of 6.7 kbps and 12.2 kbps. We plot the
PSDs of the input, output, and error for each stage in Figs. 3
and 6 for the rates of 6.7 kbps and 12.2 kbps, respectively. For
clarity, the normalized input and weighted distortion for each
stage of the 2-stage tandem are plotted in Fig. 4 for AMR-NB
at 6.7 kbps, and in Fig. 6 for 12.2 kbps.
From Fig. 3, we see that the output of the rst stage devi-

ates signi cantly from the input starting from a frequency of
1500 Hz, and the output of the second stage deviates distinctly
from its input around that frequency range. From Fig. 4, this
occurs since the weighting function for the second stage de-
viates in shape from the weighting function for the rst stage
starting from a frequency of 1500 Hz, with the resulting dif-
ference in output PSDs.
For 12.2 kbps as shown in Fig. 5, the output PSD for

stage 1 starts to differ signi cantly from the input PSD only
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Fig. 3. Input, error and output PSDs for each stage of a 2-
stage tandem for AMR-NB at 6.7 kbps
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Fig. 4. Normalized input and weighted MSE distortion for
each stage of a 2-stage tandem for AMR-NB at 6.7 kbps

at about 2700 Hz. While for the second stage, a signi cant de-
viation between the input and output PSD begins around 2000
Hz. From Fig. 6, we observe that the weighting functions for
the two stages have a good correspondence in terms of shape
relative to Fig. 4, but there is a slight downward tilt for the
second stage weighting in comparison to the rst stage. Fi-
nally, in comparing Fig. 5 with Fig. 3, there is a much better
correspondence between the input and output PSDs for each
stage at 12.2 kbps relative to 6.7 kbps.

7. CONCLUSION

We have derived the relation between the PSDs of a codec in-
put and reproduced output for an AR process with perceptual
weighting for small distortions and have extended this relation
to the tandem operation of n codecs. We demonstrate that
for the usual methods of calculating the perceptual weight-
ing based upon the input to the current stage, the weighting
used in each stage depends on the weighting functions of the
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Fig. 5. Input, error and output PSDs for each stage of a 2-
stage tandem for AMR-NB at 12.2 kbps
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Fig. 6. Normalized input and weighted MSE distortion for
each stage of a 2-stage tandem for AMR-NB at 12.2 kbps

previous stages plus additional shaping. The theoretical re-
sults are used to assess the effect of the weighting parameters
(γ1 and γ2) on the tandem performance of codecs. The ef-
fect of the weighted distortion in each stage on the output
PSD and on the weighting used in subsequent stages is stud-
ied for the AMR-NB codec and shown to have a signi cant
cumulative effect for multiple tandem codings, which is more
pronounced at lower bit rates.
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